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1 Problem

Discuss the relation of “hidden” mechanical momentum to the so-called Abraham-Minkowski
debate! as to the significance of the expressions E x H/47c and D x B/4mc for “electromag-
netic” momentum (in Gaussian units), where c is the speed of light in vacuum.

2 Solution

In 1903 Max Abraham noted [3] that the Poynting vector [4], which describes the flow of
energy in the electromagnetic field,

c
=—ExH 1
S = x H, (1)

when divided by ¢? has the additional significance of being the density of momentum stored
in the electromagnetic field,?

A ExH
prl\}I = o (Abraham). (2)

The corresponding total Abraham momentum is,

P — / E;TCH dVol.  (Abraham). (3)
In general, D = E 4+ 47P and H = B — 47M, where P and M are the densities of electric
and magnetic polarization, respectively, while Abraham (and Minkowski) considered only
linear media, where D = ¢E and B = pH when extending their arguments to include a
stress tensor.

All linear media except vacuum have both € and p different from unity. However, most
media have p < ¢, and most discussion [2] of the Abraham and Minkowski momenta assume
that © = 1. In this idealized case, the Abraham momenta are the same as the momenta,

ExB ExB
PEM = ; Py = / 1 dVol. (4)
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!This debate has been characterized by Ginzburg as a “perpetual problem” [1]. For a lengthy bibliography
on this topic, see [2].

2J.J. Thomson wrote the electromagnetic momentum as D x H/4rc in 1891 [5] and again in 1904 [6].
This form was also used Poincaré in 1900 [7], following Lorentz’ convention [8] that the force on electric
charge ¢ be written ¢(D 4 v/¢ x H) and that the Poynting vector is (¢/47) D x H. For discussion of these
forms, see, for example, [9].



As such, most discussion of the Abraham momentum actually concerns the momentum (4).
In 1908 Hermann Minkowski gave an alternative derivation [10] that the electromagnetic-
momentum density is,>*

(M) DxB
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- (Minkowksi), (5)
and the debate over the merits of these two expressions continues to this day. Minkowski
died before adding to the debate, while Abraham published several times on it [15, 16, 17].
For recent reviews, see, for examples [18, 19, 20].

A general consensus has emerged that in dielectric media (with 4 = 1) the Abraham
momentum (2) is indeed the momentum stored in the electromagnetic field,>® while the
Minkowski momentum (5) includes the momentum of matter that interacts with the elec-
tromagnetic fields.” This suggests that the quantity,
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might have the significance of mechanical momentum “hidden” within the system.®

Note that in systems where all materials have permittivity €p and permeability ), pg?& =
pg\ﬁ, so that according to eq. (6), such systems would contain no “hidden” momentum.
However, the concept of “hidden” momentum was developed to characterize unusual features

of exactly such systems.

2.1 Shockley’s Version of “Hidden” Mechanical Momentum

The term “hidden” mechanical momentum is more commonly associated with a different
context, first noted by Shockley [25], in which a system whose center of mass/energy is
at rest but for which the electromagnetic field momentum, Pgy, is nonzero. The total

3Heaviside gave the form (5) in 1891, p. 108 of [11], and a derivation (1902) essentially that of Minkowski
on pp. 146-147 of [12].

“See also, for example, sec. 2.1 of [14].

SHowever, this author considers that the nonmechanical, electromagnetic momentum is given by eq. (4),
Prm = [ E x BdVol/4rec.

When dealing with waves of angular frequency w in a dispersive medium with index n(w) it is useful
to introduce the quantity n, = ¢/vy = cdk/dw = d(wn)/dw = n + wdn/dw, which is sometimes called the
group-velocity index. This velocity is positive in a passive medium, but can be negative in a gain medium
[21]. The emerging consensus [13, 14, 18, 19, 20] is that the Abraham momentum density (for media with
1 = 1) corresponds to the momentum of a photon of angular frequency w in a dielectric medium of group-
velocity index ng being iw/cng, and is sometimes called the kinetic momentum density [13]. The Minkowski
momentum density (in a dielectric) corresponds to the momentum n?fiw/cng of a photon of angular frequency
w, and is sometimes called the pseudomomentum or the quasimomentum. The momentum of a photon
most often used in quantum theory is hk = nhw R/ ¢, which is often called the canonical momentum. In a
nondispersive medium with n > 0 the Minkowski momentum is the same as the canonical momentum. For
discussion of negative-index materials, see [22].

TA similar issue arises in acoustics, where one sometimes speaks of the “pseudomomentum” of sound
waves, which is analogous to the Minkowski momentum in electrodynamics. See [23] and references therein.

8This conjecture was endorsed in [24].



momentum of such a system must be zero [26], so there must be an equal an opposite
“hidden” mechanical momentum,’

Pridden,mech = —PrwMm. (7)

The Abraham-Minkowski debate over the meaning of Pgy; indicates that the meaning
of “hidden momentum” is also ambiguous if it is only defined by eq. (7). A more general
definition of “hidden momentum” for any subsystem of a possibly larger system is given in
28],

0

(X — Xem) (P — pVp) - dArea = — / f—(x — Xem) dVol,  (8)

Phidden =P - Mch - f
C

boundary

where P is the total momentum of the subsystem, M = U/c? is its total “mass”, U is its
total energy, Xen is its center of mass/energy, vem = dXem/dt, p is its momentum density,
p = u/c?isits “mass” density, u is its energy density, v, is the velocity (field) of its boundary,
and,

o
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is the 4-force density exerted by the subsystem on the rest of the system, with T+ being
the stress-energy-momentum 4-tensor of the subsystem.

The definition (8) indicates that the value of the “hidden” momentum depends on the
subsystem under consideration. In the classic examples considered by Shockley and others,
the entire system was partitioned into two subsystems that occupied that same volume,
the electromagnetic fields E and B, and the “mechanical” components of the system; the
(relative) permittivity € and the (relative) permeability p were both unity.

For an isolated, closed system with total stress-energy-momentum tensor 7", the 4-
divergence of the latter is zero, 0T /0x” = 0. If the system contains two subsystems A
and B which occupy the same volume, then f{ = 9TV /0x" = —0T /0x" = — [, where
/% is the 4-force density exerted by subsystem A on B. Hence, according to the last form
of the definition (8), subsystems A and B have equal and opposite “hidden” momenta.
In particular, if the entire system is partitioned into “electromagnetic” and “mechanical”
subsystems, we have that,

Phridden,EM = —Phidden, mech- (10)

For the electromagnetic subsystem the macroscopic electromagnetic energy-momentum-
stress tensor (secs. 32-33 of [29], sec. 12.10B of [30]) is, in a linear medium,'”

y UEM ‘CpEM
T%M = ii ) (11)

9Classical systems with nonzero “hidden” mechanical momentum have moving parts, as noted in [27]. If
magnetic charges existed, a system of static electric and magnetic charges would have no “hidden” mechanical
momentum, and its total field momentum must also be zero.

0For a nonlinear medium, Minkowski’s stress tensor [10] is not symmetric, whereas Abraham’s [15] is.



where ug)y is the electromagnetic field energy density, pgay is the electromagnetic momentum

density, and T}, is the 3-dimensional (symmetric) electromagnetic stress tensor. If the

tensor (11) is independent of time (as, for example, in the rest frame of a medium with
static charge and steady current distributions), then the quantity f° in eq. (8) is,

Fo oTv

oz,

for the electromagnetic subsystem, and hence,

=cV . PEM, (12)

0
Phidden M = — / ]%(x — Xem) dVol = — /X(V - pPrM) dVol + Xcm / V - pemdVol. (13)

The last integral in eq. (13) transforms into a surface integral at infinity that is negligible for
a system with bounded charge and current distributions. The term — [ x(V - pgu) dVol can
be integrated by parts, with the resulting surface integral at infinity also being negligible,
such that,

Pridden,EM = / pem dVol = Pry. (14)

Then, together with eq. (10) we have that,

Pridden,EM = PEM = —Phidden,mech- (15)

4

For a “static” case, the “visible” mechanical momentum is zero in the rest frame of the
medium, and any mechanical momentum is “hidden”. that is,

Pridden,EM = PEM = —Phiddenmech = —Pmech, (16)
and the total momentum of the system is zero,
Ptotal - PEM + Pmech = 0. (17)

Thus, the definition (8) is consistent with concept of “hidden” momentum as discussed by
Shockley and others as explaining how/why the total momentum of an electromechanical
system “at rest” is zero.

The result (17) holds for any (valid) form of the electromagnetic field momentum density
peuv and the associated stress-energy-momentum tensor T4, so the present considerations
of “hidden” momentum cannot resolve the Abraham-Minkowski debate. That is, if one ac-
cepts either the Abraham or the Minkowski form of the stress-energy-momentum tensor, the
definition (8) leads one to a computation of the “hidden” mechanical momentum that is con-
sistent with eqgs. (16)-(17).!* One the other hand, one expects that mechanical momentum,
“hidden” or not, is uniquely specifiable for a given system, so that two different values for
the “hidden” mechanical momentum cannot both be correct. If, by some argument other
than that presented here, the value of the “hidden” mechanical momentum in a medium
with electric and magnetic polarization could be determined, this could provide a resolution
of the Abraham-Minkowski debate, as least for “static” examples.

In any case, the definition (8) is not consistent with the conjecture (6), as further illus-
trated in the examples below.

"This conclusion appears to differ from that in [36].

4



2.2 Romer’s Example

Following Romer [31],'? we consider a spherical shell of radius a with free surface-charge den-
sity proportional to cos @ (with respect to the z-axis), such that the free charge distribution
has electric dipole moment pge. and the electric field Ege. has the form,

_pf{ee (,r. < a)
3
Efree == 3(pa £)i—p 7 (18)
free 3 free (,r. > a)7
for which the tangential component of Ege. is continuous across » = a.'* The system

also includes an electrically neutral spherical shell of radius b with free surface currents
proportional to sin @’ (with respect to the z’-axis), such that the free current distribution has
magnetic dipole moment mg.., and the magnetic field By has the form,

2mfree
Hliree r <b),

Bfree = v N\ ( ) (19)
3(mfree'::)sr_mfree (,r. > 6)7

for which the normal component of B is continuous across » = b. The system is in vacuum.
We consider the case that a > 0.
The usual argument in vacuum is that the electromagnetic-field momentum Pgy can be
computed as,

ExB
Pem = PJ(E?\%:PJ(EM)Z/ 4>< dVol

e
- reeX2mree —Pftree X 3mree'f' f'_l’nree
:/ Direc 2“0 dVol+/ Diree X [3Mitee B~ Miee]
r<b dma’bic ber<a dmasric
3 ree'f'f'_ ree] X 3Inree'f'f'_l’nree
+/ [3(Ptree * T)F — Pree] [6( free * T) free] v
r>a 4mrbe
o _2pfree X Mfree B Pfree X Miree In g + Pfree X Miree In g B 2pfree X Mfree Pfree X Miree
3adc a3c b a3c b 3adc 3adc
Miree X Ptree
= e el 20
3 (20)

If @ < b the result is Pry = Migee X Prree/b3c.
This system is at rest and must have zero total momentum [26], which leads to eq. (7).
Hence, we infer that the system also contains “hidden” mechanical momentum,

Pfree X Miree

21
e 21)

Pridden,mech = —PuM =

when a > b. However, PS}I — PJ(EM) = 0 in this case.

12A precursor to Romer’s example, with a = b and a uniform surface-charge density, was discussed in [32],
where it is attributed to J.J. Thomson around 1904. This example has zero field momentum but the field
angular momentum is L = 2QM/2ac, where @ is the total electric charge and M is the magnetic moment
of the sphere.

13 Another example of this type has been considered in [33].



Rather than supposing the fields to be due to free charges and currents, we can consider
the cases that there exist uniform electric polarization density P = 3pgee /47ra3 for r <
a (electret), and/or uniform magnetic polarization density M = 3mge./4mb® for r < b
(permanent magnet). Then, the fields E and B are identical to those of egs. (18)-(19), so
we suppose that the field-only momentum is still given by eq. (20).

So, in addition to Romer’s original examples with charge and current densities, we now
have three more variants. We consider these only for the case that a > b.

2.2.1 Electric Polarization Density and Electric Current Density
Here, p=0,P#0,J#0, M =0, and B = H.

ExH ExB
P = / d\/l:/ dVol = P
EM dre ¢ dre © B
PxB
PY) = Poy / “ = avol
r<a C
ree ree 1 3 ree 2 ree 1 3 ree 3 Tee )T - ree
my ?>)<pf +_/ 1Df3>< my dVol+—/ Prree | 3(Mfreo - T)F — my
asc ¢ Jrep dma b3 C Joereq dma’d r3
m ree >< ree
— _figpf — Py
a’c
PJ(E?\% — Pg\ﬁ = 2PrMm = —2Phidden, mech-
2.2.2 Charge Density and Magnetization Density
Here, p#0,P=0,J =0, M # 0, and D = E.
ExM Myree X Pfree 1 —Pftree 3rnfree
P = P —/ dVlzi——/ x dVol = 0,25
EM M v<t  C ¢ asc ¢ Joop a? ams Y° {25)
DxB ExB
Pl — / d\/l:/ dVol = P 26
EM dre ¢ dre ¢ A (26)
PJ(E?\% - Pg\ﬁ = —Pgm = Phidden,mech- (27)
2.2.3 Electric Polarization Density and Magnetization Density
Here, p=0,P #0,J=0, M # 0.
ExM Myree X Pfree 1 —Prtree 3rnfree
P = P —/ dVlzi——/ X dVol =0, (28
EM M et C ¢ asc ¢ Jooy @ Ams Y° . (28)
P xB
PN = Py + / dVol
r<a €
1 3 ree 2 ree 1 3 ree 3 Tee )T - ree
_ m§p+—/ Pirec 22X dVol+—/ Pree  3(Miree - DF ~ Moo /)
a’c ¢ Joep 4ma b ¢ Jypereq dma’ r3
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= e T P, 29
3 EM (29)
PJ(E?\% — Pg\ﬁ = Pem = —Phidden, mech- (30)

(22)
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2.2.4 Romer’s Example with Linear Media (October, 2017)

Since Abraham and Minkowski considered only linear media, where D = ¢E and B = uH,
it may not be so surprising that their expressions for field momentum are not particularly
relevant to examples with permanent electric and magnetic dipoles. So, we now consider
Romer’s example where the sphere of radius a has constant (relative) permittivity e # 1 and
the sphere of radius b has constant (relative) permeability p # 1.

For there to be nonzero field momentum, the electric and magnetic fields must both be
nonzero, which would not be the case if either the free surface-charge density ogeo or the
free surface-current density K. were zero. Hence, we suppose that these densities have the
forms assumed at the beginning of this section, and that the corresponding dipole moments
are Peee and Mmye.. Then, bound charges and currents are induced, with the same spatial
dependences as for the free charges and currents, which lead to dipole moments Ppound
and myoung, and total moments piotal and My, that are parallel to the free moments,
respectively. The (total) electric and magnetic fields have the same form as eqs. (18)-(19),
with P — Protal and m — mygtal,

__Protal (r <a) 2mt§>tal (r <b)
E = a® ’ B = b ’ 31
3(ptotal'f‘)f‘_ptotal (,r. > a) 3(mtotal'f‘)f‘_mtotal (,r. > b) ( )

= ’ 3 :

To determine the field D = €E, we note that the free and total surface-charge densities at
r = a have the forms,

3 3 .

~

O free = Arad Pfree * T, Ototal = Arad Ptotal - I (32)

Then, the boundary condition for D at r = a is,

3 R
ATOfee = —5Pee T = Dp(r = at) =D, (r=a")=E.(r=a%)—€eE.(r=a")
a
2ptotal . f' €Ptotal * f'
= 3 + 5 (33)

from which we infer that,

3 e—1
otal = 75— Pfree; ound — otal — Pfree = 7 Pfree- 34
Protal = 5P Phound = Protal — Phrce = 5Pt (34)

To determine the field H = B/u, we note that the free, bound and total surface-charge
densities at r = b all have the forms,

3¢ .
K= mm X T. (35)
Then, the boundary condition for H at r = b is,
4 3
_T(Kfree - b_gmfree X T = _H(T = b+) X T+ H(T = b_) X T
c
B(r=07)xr
_ _B(r=b)xi B Zb)XE
I

Myotal X r 2mtotal Xr
3 + 3
b b
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from which we infer that,

S w—1

Myiotal = 7 Mfree, Mpound = Motal — Mfree = 2——
24 p 2+p

Myree- (37)

We could also determine the field H = B/u, by supposing that the magnetic fields are due
to fictitious magnetic charges, whose free, bound and total surface-charge densities at r = b
all have the forms,

i m
47h3

The B field is determined by the total fictitious charge, while the H field is determined
by the bound fictitious charge (or alternatively by the free currents) Then, the boundary
condition for H at r = b is,

7. (38)

5’:

3 B.(r=»5b"
477-5'bound - b_gmbound T = Hr(r - b+> - Hr(r - b_) = BT(T - b+> - (T )
I
_ 2mtotal T _ 2mtotal T (39)
b3 s
from which we infer that,
2(p — 1 2+
Mpound = (lu )mtotala Mifree = Miotal — Mbound = —lumtotala
3 3
3 nw—1

Myiotal = T Mfree, Mpound = 2——m Tee- 40
total 9 +'u f) b d 9 +'u f) ( )

With these expressions for the total moments in terms of the free moments, the electro-
magnetic fields can now be written as,

__ 3¢ Pfree _ 3 Pfree (7" < a)
3 3 )
D — 2+E a . E — 2+E a . (41)
3 3(pfree'r)r_pfree 3 3(pfree'r)r_pfree (,r. > a)
24€ 3 ’ 24€ 3 ’
3 2mfree 3/»" 2mfree (
frec . r <b),
H=( > U 7 B=¢ ™ " (42)
3p 3(mfree'r)r_mfree 3p 3(mfree'r)r_mfree (,r. > b)
241 r3 ) 2441 73 .

For a > b, the various field momenta are, recalling from eq. (20) that the momentum
density pgm sums to zero in the region b < r < a, and that for » > a the momentum Pgy;
now is 3/(2 + €)3p/(2 + p) times that in eq. (20), i.e., —Pree/(2 + €)ac X 3umygee/ (2 + 1),

E B _3 ree 6 ree ree 3 ree
Pevm = / 4X dVol = / Pfrce X DfMUree vy . Phiee W
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(24+¢€)adc 24+pu  (2+4€a’c  24p (24+¢€)a’c 2+u

_ E(T < a) X Myotal (43)
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EM dme © v AT (24 €)(2 4 p)adb3e © (2+€)adc  2+u




2pfree 3mfree Pftree 3,ul’nfree o 3pfree

— X — X = - X ree; 44
(24+¢€)ac 2+pu  (2+€adc  2+u (2 + €)adc e (44)
D X B _3 ree X 6 ree ree 3 ree
Pgﬁ _ / dVol — / €Pf I, 1— Pt % Hamy,
dre v AT (24 €)(2 4 p)adb3e (24 €)a’c 2+ p
_ 2€pfree % 3,ul’nfree B Prree % 3,ul’nfree —_ (26 + 1)pfree % 3,umfree(45)
(24€a’c  24p  (24€adc 24nu (24 €)a’c 2+p
3pfree me
P — PO = (e —1 x e 46
EM E (Elu )(2+6)a36 2+M ( )
For completeness, note that,
D H _3 ree 6 ree ree 3 ree
ﬂﬁ)zt/ . MU:/ e AT p— R
dre v AT(2 4 €)(2 + p)adb3c (24 €)a’c 2+ p
_ 2‘Epfree % 3mfree B Pftree % 3,urnfree —_ (66 + 3M)pfree % Mfree (47)
(24€a’c 24pu (2+¢eadc  24pu (24 €)a’c 2+

Hidden Momentum

Romer’s example with linear media contains “hidden” mechanical momentum associated
both with the free and bound current densities.

As discussed, for example, in [34, 35], the “hidden” momentum associated with a magnetic
moment m due to electrical currents is given by m x E/c if the electric field is uniform over the
currents. In the present example, the electric field on the both the free and bound electrical
currents (at r < b) is E = —3pgee/(2 + €)a®, so the corresponding “hidden” mechanical
momenta are,

Miree X E _3pfree
Pi en,free — ———  dVol = ree X 70 3 48
hidden,f / - 0 my (2 T E)agc ( )
Mpound X E _3pfree
Pi en,boun = ———F—  dVol = ound X
hidden,bound / - 0) Mpound (2 T e)a3c
2 - 1 Mfree _3 ree
= 2 UM Pl (49)
p+ 2 (2 + e)ac
The total “hidden” mechanical momentum is,
3,urnfree _3pfree
Pienoa - Pienoun+Pienoun: X
hidden,total hidden,b d hidden,b d 2+M (2+€)a30
Mg X E(r <b ExB
_ Moo X B ):—PEM:—/ dVol. (50)
c e

The “hidden” mechanical momentum is equal and opposite to the field momentum based
only on E and B.

In this static example, the only mechanical momentum is the “hidden” momentum (50),
and the total momentum is zero (in the frame in which the two spheres are at rest).

Note that bound “hidden” momentum (49) can exist for ¢ = 1, but not for p = 1, since
bound “hidden” momentum is associated with bound electric currents (which exist in linear
media only for u # 1).



Neither the Abraham momentum (44) nor the Minkowski momentum (45) are equal and
opposite to the (hidden) mechanical momentum. Hence, both of these momentum are a
combination of field momentum (based on E x B) and mechanical momentum. As such,
they do not have a crisp physical interpretation, as least for examples that contain “hidden”
mechanical momentum.

Note that the Abraham momentum can be written as,

ExH ExB ExM
P](E?JI — / 4>< dVol = / 4>< dVol + / ~ dVol = PEM - Phidden,bound

e e Cc

- _Phidden,free - 2]-:)hidden,bound- (51)

For the present example with an idealized, linear dielectric medium, with € # 1 but p = 1,
Py =0, and PY)) = Ppy = — Py,
hidden,bound , all EM EM hidden,free-
In the case of electromagnetic waves, rather than static fields, in and around media, it can
be that there is no “hidden” mechanical momentum, and the Abraham and/or Minkowski

momentum has more “overt” physical significance.

All the various results of this section confirm that eq. (6) is not, in general, a suitable
expression for the hidden mechanical momentum (21) of the system.
Still, it may be useful to consider another example.

2.3 Hnizdo’s Example: Uniformly Magnetized Toroid

V. Hnizdo notes that a toroid with uniform azimuthal magnetization M = M éb (in cylin-
drical coordinates (o, ¢, 2)) has H = B — 47M = 0 everywhere and B = 47M inside the
toroid.!* If this toroid is subject to a radial electric field E, then E x B is nonzero inside
the toroid and parallel to z-axis while E x H is zero everywhere. If we accept that this
example contains “hidden” mechanical momentum, then the Abraham momentum cannot
be the “correct” one (in the sense of being equal and opposite to the “hidden” mechanical
momentum such that the total momentum of the system, which is “at rest”, is zero).

A body with uniform magnetization is a collection of identical Amperian magnetic
dipoles.!’® As noted in [38], an Ampérian magnetic dipole m in an external electric field E is a
system “at rest” with nonzero field momentum E x m/c (computed from [ E x B dVol/4rc),
and so this system must contain “hidden” mechanical momentum in the direction of m x E.
We infer that a collection such as Hnizdo’s example of identical magnetic dipoles, all in an
external electric field such that m x E is always in the same direction, also contains nonzero
“hidden” mechanical momentum.

Hence, it appears that neither the Abraham nor the Minkowski momenta are the “cor-
rect” field momenta in the sense of being equal and opposite to the “hidden” mechanical
momentum of such systems “at rest” that possess this.

MFor uniform magnetization M, the volume density p,, = —V - M of “fictitious” magnetic charges is
zero. For a toroid with azimuthal magnetization, the surface density o,, = M - n of “fictitious” magnetic
charges is also zero (where n is normal to the surface). Then, there are no sources for the H-field, which is
hence zero.

I5Experimental evidence that magnetization is due to Amperian magnetic dipoles is reviewed in [37].
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It seems to this author that only the form [ E x B dVol/4mc should be called the electro-
magnetic field momentum, and that both the Abraham and Minkowski momenta represent
combinations of electromagnetic field momentum with mechanical momentum associated
with electric and/or magnetic polarization.

2.3.1 The Toroid is Also an Electret

We record two examples of radial electric fields as discussed above. First, we consider the
toroid also to be an electret with uniform radial electric polarization P = P p.

We suppose the toroid has a rectangular cross section a < ¢ < b, |z| < [ and that the
toroid is long, [ > b. The surface density of bound electric charge is then,

o.(0=a)=—P, o.(o=0)=P. (52)

The electric field inside the long toroid, at locations not close to its ends, is approximately
radial, and follows from Gauss’ law as,

E(a<p<b)=—47P2, (53)
0
and hence the interior D-field is,
Dy(a<p<b)=FE,+4rP, =4xP (1—9) . (54)
0

2.3.2 The Toroid is a Cylindrical Capacitor

Alternatively, the surfaces ¢ = a and b could be conductors, forming a cylindrical capacitor,
and the medium of the toroid could be a (linear) dielectric with (relative) permittivity e such
that D = eE. These conductors can support densities of free charge given by eq. (52) such
that the electric field inside the toroid is again given by eq. (53). In this case, the D-field
inside the toroid is given by,

Di(a<o<b)=eE, =—4rP2. (55)
0

Forces and Momenta If the Magnetization Goes to Zero

This variant permits a noteworthy phenomenon if the electrically charged conductors are
physically isolated from the magnetized toroid, and that magnetization goes to zero at some
time.

When the magnetization is M = M (fﬁ, the (field only) electromagnetic momentum per
unit length in z associated with the (long) system is,

ExB b _ (47 P P x 47 M ¢ 2V Pa(b —
PEM:/ i dArea%/ (4nPa/o)t x 4r ¢27erQ=—87T alb a)i, (56)

e dre c

where FP is the surface density of electric charge on the conductors (at o = a~ and b*). At
this time, there is an equal and opposite “hidden” mechanical momentum per unit length,

e Cc

B x E M x E
Pridden,mech = —PEMm = / 4X dArea = / . dArea, (57)
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such that the total momentum of the system is zero. Equation (57) is consistent with
the earlier comment that the “hidden” mechanical momentum of a magnetic dipole m in
an electric field E is m x E/c [38], such that the volume density of “hidden” mechanical
momentum is M x E/c inside the magnetization density M.

If the magnetization drops to zero at some later time, a transient electric field is induced
when the B-field is changing, which electric field is conveniently deduced from the changing
vector potential,

10A

c ot
We ignore the small additional magnetic field and vector potential associated with the tran-
sient currents, and approximate the vector potential as the quasistatic value related to the

instantaneous magnetization M(t), still supposed to be spatially uniform as it drops to zero.
This vector potential has only a z-component, related by,

Eipnga =— (58)

0 (0 < a),
0A,
B=V xA, By=—7 "= 4nM (a<o<b), (59)
0 (0>0).

We take the vector potential to be zero at ¢ = 0o, such that,

b—a (0<a),
A, =47M S b—p (a<po<b), (60)
0 (0>0).

When the magnetization drops at rate M < 0, the induced electric field is,

. b—a (0<a),
10A, 47 M
Eind,z:_z FTi— b—o (a<o<b), (61)
0 (0>0).

There is no induced electric field at the outer conductor (¢ = b), while the field on the inner

conductor (¢ = a) is in the +z direction when M < 0. If the inner and outer conductors are

free to move separately, only the inner conductor will move, and in the —z direction as its

surface charge density —P is negative. The force per unit length on the inner conductor is,
_ 8m2MPa(b — a)

F. =27a(—P)Ema.(0=a") : (62)
C

so the (negatively charged) inner conductor takes on mechanical momentum per unit length,

812 M Pa(b —
Pinner conduct0r> Z = /FZ dt = - T a( a) ) (63)

C
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when the magnetization drops from M to zero. If the conductors are free to move, the inner
conductor has final velocity in the —z direction, while the outer conductor remains at rest.
Meanwhile, both the initial electromagnetic field momentum and the “hidden” mechan-
ical momentum have dropped to zero, so if only the inner conductor has final momentum,
there would be a violation of momentum conservation.
It remains to consider forces on the magnetized toroid while the magnetization changes.

The volume-force density fy; on the (Amperian) magnetization M is given, for example,
in eq. (18) of [37],

10E
fM:(M~V)B+Mx—E+cM><(V><M). (64)
c
This force density acts to change the mechanical momentum density of the toroid, which
consists of the “overt” momentum density Povert = PmassV @s Well as the density Phidden,mech =
M x E/c of “hidden” mechanical momentum.'® In the present example, the first and last
terms in eq. (63) vanish, so the mechanical momentum of the toroid varies according to,

10E  d
c ot dt

M E d oroid,over aM E
. ) Proroidovert _ T2 o = (65)

oroid,over +
(pt d,overt dt ot "¢

As the magnetization M drops to zero, the overt mechanical momentum of the toroid
changes, until finally the overt mechanical momentum per unit length of the toroid is,

dPover E b dmPat
Ptoroid,overt - /dArea/ pdt - dt = /Minitial X Z dArea = / M¢ X = T(Cgar 27TQ dQ
8m2M Pa(b — a)

= c Z = _Pinner conductor - (66)

Hence, the final, total momentum, Piyner conductor + Ptoroid,overt; Of the system is zero, as
expected.

The force density (64) is radial in the present example, so its volume integral vanishes,
with the implication that the mechanical momentum of the toroid remains constant as the
magnetization drops to zero. If the toroid is free to move, its final velocity is in the +z
direction. Hence, the appearance of the final, “overt” mechanical momentum of the toroid
can be regarded as evidence of the initial, “hidden” mechanical momentum. This suggests
that a laboratory demonstration of the present example would be useful in convincing skeptics
of the existence of “hidden” mechanical momentum.

So, we consider some numbers for a possible demonstration experiment. We take a ~
b~ 1 cm. A practical voltage across the 1-cm cylindrical capacitor might be around 1000 V
= 3.3 statvolt. This voltage is also given by V = fabEdg ~ 47 PIn2 ~ 3P, so the surface
charge density is P ~ 1 statCoulomb/cm*. The magnetic field inside a strong permanent
magnet is about B~ 1 T = 10,000 G = 47M, so M =~ 1000 in Gaussian units. Then, the
final, overt momentum would be =~ 8w*M P/c ~ 10~" g-cm/s, and for a toroid with mass of
a few grams, its final velocity would be ~ 107" cm/s, too small to be observable in a simple
demonstration.

16This argument was made implicitly by Shockley [25], and explictly on p. 53 of [39].
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Forces and Momenta If the Electric Field Goes to Zero

If the electric field of the cylindrical capacitor drops to zero but the magnetization of the
toroid remains constant, then according to eq. (65) there is no change in the “overt” me-
chanical momentum of the toroid, which therefore remains at rest as its “hidden” mechanical
momentum drops to zero.

Meanwhile, the charges on the conductors of the cylindrical capacitor experience no axial
electric field as the radial electric field drops to zero, so the conductors remain at rest.

In the final state, with zero electric field and nonzero B and M inside the toroid, there
is no mechanical momentum anywhere, “hidden” or “overt”, and the electromagnetic field
momentum is also zero.!”

2.3.3 Comments

The Minkowski momenta, f D x B dVol/4me, for these two cases have the opposite signs,
yet the microscopic electromagnetic field momenta of the magnetic dipoles is the same in
both cases. This reinforces the conclusion of sec. 2.2 that the Minkowski momentum is not
the “correct” one to be equal and opposite to the “hidden” mechanical momentum (which
is the same in both cases).

2.3.4 Appendix: Toroid with Radial Magnetization and Azimuthal
Polarization

For possible amusement we consider a toroid with geometry as in sec. 2.3.1 but with radial
magnetization, M = M p, and azimuthal polarization, P = P(}b. In this case there is no
free or bound electric charge densities, either in the bulk or on the surface of the toroid.
Hence, there are no sources of the electric field and E = 0 everywhere. Inside the toroid the
displacement field in nonzero, Diyterior = E + 47P = 47 P éﬁ

There is no bulk density of “fictitious” magnetic charge associated with the radial mag-
netization, but there are “fictitious” surface magnetic charge densities given by,

om(0=a)=—M, om(0=0)= M. (67)

The H-field inside the long toroid, at locations not close to its ends, is approximately radial,
and follows from Gauss’ law (here V - H = 47p, ) as,

Hy(a<o<b)= —47TM% : (68)

and hence the interior B-field is,

By(a < 0 <b) = H, + 47 M, = 4xM (1—%) . (69)

17 An example of this type was considered by J.J. Thomson on p. 348 of [6]; see also [40]. For examples with
“hidden” mechanical momentum in systems with an electric dipole in a magnetic fields due to current loops,
all “at rest”, such that various equal and opposite “overt” mechanical momenta arise as the electromagnetic
fields are brought to zero in various ways, see [41], especially secs. IV and V.
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This case is the dual of that described in sec. 2.3.1, with the duality relations M « P,
E«— Hand D < B.

If we accept that “hidden” mechanical momentum is due to the “external” electric field E
on the Amperian currents associated with the magnetization M, then there in no “hidden”
mechanical momentum in the example of this Appendix. This is consistent with the “field
only” momentum [ E x Bdvol/4mc being zero. Of course, the Abraham momentum is also
zero in the case, but the Minkowski momentum is nonzero and in the —z direction.

2.4 Hidden Momentum and a Wave in a Linear Medium

This section was inspired by [24] (October, 2017).

A feature of the definition (8) is that the electromagnetic momentum (4) of a (source-free)
electromagnetic wave in vacuum has no “hidden” momentum.

For example, a plane electromagnetic wave,

E = Ej cos(kz — wt) X, B = Ej cos(kz —wt)y, (70)

propagates with velocity v = (w/k)z = cz, and has energy, effective mass, and field mo-
mentum densities,

E? + B*  E2cos*(kz — wt) UpM
UEM = ST = . ) Peff EM — 2 (71)
ExB FE?cos®(kz —wt) . .
PEM = = 0 ( ) Z = Met EMCZ, (72)
4me 4me

such that the density of (electromagnetic) “hidden” momentum is,

Phidden,EM = PEM — PegV = 0. (73)

Turning to the case of an electromagnetic wave propagating inside a linear medium that
is at rest, we note that the definition (8) of “hidden” momentum applies to an entire system,
or to a subsystem thereof.

In most considerations of “hidden” momentum, one emphasizes the “mechanical” subsys-
tem, which is considered distinct from the (macroscopic) “electromagnetic field” subsystem.
This distinction is reasonably clear in examples where all material has unit (relative) per-
mittivity and permeability, as has been the case in essentially all past discussion of “hidden”
momentum, which also have been restricted to (quasi)static examples where electromagnetic
waves were neglected. In such quasistatic examples, the total “hidden” momentum is always
zero, but there can be nonzero “hidden” mechanical momentum that is equal and opposite
to “hidden” electromagnetic field momentum (see sec. 4.1.4 of [28]).'8

However, in examples with waves, where the total momentum of the system can be
nonzero, it is not clear that the total “hidden” momentum must be zero.

¥Nonzero total electromagnetic field momentum in a static example is always “hidden” according to
definition (8), in that the velocity vy of the center of electromagnetic field energy is zero, and Phridden, EM =
Peyv — Usmvem /¢ = Peu.
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We now consider a plane electromagnetic wave in a linear medium, with index of refraction
n = /€l such that the (phase) velocity of propagation is v = (w/k)z = cz/n,

D
E = Ej cos(kz —wt)x = —, B =nkFEy cos(kz — wt)y = uH. (74)
€

If we consider the “electromagnetic field” subsystem to consist only of the (macroscopic)
fields E and B, then the energy, effective mass, and field momentum densities are,

E?+ B?  E2(1+n?) cos?(kz — wt u
UEM = —= 0( ) ( ) 9 Qeﬁ,EM - E2M ) (75)
8T 8T c
ExB 2nE2cos?(kz —wt) .
— = 76
PEM Inc e Z, (76)
such that the density of “hidden” momentum is,
EZ cos?(kz — wt) ( 1+ n2) .
Phidden,EM = DPEM — Qe EMV = 2n — Z
8me n
_ n? — 1 E2 cos?*(kz — wt) R 1 B cos?(kz — wt) 5 (77)

n 8me Ve 8me

Since the medium is at rest (in the frame of the present analysis), it has zero “overt”
mechanical momentum, but it might have “hidden” mechanical momentum associated with
the bound electric-current density,

(78)

1 —1 -1 E
V><B:(6 H )6

_ o7

4 A

recalling that for a linear medium, D = E + 47P = ¢E and H = B — 47M = B/u. The
current density (78) appears to be in the z-direction, and with zero time average, so it might
seem that there can be no net, time-average mechanical momentum associated with it.

However, the Amperian model of magnetization M is that it is due to “molecular cur-
rents” which flow in small (atom-sized) loops in the plane perpendicular to M (and B).
Then, the argument which led to an understanding of “hidden” mechanical momentum of
current loops in an electric field (see, for example, [34, 35]) would appear to apply to the
present case, such that for waves with wavelength large compared to the radius of an atom
(which includes optical waves) there should be a density of bound, “hidden” mechanical
momentum given by,

MxE pu—1BxE  pu—1

— . 79
c AT ¢ W PEM (79)

Phidden,mechanical =

This suggests that the total density of “hidden” momentum in the system is,

EZ cos?(kz — wt) (e,u -1 N 1) 5 (30)
8me Ve W
One premise of the above argument is that the electric field E be uniform over the loop,

which implies that in the case of a wave field, the wavelength \ is large compared to the
sides h and w of the loop.

Phidden,total = Phidden,EM + Phidden,mechanical =
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In, addition, for the instantaneous “hidden” mechanical momentum to be m x E(t)/c, it
must be the period of the circulation of charges in the current loop be less than the period
of the external wave field. That is, the angular velocity of the circulating charges must be
larger than the angular velocity of the wave field.

We examine this requirement for a diamagnetic medium in the following subsection.

2.4.1 Diamagnetism

Diamagnetism is associated with magnetic momentum to due orbital motion of atomic elec-
trons that is induced by the external electromagnetic field.

For an order-of-magnitude estimate, we take the effective radius of the magnetic moment
to be the Bohr radius rg = X¢/a, where a = €?/hc is the fine-structure constant and e is
the charge of an electron.

Then, the requirement that the external field be uniform over the magnetic moment is
that the wavelength of the external field be large compared to the Bohr radius, which is well
satisfied by optical fields.

The angular frequency of the induced orbital motion of electrons is less than viyax /75,
where,

6E01
m w’

(81)

~ ~
VUmax ~ Amaxlwave ~

where Ej is the peak electric field of the wave. For m x E(¢)/c to describe the “hidden”
mechanical momentum associated with diamagnetism, we must also have,

Worbital ~ ~ =« > w, EO > = = 3

Umax eE, eE, mw?Xc  RPw?  Fuai Ac 2 (2)
rp mwrp mwic ae e3 o ’

where E.; = m?*c®/eh = 1.6 x 10'% V/cm is the so-called QED critical field strength (above
which a static electric field would spontaneously produce electron-positron pairs [42]). For
optical waves, this requirement is that Ey > 10* V/cm, which is a reasonably strong field,
but which is readily achieved in laser beams.

2.4.2 Abraham and Minkowski Momenta

Assuming that the requirement (82 is satisfied, we can also consider the Abraham and
Minkowski momenta, although it is not immediately clear to which subsystem they apply.
The Abraham momentum density in the present example is,

(A) ExH € B2 cos®(kz — wt) .
Pem = — 7 =4/ z
e W dme

ExB ExM

- = PEM T Phidden,mechanical = Ptotal- (83)
4dre c

Thus, it appears that the Abraham momentum is not a subsystem momentum, but the total
momentum of the system (in the rest frame of the medium).
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The Minkowski momentum density is,

M DxB E2cos?(kz — wt
Pin = = P = \/ep— ( )

The arguments that lead to the forms of the Abraham and Minkowski momentum both
associate with them a field-energy density,

2 (84)

dre dre

eE* + pH?*  EZcos?(kz — wt) UM
8T — 47 ’ Ceft, AM =

UaM =

, (85)

2
such that one might consider densities of “hidden” momentum associated with the Abraham
and Minkowski momenta to be, using eq. (83) for the Abraham momentum,

A A
pl(licgden = p](EH\}I - Qeff,A,MV = 07 (86)

™) EZ cos?(kz — wt)
Phidden Src

M .
PEA — Gt AV = €(VEr — 1) 2. (87)
The results (83) and (86) for the Abraham momentum of a plane wave in a linear medium
are suggestive, but do not hold in general, as shown in sec. 2.2.4 for the case of a linear
medium, at rest, together with free electric charges and currents.

2.4.3 Canonical and Kinetic Momentum

The above discussion of “hidden” momentum has been based on the notion that it might be
possible to partition a system into “electromagnetic” and “mechanical” subsystems. While
this concept seems well motivated from a “classical” perspective, its is doubtful in the quan-
tum picture. In the latter, the interaction between electromagnetic waves and matter is
associated with quanta that are neither purely “electromagnetic” nor “mechanical,” but
which are rather “quasiparticles” of the electromechanical interaction.

Within a “classical” context, one can seek a description that will not be in great con-
tradiction with the quantum view. For this, we might start by considering a wave packet
(photon) inside the linear medium, which we take to be nondispersive for now, such that
the phase and group velocities are the same. This wave packet propagates with velocity
v = wk = ck/n < ¢, where k is the wave vector of the packet, and it seems reasonable to
associate an effective mass meg = Upacket/ c? with the wave packet. Then, the overt /kinetic
momentum of the wave packet is,

U acket acke Y
Pkinetic = MegV = packet k = / Upacket dVol k. (88)
cn C\/EN

Regarding the wave packet as an electromechanical effect, is it plausible to identify its
energy density as,
eE? + pH? - eE?
8 Y

rather than ugy = (E? + B?) /87, as would be appropriate if the wave packet were purely
“electromagnetic”. Then, the kinetic momentum is,

(89)

Upacket = UAM =

Pkinetic ~ /p](i)?\gj dVO1> (90)
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recalling eq. (83). That is, the kinetic momentum of the wave packet is its total Abraham
momentum.'?

In contrast, when one works in a Hamiltonian/Lagrangian formalism, one naturally con-
siders canonical momenta (in addition to kinetic momenta mv). Shortly after the original
papers of Abraham [3, 15, 16, 17] and Minkowski [10], this was done by various authors
[45, 46, 47], who identified the canonical stress-energy-momentum tensor (and hence the
canonical momentum) of an electromechanical system as the Minkowski tensor (and mo-
mentum ).

A Appendix: If Magnetic Charges Also Existed

This Appendix was suggested by P. Saldanha (October, 2017).

If magnetic charges (magnetic monopoles) existed in addition to electric charges the story
is more complex.

In particular, one would then consider magnetic charge and current densities p,,, and J,,
in addition to electric charge and current densities, p, and J. respectively (which were called
p and J in the main text).

As discussed in [9], Maxwell’s equations for the electric and magnetic fields E and B
would then be,

V-E=dnp,, V- -B=dmrp,, —cVxE= %B—Hlm]m, cV xB = aa—]f—i—llﬂJe. (91)
There could then be magnetic dipoles m,, formed from magnetic charges and electric
dipoles p,, formed from magnetic currents (in addition to electric dipoles p. formed from
electric charges and magnetic dipoles m, formed from electric currents, previously denoted
without the subscript e).

Further, we should consider polarization densities P,, due to electric dipoles formed by
magnetic currents and M, due to magnetic dipoles formed by magnetic charges (in addition
to polarization densities P. due to electric dipoles formed by electric charges and M. due to
magnetic dipoles formed by electric currents, as considered previously).

When we spoke of “free” and “bound” charges and currents, we would then include effects
associated with magnetic charges and currents. The “free” charge and current densities will
be denoted as p,, je, P and jm, and are related to the total charge and current densities
(without a 7) by,

~ 0P,
pe:ﬁe_V~Pe7 Je:Je+ at +CVXM67 (92)
- oM,

19 Arguments of this type can be traced to [43] (if not earlier), while the term “kinetic momentum” was
perhaps first introduced in footnote 3 of [44].

20This insight was somewhat forgotten until rediscovered in the late 1940’s [48, 49, 50], and then redis-
covered in the new millennium [18; 52, 53].
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It is customary in macroscopic electrodynamics to use versions of Maxwell’s equations in
which only “free” charge and current densities appear. For this we introduce the fields,?!

D. =E + 47P., H. = B — 47M,, D,, = E — 4rP,,, H,, =B +47M,,, (94)

such that D, and H,,, and also H, and D,,, have similar forms, and,

V-D, = 4np,, V -H,, = 471p,,, (95)
aHm 3 a]:)e J
—VXDm:W‘i‘ZLﬂ-Jm; VXHe:W‘f‘ZLWJea (96)

where in the absence of magnetic charges D, and H, are the familiar fields D and H.??

When the arguments of Abraham and Minkowski are extended to include magnetic
charges and currents, one finds [9] that the Abraham and Minkowski momentum densities
are,

A):S:DmXHe (M)_DQXHm

( el == 7
Pey = dre Pim dre (97)

which revert to the familiar forms (2) and (4) if magnetic charges and currents do not exist.

A.1 Romer’s Example with Permanent Polarizations

We now reconsider Romer’s example [31], sec. 2.2 above, including the (hypothetical) mag-
netic charges as well as electric charges. Among the many possible variants, we only discuss
the case of no free charges or currents, as in sec. 2.2.3 above, and for simplicity we consider
only a single sphere of radius a that supports both electric and magnetic polarization.

We now have four (permanent) polarization densities to consider, P., P,,, M. and M,,.

We desire that the fields E due to both P, and P,, be those of eq. (18) outside the sphere
of electric polarization, and the fields B due to both M, and M,, be those of eq. (19) outside
the sphere of magnetic polarization. As inferred from the top of p. 6, this implies that the
polarization densities associated with electric charges and currents are, for r < a,

3pe P — 3pm 3me - 31’l’lm

Pe - e ™ T = m = .
dma’ dma?

— =
Arad’ Arad’

(98)

However, the E and B fields inside the polarized sphere are different for the cases of electric
charges/currents and magnetic charges/currents. For polarization due to electric charges
and currents the fields are those given in eq. (18)-(19),

Pe __ 47P,e 2m. _ 8wM,
=P = e (r<a), 55 = —5 - (r<a), .
E, — ot 7o ) B, = at 3 ( ) (electric charges).(99)
Hpef)iope (r>a), MmeDime  (r > q),

21See Appendix D.2 of [9] for a justification of eq. (94) via the concept of electromagnetic duality.
22The relation B = H+ 47M seems to have been first introduced by W. Thomson in 1871, eq. (r), p. 401
of [56], and appears in sec. 399 of Maxwell’s Treatise [57].
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The case of magnetic dipole density M,, due to magnetic charges is analogous to the case
of electric dipole density P., and similarly the case of electric dipole density P,, due to
magnetic currents is analogous to the case of magnetic dipole density M,.. Hence, we have,

o — BPn(p < q), —M = _AmMa (< ), ‘
E, = “o B, = o (magnetic charges|100)
3(pm~ri)sr—pm (7" = a)) 3(mm.:gr—mm (7" = a))

T

We now consider four cases, each with one type of electric polarization, and one type of
magnetic polarization.

In all four cases, the field momentum (4) outside the sphere is the same, and given by
last two terms of the next to last line of eq. (20),

(101)

Pey(r > a) = /

r>a 2TC

And, in all cases the total momentum is zero, since the systems are all “at rest,” such that the
(“hidden”) mechanical momentum is equal and opposite to the electromagnetic momentum,

Pmech - Phidden,mech - _PEM (102)
A1l P.#0, P,=0 M.#0, M,, =0
This case was discussed in sec. 2.2.3 above, so we just quote the results,
m, X Pe m, x E,
Pev =  —Phiddenmech = % = (103)
asc c
P = 0, (104)
Pg\ﬁ = —Pgm = Phidden,mech- (105)
Al12 P.=0,P,#0 M.=0, M,, #0
m,, X Pm ExB m,, X Pm  2Pm —M,, ¢  m,, X Pm
P _— dVol = X — =
M 3ac * /r<a e © 3ac a’ a® 3¢ a’c
m X B,
= pf = _Phidden,mech7 (106)
D x He E —47P,,) x B P, xB
P = /7Xd\/olz/( Pm) dVol:PEM—/ m X2 ol
4dre dme r<a c
_ Pm X _ Pm X —0, (107)
c c
D. x H,, E x (B +47mM,, E xM,,
Pl = /Xid\/ol:/ X (B dr )dVol:PEM—i-/ B ol
dme dme r<a
m X Bm 2Pm X Bm m X Bm
- P . P . = _pf = —Prm = Phidden mech- (108)
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A13 P.=0, P, #£0, M, £0, M,, =0

m, X pm ExB m, X Pm  2Pm 2m. a®  p, X m,
P —_— dVol = IR S —
M 3a3c /r<a e © 3a3c - a’ 8 a® 3c a’c
Pm X Be(r<a) m.xE;,(r<a) / P, xB., M,xE,,
— _ — _ ]
4c 4c 4c 4c dVo
- _Phidden,mech7 (109)
Also,®
(@) D, x H, (E — 47P,,) x (B — 47M,)
P = ———dVol = dVol
EM / 4c © / 4c ©
ExB P,, xB E x M., P,, x M,
- / . dVol—/ 7Xd\/ol—/ Xid\/ol—kélw/ = X Vol
c r<a c r<a c r<a c
 PmXme  2p, Xm. 2p, Xm . 3pm X m, 0 (113)
N asc adc asc asc -
D.xH ExB
P = /ud\ﬂz/ dVol = Py = —Phidden mech- 114
EM Tre 0 Trc o EM hidden,mech (114)
Al4 P.#0, P,=0 M.=0, M,, #0
m,, X Pe ExB m,, X p. —P. —m,, a’
P _— dVol = — = 115
M 3adc /r ca Adme ¢ 3asc @ @ 3¢ (115)
@) D, x H, /(E—47er)><B /ExB
P = ———dVol = dVol = dVol
EM / 4c © 4c © 4c ©
= Ppy =0, (116)
D. xH,, E + 47P, B P.xB
Pl = /701\/01:/( + 4rPe) dVOl:PEM—l-/ =22 Vol
4dre dme rea C
e X Bp, .
= % (Whlle Phidden,mech = 0) (117)

23 (June 22, 2020) This case has subtleties discussed in Appendix B.2 of [35], so it may be useful to record
some details supposing the sphere of uniform electric magnetization M, has radius a > b, where b is the
radius of the sphere of uniform magnetic polarization P,,. Then,

E x B E x B E x B
Pryy = / “ = Vol + / “ = dVol + / “ = dVol. (110)
rq  Ame berea 4me rep  Ame

As in the computation of eq. (20), the integral over b < r < a vanishes, while the integral for > a has the
form of eq. (101). Hence,

m. X Pm 2P 2m.\ 47b3 Pm X M,
Py = =

X = = —Phidden,mec ) 111
3a3c b3 a® ) 3(4me) adc hidden,mech (111)

P, xB. M.,xE, P, xB. M.,xE, M, x E,,
/ X Be | Ve X dVolz/ X Be | Ve X dVol—/ M. X En ol
4c 4c r<b 4c 4c ber<a 4c

_/ 3Pm y 2m,  3m, y 2pm\ dVol / 3m, y 3(Pm - T)F —Ppy dVol  py, X me
Sy \ A3 a? 4ma® b3 4c berea dmad r3 4¢  adc

. (112)

Thus, the forms for Py found in eq. (109) do not depend on the spheres of polarization P,,, and M, having
precisely the same radii.
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A.1.5 Comments

The cases reported in secs. A1.1, A1.2 and A1.3 all have charges (electric and/or magnetic) in
motion, and all have “hidden” mechanical momentum m x p/a®c, while the case in sec. A.1.4
has no charges in motion and no “hidden” mechanical momentum.

The “hidden” mechanical momenta associated with dipoles due to charges in motion can
be summarized as,

m,. x E pn X B

Phidden,mech(me) = T; Phidden,mech(pm) = - 5 (118)

for electric and magnetic fields from both electric and magnetic charges/currents.?* Fur-
ther, these forms hold for E and B due to either electric charges/currents or magnetic
charges/currents (or both).?®

This is an example of the duality transformation between cases with only electric charges/currents
and those with only magnetic charges/currents, as discussed, for example, in [27],

Pe = Pms de—Im, = E.—B,, B.—-E, p.—m, m.— —p, (119)
The reverse transformation is,?%

Pm = " Pe> Jm - _Je> = Em - Be; Bm - _Ee7 Pm — Mg, m,, — —pe.(120)

Thus, the duality transformation of the “hidden” mechanical momentum of dipoles is,

m, x E pn X B
— — .

121
. . (121)
While it is intriguing that the Abraham momentum is zero in all four variants of Romer’s
example for media at rest with permanent dipole moments, recall from sec. 2.2 above that
the Abraham momentum is nonzero in the variants with “free” surface electric currents.

A.2 Romer’s Example with Linear Media (June 2020)

This section extends sec. 2.2.4 above to include the possibility of linear media with magnetic
charges and currents, which would be characterized by relative permittivity ¢,, and relative
permeability pu,,. We now denote €. as the relative permittivity, and p, as the relative
permeability, of linear media with electric charges and currents.

We discuss only that case when the radii of the two spheres are the same, a, and that
the relative permittivity and permeabilities are both unity for r» > a.

2For an example in which the “hidden” mechanical momentum is —p,, x B/c for a loop of magnetic
current, see Appendix B of [35].

25The case presented in sec. A.1.3, in which electric and magnetic currents coexist within the same volume,
is an exception, with “hidden” mechanical momentum m, x E,, /4c — p,, x B./4c¢ (although this does equal
m, X pp/ac). This unusual case is considered in greater detail in Appendix B.2.2 of [35].

26The identity transformation consists of a sequence of four transformations, e — m, m — e, e — m,
m — e (rather than only two, e — m, m — e).
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In eqgs. (41)-(42) of sec. 2.2.4, we found the fields associated with electric charges and
currents, which can be written in the notation of the present section as,

3€e Pe,free 3 Pe,free
T2re. a? (r <a), Tohe o3 (r <a),
D. = 3 3(Pefrect)E—Pe s Ee = 3 3(Pefreet)E—Pe s (122)
e,free e,free e,free e,free
2tee P (r>a), e -3 (r > a),
3 2me,free 3He 2me,free
H, —{ Zn @ r<a. g ] i " 1)
€ 3#6 3(me,free'f')f'_me,free (,r, > a) e 3#6 3(me,free'f')f'_me,free (,r, > a)
24, 3 ’ 24, 3 :

We can obtain the expressions associated with magnetic charges and currents from
eqs. (122)-(123) via the duality transformations (119) above and eq. (114) of [9],

D. — H,,, H, — -D,,, D,, — H,, H,, — —D.. (124)

We also note the duality relations for the relative permittivities and permeabilities,

B B
D, = ¢.E, H. = —, D,, — ¢,E, H,=—, (125)
He oy
1 1 1 1
€e =7 —, He = — €m — — Moy, = — - (126)
Hom €m He €e
Then,
3 My free 3 m M free
H, =) il B, _{ il o e (127)
mn 3 m 3(mm, ree'f)f'_mm, ree moe 3 m 3(mm, ree'f)f'_mm, ree
2ui+1 : 3 - 2ui+1 : 3 : (r > a),
3Em 2pm, ree 3 2pm, ree
D — Dem+1 a3f ) E — Zem 1 a3f (r <a), (128)
me 3 m ree'f' r— m,free me 3 m ree'f' r— m,free
2534—1 (Pm.g Tg Pm.f : 25"?:4—1 (Pm.g 7"5)5 Pm.f (7” > a)‘
It is useful to recall from eq. (20) that,
3 Tee © )T — Tee Tee * r)r — Tee 1 Tee Tee
/ (Pfrec - I)T — Pt " 3(Mfree - T)T — Mypree dVO _ Miee X Py . (129)
rea r3 r3 e 3a3c
A21 p.#0, ppn=0 m,#0, m, =0
This case was treated in sec. 2.2.4 above.
3pe free 3,u M free
Py = ———bofee  SfeMofee 130
M (24 €.)ac 2+, (130)
(A) 3rnm,free
- T X Pm Tees 131
EM2p,, + Dade Pt (131)
2¢€. 1)Pe free 3 ele free
PJ(EM) _ (2 + D)peg HeMe free (132)

(2 +e)a’c 2+ p,
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A22 p.=0 pn#0, m,=0, m, #0
This case is the dual of that in sec. A.2.1.

3,“ My, free Spm free
P — m ’ ? 133
M0, + 1ade 8 2¢, +1° (133)

3pe free

P(A) = - X e,free 134
E (2 + e )adc THe,free) (134)

2 m,free 3Pm free
PO _ (24 p ) g Pt (135)

(2u,, + 1)ac 2, +1°
A23 p.=0, pn#0 m,#0, m, =0

Em X Be 6 Pm. free 6,u M free dVOl
Pepy= | ———dVol = : X = :
M / dme © /Ka 2m +1 ad 24 pu, a3  dme

/ 3 3(pm,free . f')f' — Pm,free % Sﬂe 3(rne,free . f')f' — Mg free dVol

oa 26m + 1 r3 2+ pu, r3 dme
_ 3 3,“@ 4pm,free X Me free + mMe free X Pm,free
2 + 12+ p, 3a3c 3adc
3,u Pm, free X Mg free
= ¢ : : 136
Gt @+p)  ac o 19
D,, x H, mBm X Be/ . E,, x B,
Pg‘;}:/idvolz/ ‘ h dVol+/ —=m = ¢ qVol
e r<a e r~a Ame
_ E_m 6 Pm,free 2 6,Ue Me free dVol
B He Jr<a 2€m +1 a’ 24+ e a3 dre
/ 3 3(pm,free . f')f' — Pm,free % Sﬂe 3(rne,free . f')f' — Mg free dVol
r>a 26m + 1 r 2+ 1, r3 dme
o 3 Sﬂe 4€m Pm, free X Me free Me free X Pm, free
e 124, \ 3a3c 3a3c
3 4 m m,free X e,iree
(26 +1)(2+ p.) adc
D.xH E, xB
P(M):/ud\/lz/ud\/l:P . 138
EM dme © dme © EM (138)

A24 p.#0, ppn=0 m,=0, m, #0

This case, like that of sec. A.1.4 above, has no moving charges, so Pgy = 0. We can confirm
this using,

Ee X Bm 3 Pe free 3,u My, free dVOl
Prv= | — —"dVol= | - free s Hm :
M / e ¢ /Ka 24+¢€ a3 2u,, +1 a®  Adrwc

~

/ 3 3(pe,free . )I‘ — DPe,free Sﬂm 3(rnm,free . f')f' — My free dVol
-+ X
roa 2T €e r3 2u,, +1 r3 dme

3 3,u Pe free X My, free My, free X Pe free
_ m ’ ’ ’ ’ =0. 139
2+e2p,+1 ( 3a3c * 3adc (139)

>
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Also,

D,, x H, E. X B,
P = /Ld\/olz /Xid\/olz 0.  (140)
dme 4

e
D. xH,, Ee X B/, E. xB,,
Pgﬁngidw)l:/ ‘ h dVol+/ —e 2 2m qVol
dme r<a dme o 4me
o €e 3 Pe,free 3,um My, free dVol
oy Jrea 246 ad 2u,, +1 a®  Amc
3 3(pe,free . f)f' — DPe,free 3,um 3(mm,free . f')f' — My free dVol
+ 3 X 3
r>a 2+ € r 2u,, +1 r 4dre
o 3 3,um E_el-)e,free X My, free My, free X Pe,free
C24€.2u, +1 \ i, 3a’c 3a3c

_ 3(66 - ,um) Pe,free X My, free (141)
C+e)@u+1)  ae

B Appendix: Why Does p,, = — /r X J,, dVol/2¢c 7

The duality transformation (119) contains the prescription that the dual of a magnetic-dipole
moment due to electric currents is the negative of an electric-dipole moment due to magnetic
currents,

m, — —Pm, (142)

which minus sign is perhaps counterintuitive. Now,

r xJ. rxdJ,
e — 1 1, 14
m / 5 dVol — / 5 dVo (143)
so eqgs. (142)-(143) imply that,
rxJ,
pn = [ 2 avo (144

which also is perhaps surprising.

We recall that for a magnetic dipole m, associated with an electric-current density J.
that flows in a loop, say in a static situation, the Maxwell equation V x B = 47 J. /c implies
that,

4
24 Joa= VxB-dl:/ B - dArea. (145)
loop loop

c loop

That is, the direction of the magnetic field B at the center of the loop is related to the
direction of J. by the righthand rule, as sketched in the left figure below.
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This is consistent with the usual relation,

X Je
m, = / EX e avol. (146)
2c

In the case of a loop of magnetic current density J,,, again in a static situation, the
Maxwell equation (91), V x E = —47J,,/c, implies that,

4—7T Jm-dl:—j{ VxE-dl:/ E - dArea. (147)
c loop loop loop

That is, the direction of the magnetic field E at the center of the loop is related to the
direction of J,, by the lefthand rule, as sketched in the right figure above. This is consistent
with the relation (144), which is in turn consistent with the duality relation (142),
m, — —Pp,.

Thus, the difference in sign between the relations (144) and (146) is due to the difference
in signs of the terms in the current densities in the Maxwell equations,

1 0B 1 OE

C C
J— = — _ m 5 —_— B: e- 14
CVXE (47r8t+J ) CVXB= ") (148)

The equation for V x E with magnetic currents was first discussed by Heaviside in 1885
[58]. He argued (p. 448 of [58]) that just as in the equation for V x B where the current
density J. and the “displacement-current density” (1/4m7)0E/0t have the same sign, the
current density J,, and the “magnetic-displacement-current density” (1/4m)0B /0t should
have the same sign in the equation for V x E.%7
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