Classical Electromagnetic Fields of a Pair of Annihilating Charges

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 11, 2021)

1 Problem

The results of annihilation of counterpropagating electrons and positrons has been studied in colliders such as LEP (Large Electron Positron Collider^1). As the electrons and positrons approach one another, their attraction accelerates them, and they emit (initial-state) radiation called beamstrahlung [2].

Here, we consider an idealized case where the electron and positron approach one another with equal and opposite, constant velocities, until they annihilate at t = 0.

The electromagnetic fields of a charge q with uniform velocity v were first deduced in 1888 by Heaviside [4] (and perhaps more accessibly by Thomson in 1889 [5].

E(x, t) = q γ^2r^2(1 − β^2 sin^2 ϕ)^{3/2} r̂, B = β × E, β = v c , γ = 1 √ 1 − β^2

, (1)

in Gaussian units, where rx − x_q is the distance from the present position x_q(t) of the charge to that of the observer at x, ϕ is the angle between r and v, and c is the speed of light in vacuum.

The form of eq. (1) contrasts with that of the fields of an accelerated chargeas deduced by Liénard (1898) [6] and by Wiechert (1900) [7],

E(x, t) = q [ r̂ − β γ^2r^2(1 − β · r̂)^3 ] + q c [ r̂ × ((r̂ − β) × β̇) r(1 − β · r̂)^2 ] , B = [r̂] × E, (2)

where β = v/c = dx_q/d ct = ẋ_q/c, γ = 1/ √ 1 − β^2, quantities inside brackets [ ] are evaluated at the retarded time, t_{ret} = t − [r]/c, [r] = x_q(t) − x_q(t_{ret}), and [r̂] = [r]/[r]. That is, quantities on the right sides of eq (1) are evaluated at the present time of the observer, while those on the right sides of eq. (2) are evaluated at the earlier time consistent with propagation of changes in the fields from the source to the observer at the speed of light.

Because the fields of a uniformly moving charge can be expressed in terms of present quantities, some people infer that the propagation of these fields is instantaneous, as in [8]-[12].

For example, if charges ±q somehow have uniform velocities ±v and collide at the origin at time t = 0, then according to eq. (1) the electric field is everywhere zero at that time. Note that the magnetic field nonzero at t = 0, being twice that of either charge by itself.

If the charges annihilate one another when they collide, they generate no electromagnetic fields at times t > 0.

The claim in [12] is that the electric field is zero everywhere for t > 0. Can this be so?

1https://home.cern/science/accelerators/large-electron-positron-collider

2 Solution

If the positive charge has position x_+(t) = vt and the negative charge has position x_+(t) = −vt for constant velocity v, then according to eq. (1) their electromagnetic fields are,

E(x, t) = E_+ + E_− = q γ^2r^2_+(1 − β^2 sin^2 ϕ)^{3/2} r̂_+ − q γ^2r^2_−(1 − β^2 sin^2 ϕ)^{3/2} r̂_−, (3)

B(x, t) = B_+ + B_− = β × (E_+ − E_−), (4)

where r_± = x − x_±.

If the charges somehow pass the through one another at the origin and continued thereafter with uniform velocities, eqs. (3)-(4) would hold for all times.^2

If instead the charges annihilate at the origin at time t = 0, the fields are zero for t > 0 inside a sphere of radius ct, and those of eqs. (3)-(4) hold outside it.

In particular, an observer at distance greater than ct > 0 from the origin observes a nonzero electric field, with the form as if the charges were still moving with constant velocity (even though the charges ceased to exist at time t = 0). The explanation for this by Liénard and Wiechert is that the retarded positions of the charges, according to an observer with r > ct, are those as if the charges had not annihilated, but continued to move with uniform velocity.

2.1 Comments

An argument was made on p. 9 of [12] that the cancelation of the dipole field (i.e., the annihilation of the two charges) is an event simultaneous at every point in space and for every observer, regardless of the inertial reference frame in which the observer is at rest.

This is a serious misunderstanding of the theory of relativity.

It is simply assumed what the paper [12] claims to show, that the effects of annihilation of the charges ±q propagate instantaneously throughout all space.

Whereas, according to the theory of relativity, while observers in all inertial frames agree that the charges annihilate, say at time t^′_a in the^′ frame, the value of t^′_a is different in different frames. More importantly, the relativity of simultaneity means that while an observer at point P^′ = x^′ in the^′ frame, not at the point of annihilation, agrees that the annihilation took place at time t^′_a, an observer in the^{′′} frame next to the observer at point P^′ at time t^′_a in the^′ frame assigns different times to the moment when the annihilation took place, t^{′′}_a, and the time t^{′′}_o he associates with the observation at (x^′, t^′_a).

Further, the paper [12] failed to note that if its claim were true, then the magnetic field should vanish everywhere at time t = 0 when the charges annihilate, whereas the magnetic field at that time is nonzero everywhere except on the line of motion of the charges. The author of [12] seemed unconcerned with the consequent violation of conservation of energy.

2We recall that at time t = 0, the electric field (3) is zero everywhere, but the magnetic field (4) is nonzero everywhere, B(t = 0) = 2B_+(t = 0). Hence, the energy U_{EM} = ∫ (E^2 + B^2) dVol/8πc of the electromagnetic field does not vanish at time t = 0, but remains spread out over all space.

The temporary annihilation of the electric field (in the case where the charges pass through one another) could be called a kind of destructive interference. As in other examples of destructive interference (see, for example, [13]), energy is not destroyed by the destructive interference.

A Appendix: A Paradoxical Result

An argument is presented in sec. 3 of [12] based on Gauss’ Law, ∮ closed surface E · dArea =

4πQ_{inside}, whose purpose seems mainly to confuse the reader.

Consider time t > 0, with a sphere of radius ct about the origin O, which can be called the information sphere with respect to the collision of the charges ±q at the origin at t = 0, as shown in the figure above. A Gaussian surface is taken as a (different) sphere, whose center is on the line of motion of the two charges, to the left of the origin, with the surface of the sphere including the origin. The Gaussian sphere can be considered to have two parts, A (in blue) and B (in red) in the figure, with part B inside the information sphere.

1. If the charges did not annihilate when they met at the origin at t = 0, but passed through one another, the Gaussian sphere contains the negative charge at time t > 0, and so the Gaussian integral would be ∮ 1 E · dArea = −4πq = ∫ 1A + ∫ 1B , where the electric field E is due to both uniformly moving charges.

2. If the charges annihilated at the origin at time t = 0, the Gaussian sphere contains no charge at time t > 0, so the Gaussian integral would be zero, ∮ 2 = 0 = ∫ 2A + ∫ 2B .

The electric field on part A, outside the information sphere, is the same whether or not the charges annihilated at the origin, ∫ 1A = ∫ 2A. The electric field on part B, inside the information sphere, would be zero if the charges did annihilate at the origin, ∫ 2B = 0.

We infer that 0 = ∫ 2A = ∫ 1A, and hence that ∫ 1B E · dArea = −4πq.

This may seem surprising, but it is consistent with Maxwell’s equations. For another example of Gauss’ law in relation to a uniformly moving charge, see the Appendix to [14].

July 24, 2022. A paradoxical result for the electrostatic case of two point charges ±q separated by distance 2d is that the interaction energy is zero inside a sphere of radius d about the midpoint of their line of centers [15].

B Appendix: Unequal Velocities (Aug. 18, 2021)

If the charges ±q meet at the origin at time t = 0 with prior, uniform velocities v_± that are not equal and opposite, the story could be obtained by a Lorentz transformation of the case of equal and opposite velocities analyzed above.^3

In this more general case, the electric field is not zero at time t = 0, but becomes zero within a sphere of radius ct about the origin at times t > 0.

The paradoxical result of Appendix A still holds for the more general case of uniform velocities (which are both less than c in magnitude).

References

[1] T. Himel and J. Siegrist, Quantum Effects in Linear Collider Scaling Laws, AIP Conf.

Proc. 130, 602 (1985), http://kirkmcd.princeton.edu/examples/QED/himel_aipcp_130_602_85.pdf

[2] R. Blankenbecler and S.D. Drell, Quantum Treatment of Beamstrahlung, Phys. Rev. D 36, 277 (1987), http://kirkmcd.princeton.edu/examples/QED/blankenbecler_prd_36_277_87.pdf

[3] M. Jacob and T.T. Wu, Quantum Approach to Beamstrahlung, Phys. Lett. B 197, 253 (1987), http://kirkmcd.princeton.edu/examples/QED/jacob_pl_b197_253_87.pdf

[4] O. Heaviside, The Electromagnetic Effects of a Moving Charge—II, Electrician 22, 147 (1888), http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_22_147_88.pdf On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889), http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[5] J.J. Thomson, On the Magnetic Effects produced by Motion in the Electric Field, Phil.

Mag. 28, 1 (1889), http://kirkmcd.princeton.edu/examples/EM/thomson_pm_28_1_89.pdf

[6] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[7] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann. d.

Phys. 73, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_73_667_01.pdf

[8] G. de Sangro et al., Measuring propagation speed of Coulumb fields, Eur. Phys. J. C 73, 137 (2015), http://kirkmcd.princeton.edu/examples/EM/desangro_ejpc_75_137_15.pdf

[9] A. Shabad, A different interpretation of “Measuring propagation speed of Coulomb fields”, Eur. Phys. J. C 73, 137 (2015),

http://kirkmcd.princeton.edu/examples/EM/shabad_epjc_76_508_16.pdf

[10] G. de Sangro et al., Why the interpretation of “Measuring propagation speed of Coulomb fields” stands, Eur. Phys. J. C 77, 25 (2017),

http://kirkmcd.princeton.edu/examples/EM/desangro_epjc_77_75_27.pdf

[11] S.V. Blinov and I.E. Bulyzhenkov, Verification of the rigidity of the Coulomb field in motion, Russ. Phys. J. 61, 321 (2018),

http://kirkmcd.princeton.edu/examples/EM/blinov_rpj_61_321_18.pdf

3The relation is intricate between the general, uniform velocities v_± in the lab frame and the relative velocity v of the^′ frame in which the velocities v^′_± are equal and opposite.

[12] G. D’Abramo, On apparent faster-than-light behavior of moving electric fields, Eur.

Phys. J. Plus 136, 301 (2021), http://kirkmcd.princeton.edu/examples/EM/dabramo_epjp_136_301_21.pdf

[13] K.T. McDonald, Does Destructive Interference Destroy Energy? (Jan. 7, 2014),

http://kirkmcd.princeton.edu/examples/destructive.pdf

[14] K.T. McDonald, Electric Flux of an Accelerated Charge (Nov. 14, 2020),

http://kirkmcd.princeton.edu/examples/flux.pdf

[15] A.C. Tort, On the electrostatic energy of two point charges, Rev. Bras. Ens. Phys. 36, 3301 (2014), http://kirkmcd.princeton.edu/examples/EM/tort_rbef_36_3301_14.pdf