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1 Problem

Discuss the motion of a cylinder that rolls without slipping inside another cylinder, when
the latter rolls without slipping on a horizontal plane.

2 Solution

This problem is a variant of the case of one cylinder rolling on the outside of another rolling
cylinder [1]. Special cases involving cylindrical shells or a solid inner cylinder are considered
in ex. 2, p. 372 of [4], and in sec. 8.5, p. 111 of [5].

When one cylinder is directly above the other, we define the line of contact of the outer
cylinder, 1, with the horizontal plane to be the z-axis, at * = y = 0. Then, the condition of
rolling without slipping for the outer cylinder, of outer radius R; is that when it has rolled
(positive) distance xy, the initial line of contact has rotated through angle ¢, = z1/Ry,
clockwise with respect to the vertical, as shown in the figure below. This rolling constraint
can be written as,

Xr1 = R1¢1. (1)
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Meanwhile, if the inner cylinder, 2, rolls such that the line of centers (in the z-y plane)
makes angle 6 (positive counterclockwise) to the vertical, then the initial point of contact of
the upper cylinder has rotated through angle ¢,, measured clockwise from the line of centers,
such that for rolling without slipping the arc lengths are equal between the initial points of
contact of the two cylinders and the new point of contact. This second rolling constraint
can be written in terms of the inner radius r; of the outer cylinder, and the (outer) radius
ro of the inner cylinder, as,
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roty = ri(o, +0), ¢2—9=Z—1¢1+ with r=ry—re (2)
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where ¢, — 6 is the angle of the initial point of contact of cylinder 2 to the vertical.

Of course, the center of cylinder 1 is at y; = Ry, and so long as the two cylinders are
touching, their axes are separated by distance r = r; —ry. Altogether there are 4 constraints
on the 6 degree of freedom (of two-dimensional motion) of the system, such that there are
only two independent degrees of freedom, which we take to be the angles ¢, and 6.

Energy E =T+ V is conserved, and since neither the kinetic energy 7" nor the potential
energy V' (taken to be zero when 6 = 6;),

V' = magr(cos bty — cos ), (3)

depend on coordinate ¢, there will be another conserved quantity, the canonical momentum,
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where £ = T' — V is the Lagrangian of the system. However, pg, is not a single angular
momentum.!

Since there are two conserved quantities and two degrees of freedom, there is no need to
evaluate Lagrange’s equations of motion to determine the motion, so long as the cylinders
remain in contact and roll without slipping.

The kinetic energy of cylinder 1, whose axis is at (1, Ry) is,
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using the rolling constraint (1) and the expression I; = k‘lmlRf for the moment of inertia I;
in terms of parameter k; and the mass m;.

The kinetic energy of cylinder 2, whose axis is at (z2,y2), is, using Iy = komar3,
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noting that the separation of kinetic energy into energy of the center-of-mass motion plus

energy of rotation about the center of mass requires the angular velocity to be measured
with respect to a fixed direction in an inertial frame. Then, recalling egs. (1)-(2), we have,
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To = X1+ 7rsind, i2:R1¢1+Tc0899, (7)
Yo =11 — 1rcosh, Y2 = +rsind, (8)
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and the kinetic energy of cylinder 2 can be written as,
T, = %[R? qﬁi + 2Ry7 cos 0 ¢, 0 + 17 02]

—k2m2 [Tf qﬁi + 2rr ¢1 0+ r? 02]

R2 -+ k’g?" 2 <2 L
= %mz ¢, + (R cosO + kari)ma ¢y 0 +
LAn example of a system in which there exists a constant of the motion involving angular velocity and
moments of inertia, but which is not a single angular momentum, has been given in [2]. See also [3].
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The total kinetic energy T + T5 is,
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T = (L4 Fa)ma + 7;2] 1 Rty qﬁi + (Ry cos 0 + kory)mor ¢, 0 + —; 2 mar? 02, (11)
and the conserved canonical momentum is,
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Py, = % = {[(1 + k1)mq + ma] R} + kamari}o, + (Ry cos O + kary)marb. (12)
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The total horizontal momentum of the system is, using the rolling constraint (1),
P, = (mq + ma)d1 + mar cos 00 = (mq + mg)Rlél + mar cos b, (13)
while the angular momentum of the cylinder 1 about its axis is,
Ly = kymi Rig,, (14)
and that of cylinder 2 about its axis is, using the constraint (2),
Lo = kymor2(¢y — 0) = komary(Ri, + 7). (15)
Hence, the conserved canonical momentum (12) can be written as,

.
Ps, = RiPy+ Ly + T—ILQ. (16)
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Equation (12) for the constant py can be rewritten as,

(Rycos O + kary)moar . .

¢ = wo— Tt )y ]I + k2m2T%9 = wo — Ar(Ry cos 0 + kary) 0, (17)
éﬁl = —Ar [(Rl cosf + ko) 0 — R, sin992 , (18)
where A = di (19)

[(1+ k1)mq + mz]R% + komar?
Equation (17) integrates to give, for 6y(t = 0) = 0,

¢, = wot — Ar(Rysin 6 + kory 0). (20)

The total energy £ =T + V can now be rewritten (for nonzero 6,) as*3
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2The result (21) agrees with eq. (8.5.7) of [5], noting that the notation there corresponds to M = my,
m=mg, k1 =ko=1,a=ro,b=Ry=ri,c=b—a=1r1 —19, p=10, a= 0y and wg = 0.

3 A variant is considered in sec. 66(ii) of [6] in which the outer, thin cylinder rotates freely about a fixed
axis. For this, we set 1 =0, wo =0, 71 = Ry, r = Ry — 12, k1 = 1 and ko = 1/2 in the above. Then, the

energy equation (21) becomes, 2E/maor? = 92(3m1 +2)/(2my +mg) + 2gr(cos g — cosf) = 0, as in [6].



2.1 Steady Rolling

A particular solution is that # is constant, say 0y with |6y| < 7/2, while ¢; = wot, in which
case ¢, = r1(wot + 0p)/r2 according to the rolling constraint (2). Here, the two cylinders roll
together, with the center of cylinder 2 at fixed angle 6, to the vertical with respect to the
center of cylinder 1.

The angular velocity in the lab frame of the outer cylinder is w; = ¢1 = wp, while that
the inner cylinder is wy = ¢, — 0 = 11 wo /12 (> w1).

2.2 Small Oscillations of the Inner Cylinder

We recall that the energy equation for a simple pendulum of length [, which oscillates about
0o = 0 at angular frequency w = /g/l (for small oscillations), is 0 = 2¢g(cosf—1)/1. Hence,
we infer from eq. (21) that the small oscillations of the two cylinders are about 6y = 0,* with
angular frequency,”%”

2 g
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< [l + ke — A(Ry + kory)?] (25)

In addition, the entire system can be moving in the x-direction with average velocity v, =
wo Ry, while the outer cylinder rotates with average angular velocity wy.

41f the inner cylinder can slide on the outer cylinder, there exist oscillatory solutions for nonzero 6y [7].

Since A(R; + kor1)? < 1 according to eq. (19), w? cannot be negative.

6 Animations of the case where cylinder 1 has a fixed axis are available at
http://demonstrations.wolfram.com/SolidCylinderRollingInATurnableHollowCylinder/
http://demonstrations.wolfram.com/DiskRollingInsideARotatingRing/

" Another method to deduce the angular frequency w of small oscillations of the system about the stable
solution is to write the small oscillation in angle 6 as,

0(t) = 6y + esinwt, 0 = ewcos b, (22)

and consider the constant energy E to second order in €, requiring that the terms in €2 cos? wt sum to zero.
For this we need the relation,
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= cosby (1 - w> — esin by sinwt, (23)

Then, the energy (21) of the system is given approximately by,

E ~ w_g +2w? [1 + ko — A(Ry cosf + k:27‘1)2] cos? wit
mar? Ar?
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The term in esinwt must be zero, which implies that the oscillations can only be about 6y = 0, as anticipated
above. That is, the formal solution for steady motion with nonzero, constant 6y is unstable unless 6y = 0.

Finally, setting the terms in cos? wt to zero, we find the angular frequency w of small oscillations to be
that given in eq. (25).



In the limit that m; > msy the outer cylinder is not perturbed by the oscillation of the
inner cylinder, A — 0, ¢; — wot, and,
2 g

W — m (m1 > mg), (26)

as can readily be verified by a more elementary analysis.

2.3 Angle of Separation

The above analysis holds only so long as the two cylinders remain in contact, and the normal
force N15 between the cylinders is nonzero. For a method that does not use the forces to find
the angle 6, at which the cylinders separate,® we go to the accelerated frame of the lower
sphere, in which there appears to be an effective acceleration due to “gravity” of,

gt = — i1 X — gy = —Rip X —gy. (27)
Cylinder 2 loses contact with cylinder 1 when the component of g.g along the line of
centers, T = (—sin#, cos #), of the cylinders equals the instantaneous radial acceleration,
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rf . That is, separation occurs at angle 6, where,
.2 R . .
r, = T-gex = —gcosls+ Rysinf, ¢,

= —gcosfy —rRyAsinf, [(Rl cos 0y 4 r1ky) 05 — Ry sin 6, 9§ , (28)

using eq. (18).

2.4 Looping the Loop

Motion is possible in which the inner cylinder “loops the loop”, reaching 8 = 180°, provided,
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when the point of contact of the inner cylinder is at the top of the outer one.
For motion with 6y = 0, the energy relation (21), together with eq. (25), tell us that,
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The condition (29) for looping the loop is then,
-2 5+k2—A(R1—k27"1)2g
0y >[5+ ko — A(Ry — kor)?] w* = =, 31
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In the limit that m; > ms, for which A — 0, this becomes,
-9 5+ k
Oy > (5 + ko)w® = = k‘zg (m1 > ma), (32)
so that for ks = 0, corresponding to a point mass sliding inside the outer cylinder,
. 5
02 > 79 (my > ma, ks = 0). (33)

8For a discussion of the angle of separation based on forces, see [1].
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