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1 Problem

What is the electrostatic field energy of two spheres of radius R that are in contact, when
each sphere carries a uniform surface charge density?

This problem was posed to the author by Christopher Provatidis.

2 Solution

The concept of electrostatic potential energy was first formulated by Poisson (1812) [1], as
an analog of gravitational potential energy, noting that in both cases the basic force law
has a 1/r2 behavior. The electric potential energy U of two charges q1 and q2 separated by
distance d equals the work needed to bring these charges together from infinity (where their
potential energy is zero),1

U =
q1q2

d
= q1V2 = q2V1 , (1)

in Gaussian units, where the electric potential V at distance d from charge q is V = q/r. For
a continuous electric charge density ρ, the electric potential V (r) at an observation point r,
and the total potential energy U , are given by,

V (r) =

∫
ρ(r′)

|r − r′| dVol′, U =
1

2

∫
ρV dVol. (2)

Poisson later (1824) advocated an analogous magnetic potential energy [4], in a model that
magnetism is due to magnetic charges/poles.2

The concept of magnetic-field energy was introduced by Maxwell (1856), pp. 63-64 of
[6], based on Poisson’s model of magnetic potential energy, together with the magnetic field
equations ∇ · B = 4πρm and B = −∇Vm. Then,

Um =
1

2

∫
ρmVm dVol =

∫
B2

8π
dVol. (3)

In Art. 631 of his Treatise (1873) [7], Maxwell gave the analogous relation for the electric
field E,

Ue =
1

2

∫
ρV dVol =

∫
E2

8π
dVol. (4)

1Newton showed that the effect of gravity on an external particle by a spherical shell of mass is the
same as if the mass were concetrated at its center. See Theorem XXXI, p. 239 of [2]. The concept of the
gravitational potential was introduced by D. Bernoulli in 1747 [3]. For Bernoulli, kinetic energy (vivarum)
was mv2, so his graviational potential energy was 2m1m2/d.

2In 1820, Ampère [5] conjectured that all magnetism is due to electric currents rather than magnetic
poles, and as far as we know today, Ampère was correct.
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2.1 Two Point Charges Separated by Distance 2R

Maxwell did not consider point charges, but if we do, the electric potential energy of charges
q1 and q2 separated by distance 2R is V = q1q2/2R. However, the electric field energy of
the system is, supposing the total electric field is the sum of that due to the two charges,
E = E1 + E2,

U =

∫
E2

8π
dVol =

∫
(E1 + E2)

2

8π
dVol =

∫
E2

1

8π
dVol +

∫
E2

2

8π
dVol +

∫
E1 · E2

4π
dVol (5)

The last integral in eq. (5) is called the interaction energy, and equals q1q2/2R for the case
of two point charges. The integrals of E2

i represent the self energy of the point charges, and
are infinite.

This indicates a difficulty with the concept of point charges in field theory, which it is
convenient to ignore (as an early example of “renormalization”).

Before turning to the more comfortable case of charges with a nonzero radius, we note a
peculiarity if q1 = q = −q2, that the integral of the interaction energy is zero inside a sphere
of radius R centered on the midpoint of the line of centers of the two point charges [8]. Then,
the integral of the interaction energy outside this sphere equals the full interaction energy,

Uint =

∫
E1 · E2

4π
dVol =

∫
>R

E1 · E2

4π
dVol = − q2

2R
, (6)

for this special case.

2.2 Two Charged Spheres of Radius R That Touch

The electric potential of sphere i is qi/ri for ri > R (oustide sphere i), where ri points from
the center of sphere i to the observation point The electric fields Ei is zero inside sphere i,
and equals qir̂i/r

2
i outside. The self energies are simply,3

Ui =

∫
ri>R

E2
i

8π
dVol =

q2
i

2R
=

qiVi(ri = R)

2
. (7)

The interaction energy is difficult to calculate using the fields Ei, but we can use the electric
potentials of the two spheres to compute, via surface integrals over the two spheres,

Uint =
1

2

(∫
1

σ1V2 dArea +

∫
2

σ2V1 dArea

)
=

∫
1

σ1V2 dArea =
q1q2

4πR2

∫ 1

−1

2πR2 d cos θ

(5R2 − 4R2 cos θ)1/2

= −q1q2

4R
(5 − 4 cos θ)1/2|1−1 =

q1q2

2R
. (8)

where the uniform surface charge density is σi = qi/4πR2, and we have used Dwight 191.01
[10]. The interaction energy of the two spheres of radius R is the same as if the charge were
concentrated at the centers of the spheres.4

3For the case of gravity, the self energies are negative, so the gravitational field cannot be a vector field
(for which the self-field energy is positive). This was noted by Maxwell in sec. 82 of [9].

4This could be anticipated from our experience with the gravitational potential energy of spheres. Indeed,
the results (7)-(9) hold even when the two spheres don’t touch.
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The total field energy is,

U = U1 + U2 + Uint =
q2
1

2R
+

q2
2

2R
+

q1q2

2R
. (9)

For the special case that q1 = −q2 = q, the total field energy is q2/2R, which is the negative
of the interaction energy.
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