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1 Problem

Compute the time-average Poynting vector, 〈S〉 = (c/8π)Re(E × B�), for two circularly
polarized, electromagnetic plane waves in vacuum, given by the real parts of,

Ej = Ej(ê1,j + iê2,j) ei(kj ·r−ωt), Bj = k̂j × Ej, (1)

in Gaussian units, where the wave vectors kj (with kj = k = ω/c where c is the speed of light
in vacuum) point in the directions (θj, φj) in a spherical coordinate system (r, θ, φ) with,

θ1 = θ0, φ1 = 0, and θ2 = θ0, φ2 = π/2. (2)

Show that 〈Sz〉 has negative values in some spatial regions, although 〈Sz,j〉 is positive for
each of the component plane waves.

This phenomenon is called “backflow”, and was first understood in a quantum context
[1]-[3], which led many to suppose (incorrectly) that it is a “nonclassical” behavior. It has
been demonstrated in two experiments with laser beams [4, 5].

2 Solution

The solution follows sec. 3 of [6].
The wave vectors kj for j = 1, 2 are, in rectangular coordinates (x, y, z),

k1 = k(sin θ0, 0, cos θ0), and k2 = k(0, sin θ0, cos θ0), (3)

and the polarization unit vectors ê1,j and ê2,j can be written as,

ê1,1 = (cos θ0, 0,− sin θ0), ê2,1 = (0, 1, 0), ê1,1 + iê2,1 = (cos θ0, i,− sin θ0), (4)

ê1,2 = (0, cos θ0,− sin θ0), ê2,2 = (−1, 0, 0), ê1,2 + iê2,2 = (−i, cosθ0,− sin θ0). (5)
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The z-component of the time-average Poynting vector is given by, recalling that Ej ·kj =
0,

4π

c
〈Sz〉 = Re[E ×B�]z = Re[(E1 + E2) × (k̂1 × E�

1 + k̂2 × E�
2)]z

= |E1|2 k1,z −Re[(E1 · k̂1)E
�
1,z] + |E2|2 k2,z −Re[(E2 · k̂2)E

�
2,z]

+Re[E1 · E�
2]k̂2,z − Re[(E1 · k̂2)E

�
2,z] + Re[E2 · E�

1]k̂1,z −Re[(E2 · k̂1)E
�
1,z]

= 2E2
1 cos θ0 + 2E2

2 cos θ0

+E1E2Re[(ê1,1 + iê2,1) · (ê1,2 − iê2,2)k̂2,z ei(k1−k2)·r]

−E1E2Re[((ê1,1 + iê2,1) · k̂2) (ê1,2,z − iê2,2,z) ei(k1−k2)·r]

+E1E2Re[(ê1,2 + iê2,2) · (ê1,1 − iê2,1)k̂1,z ei(k2−k1)·r]

−E1E2Re[((ê1,2 + iê2,2) · k̂1) (ê1,1,z − iê2,1,z) ei(k2−k1)·r]

= 2E2
1 cos θ0 + 2E2

2 cos θ0

+E1E2Re[(sin2 θ0 + i cos θ0) cos θ0 ei(k1−k2)·r]

−E1E2Re[sin2 θ0(cos θ0 − i) ei(k1−k2)·r]

+E1E2Re[(sin2 θ0 − i cos θ0) cos θ0 ei(k1−k2)·r]

−E1E2Re[sin2 θ0(cos θ0 + i) ei(k2−k1)·r]

= 2E2
1 cos θ0 + 2E2

2 cos θ0

+2E1E2 cos θ0[sin
2 θ0 cos(k sin θ0(x − y))− cos θ0 sin(k sin θ0(x − y))]

−2E1E2 sin2 θ0[cos θ0 cos(k sin θ0(x − y))− sin(k sin θ0(x − y))]. (6)

Of particular interest is the case that θ0 approaches π/2, say 0 < cos θ0 = ε � 1, sin θ0 ≈ 1,
for which,

4π

c
〈Sz〉 ≈ 2ε(E2

1 + E2
2) + 2E1E2 sin(k(x− y)). (7)

The dominant term, 2E1E2 sin(k(x− y)), oscillates in the variable x− y and is negative over
half of the x-y plane. That is, the Poynting vector of the combination of the two waves of
eqs. (1)-(5) has a negative-z component in almost half of all space even though the Poynting
vectors of each of the component waves have positive z-components. This counterintuitive
behavior is the (classical) “backflow”.

A Appendix. The Variant of Daniel et al.

We follow eq. (5), p. 10 of [5] and consider the two plane waves,

Ej = Ej êj ei(kj ·r−ωt), Bj = k̂j × Ej, (8)

in Gaussian units, where the wave vectors kj (with kj = k = ω/c where c is the speed of light
in vacuum) point in the directions (θj, φj) in a spherical coordinate system (r, θ, φ) with,

θ1 = θ0, φ1 = 0, and θ2 = θ0, φ2 = π. (9)
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The wave vectors kj for j = 1, 2 are, in rectangular coordinates (x, y, z),

k1 = k(sin θ0, 0, cos θ0), k2 = k(− sin θ0, 0, cos θ0), k1 − k2 = 2k(sin θ0, 0, 0), (10)

and the polarization unit vectors êj are taken to be,

ê1 = (cos θ0, 0,− sin θ0), ê2 = (− cos θ0, 0,− sin θ0), (11)

ê1 · ê2 = − cos 2θ0, ê1 · k1 = 0 = ê2 · k2, ê1 · k2 = − sin 2θ0 = ê2 · k1, (12)

The z-component of the time-average Poynting vector is given by,

4π

c
〈Sz〉 = Re[E× B�]z = Re[(E1 + E2) × (k̂1 ×E�

1 + k̂2 × E�
2)]z

= |E1|2 k1,z − Re[(E1 · k̂1)E
�
1,z] + |E2|2 k2,z − Re[(E2 · k̂2)E

�
2,z]

+Re[E1 · E�
2]k̂2,z − Re[(E1 · k̂2)E

�
2,z] + Re[E2 · E�

1]k̂1,z − Re[(E2 · k̂1)E
�
1,z]

= E2
1 cos θ0 + E2

2 cos θ0

+E1E2Re[(ê1 · ê2)k̂2,z ei(k1−k2)·r] −E1E2Re[(ê1 · k̂2) ê1,z ei(k1−k2)·r]

+E1E2Re[(ê2 · ê1)k̂1,z ei(k2−k1)·r] −E1E2Re[(ê2 · k̂1) ê1,z ei(k2−k1)·r]

= E2
1 cos θ0 + E2

2 cos θ0

−2E1E2 cos 2θ0 cos θ0 cos(2k sin θ0 x) + 2E1E2 sin 2θ0 cos θ0 cos(2k sin θ0 x). (13)

we again consider the case that θ0 approaches π/2, say 0 < cos θ0 = ε � 1, sin θ0 ≈ 1,
cos 2θ0 ≈ −1, sin 2θ0 ≈ 2ε, for which,

4π

c
〈Sz〉 ≈ ε(E2

1 + E2
2) + 2εE1E2 cos(2kx). (14)

There is no “backflow” here, although for E1 = E2 it is almost present.1

The example of [5] was actually for scalar waves. For vector/electromagnetic waves, it
seems that circular polarization is needed to demonstrate “backflow”.
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