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After the discovery of parity violation in weak interactions in 1957 [1], Landau [2], as well
as Lee and Yang [3], proposed that this interaction is invariant with respect to the combined
operations of charge conjugation and spatial inversion, since called C'P invariance. In 1964,
Christenson, Cronin, Fitch and Turlay reported observation of decay of the K? meson, then
thought to be the C'P-odd state (|K°) — |K°))/v/2 into the C'P-even final state 7w+~ [4].!
The so-called superweak theory was postulated shortly thereafter [6, 7, 8], that C'P violation
would be confined to the K°-K° system, and indeed until the observation of C'P violation
in the B%-B° system in 2001 [9, 10] this remained the case.

Manifestations of C'P violation are richer in the B-meson system than in mesons with only
the lighter quarks u, d, s and ¢, for which only the K%-K° system exhibits this phenomenon.

1 CP Violation in the K-Meson System

The usual path to understanding C'P violation in the B-meson system begins by comparison
with the K-meson system. In the latter, the states | K°) and | K°) are eigenstates of the strong
and electromagnetic interactions, which conserve strangeness. However, these states are not
eigenstates of the weak interactions, which violate strangeness, and which are responsible for
Kaon decay. For example, a K = d5 can transform into a K° = ds via the weak interaction
described by the box diagram in Fig. 1 (from [11]).2
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Figure 1: Box diagram for the transition |K°) « |K), where X is a u, ¢ or t quark.

Taking into account the weak interactions, one writes the 2 x 2 Hamiltonian (in the
| K0)-| K°) basis) as, .
1
where the mass matrix M and the decay matrix I are Hermitian.® (Since neutral Kaons
decay, H itself is not Hermitian.) C'PT invariance implies that the diagonal components of

!Cronin traces the history of this discovery in [5].

2The Feynman rules for computations of such diagrams indicate that the dominant contribution is from
the quark with mass closest to that of the W boson, namely the top quark [12].

3The classic reference on this topic is the 1966 review by Lee and Wu [13].



H are equal, and if C'P is conserved M and [ are real. Allowing for the possibility of C'P
violation, the Hamiltonian can be written as,
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Solving |[H — Al| = A2 — 2H N+ H2% — Hi3Hoy = 0 for the eigenvalues \, we find,
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where the state with the longer lifetime (smaller I'), |K?), has higher mass than the shorter-
lived state |K2),

Am AT
mL,S:miT =m £ Re/ Hi2Hy , I'ts =7F 5 =~ F2Im+/HisHy.  (4)

The mass and width differences between the states |K?) and |K2) are given by,*

Am = 2Re[(Myy — ily) (M7, — iT3)] "%,
AT = 4Tm [(Myy — iTy) (M, — iT5,)] %
We define the eigenstates via the complex coefficients p and ¢, where |p|* + |¢° = 1,
according to,
5 |KS) + |K7) - |KS) — |K7)
|Kis) =p|K°) FqlK®),  |K°)=—"——%, |K%) =" (6)
2p 2q
Then, H|K2) = A\s|KY), and, say, the |K°) component of this relation implies that,
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In terms of the parameter ¢, the states are,
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If M and I" were real, then p = ¢ and € would be zero, so that a nonzero € is evidence for
AS =2 CP violation.? (In the limit of vanishing ¢, the weak states would be C'P eigenstates:

4The mass difference |Am| was first measured in [14, 15], and the sign was first determined in [16, 17, 18].
Am/m ~T7x 107 and Am/T ~ 2Am/Ts ~ 0.94.
°A nonzero value for € was first measured by [4]. The present best value is |e| = 0.00223 4 0.00001.
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K2 — K? would have CP +; K? — K9 would have CP —.) This will be referred to as
C' P violation in the mixing, which is observable because of the substantial difference in the
lifetimes of the K2 (9 x 107 s) and the K} (5 x 107% s).

It is also possible to have (direct) C'P violation in the decays of Kaons, parameterized
by the AS =1 C'P-violating parameter ¢’, which arises from different isospin phases in the
amplitudes for the decays K — 27,

ag = <’/T’/T, I:0|Hw|K0> s
as = <’/T’/T, I:2|Hw|K0> s

¢ o« Im (Z—Z) . (11)

In the Standard Model, it is expected that € < ¢, and experimentally one finds [19, 20] that,

(10)

and,

[
~

~ 1073, (12)

o

Therefore, in the Kaon system, C'P violation with AS = 2 is much larger than that with
AS =1.

2 (P Violation in the B-Meson System

The neutral B-mesons B} = db and B? = sb have relatively long lifetimes, Ty = 1.52x 107"
s (first measured in (21, 22]), 7o = 1.51 x 107" s (first measured in [23]),° such that the
decay point of a B%meson can be resolved from its production point, permitting studies of
B-B° mixing as a function of time.

2.1 Mixing Analysis

For B-mesons, the mixing formalism is identical to that given in egs. (1)-(9). However, there
are some significant differences between the B-meson and the K-meson systems. First of
all, since B mesons are so heavy, the phase space for their decays is quite large. Therefore,
both B and B have essentially the same lifetime, so that AT'/T" < 1. We will not label the
eigenstates of the B-meson system with subscripts S and L, but with subscripts + and -,
where |BY) has higher mass than |BY).

Furthermore, calculations [24] based on the box diagram in the Standard Model have
shown that, for the B-meson system, I'1o < M5, which leads to the result that AI' < AM.
(We note that this is quite different than the K-meson system, where there is a substantial
lifetime difference, due to the differing phase space for the 27 and 37 channels.) We will
therefore neglect AI' in what follows for the B-meson system.

SFor comparison, 7po = 4.1 x 10713 s.



For the same reason, the AB = 2 (' P-violating parameter in the B system, €g, is also
small,

1 —e€pB q 1 I'o
=|-|~1—-Im—~1 13
' 1+ep p 2 m ]\41 ’ ( )
So the ratio p/q is essentially a pure phase for B-mesons.
The C'P eigenstates of the neutral B-meson system can now be written as,
7 |BY)+B2)

BY) = p|B%) +q|B%),  |BY) = BB
BOY — | BO BO BOy — 1B2)-182) (14)
|BZ) =p|B°) —q|B”), |B")="—5—.

Because the lifetimes of the B} and B? are nearly the same (Al'y/Tq & 1/60, AT /T's =~ 1/6),
distinguishing these states to exhibit C'P violating in the mixing is not practical.”

However, in the B-system, one situation is reversed with respect to the Kaon system,
namely, “direct” C'P violation in B-decays (AB = 1) can be large. To have an observable ef-
fect of C'P violation, there must be interference between two decay amplitudes with different
phases, as discussed further in sec. 2.3.1.

A relevant parameter for B-B mixing is z,, the ratio of the energy of the oscillation (i.e.,
the mass difference) and the total width for the B, mesons (¢ = d, s),

_ AM, (transition energy)
- I,  (mean total width) -

Lq (15)
After all, mixing hardly matters if the particle decays before it has a chance to oscillate
into its antiparticle. The mixing parameter for BY-mesons is z; = 0.78 (first measured
in [26, 27]), while that for B%-mesons is x, = 26 (first measured in [28, 29]).% The large
value of z, permits multiple meson-antimeson oscillations to be observed more easily in the
BY-system than in any other, as shown in Fig. 2.
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Figure 2: BY%-BY oscillations as observed in [32].

The role of the mixing parameter = can be seen explicitly by considering the time evo-
lution of B mesons. Because of B°-BY mixing, a state which starts out as a pure B? or B°

"This may have been first discussed in [25].
8For comparison, the mixing parameter for D’-mesons is x = 0.6 (first measured in [30, 31]), while for
K% mesons z = 0.94 as noted earlier.



will evolve in time to a mixture of B and B,

|BY) +1B2) 1

|BO> _ 2p N % [6—iM+t6—Ft/2|BE)|—> + 6_iM_t6_Ft/2|Bg>} 7
e 12 J(M-+AM/2)t 0 50 J(M—AM/2)t 0 50
= g AT +q|B)] + A b B°) — gl B}
q _
= F+(t)|B°>+z—9F—(t)IB°>> (16)
B% — §F_<t>|B°> + FL(1)|B% (17)

where,
Fo(t)= e ™Mte T2 cos(AMt/2) = e ™MHUTe /2 cos(x1/2),

| o X (18)
F_(t) = e ™Mte T2 gin(AML/2) = ie”™MU/Te=t2 gin(xt/2),

t = t/T’ measures time in units of the B-lifetime I', and x = AI'/M is the mixing parameter
defined in eq. (15).

2.2 The CKM Quark-Mixing Matrix

Before discussing C'P violation in B-meson decay it is useful to introduce the so-called CKM
quark-mixing matrix (named after Cabibbo [33], Kobayashi and Maskawa [34]).

The issue is that the weak interactions of the quarks u, ¢, t, d, s and b as participate in
the strong interaction do not have simple weak-interaction couplings u < W+d, ¢ < W s,
t < W™D, but rather these weak couplings can be represented as u « W*d', ¢ « WTs/,
t < WU, via the notation,

d/ d Vud Vus Vub d
s | =Vexm | s | = | Vg Ve Vi s |, (19)
b/ b ‘/td ‘/ts ‘/tb b

where Vo is a unitary matrix, and Vs is the (relative) strength of the coupling u < Ws,
etc. The matrix elements can (unfortunately) be written many ways, with an early form
given in [35], while the now-standard form (introduced in [36]) writes c13 for cos 12, sa3 for
sin fo3, etc., where 015, 613 and 053 are mixing angles,

c12 S12 0 1 0 0 C13 0 si3 6_i5
VCKM - —S12 C12 0 0 Co3 S923 0 1 0
0 0 1 0 —S923 (23 —S13 6i5 0 C13
—id
C12C13 S12€13 S13¢€
- —ié —ib
- —S12C23 — C12523513 € " C12C23 — 512523513 € 523C13 : (20)
0

— —id
§12523 — €12C23513 € —C12523 — S12C23513 € " C23C13



This form is also standard in the description of three-neutrino mixing, where it is called the
Maki-Nakagawa-Sakata matrix [37] (where the mixing angles 0,; and the C P-violating phase
0 have different values and a different physical context; C'P violation is expected in neutrino
mixing). The notion of neutrino mixing preceded that of quark mixing, but experimental
evidence for the latter came first.

A popular approximation to the CKM-matrix is due to Wolfenstein [38],

Vud Vus Vub 1 - %2 + ;\_: A 14)\3 (ﬁ — 277)
Vea Ves Vo | = —A 12— XA - L) AN? 7
Via Vis Vi AN —p—if) —AN+ AL —p—in) 1420

(21)
in which the expansion parameter \ is essentially the sine of the Cabibbo angle.® A variant
is to define pe® = p+ in such that Vi, = AN pe™ and Vig = AN*(1 — pe®).

The existence of C'P violation in the quark sector corresponds to nonzero 7 and 0, which
appear most prominently in matrix elements V,;, and V4. The latter plays a role in the box
diagram, Fig. 1, and hence in meson-antimeson mixing (including K°-K° mixing), but they
do not appear at first order in decay amplitudes of mesons containing only u, d, s and ¢
quarks. Hence “direct” C'P violation will only be significant in the B-meson system.!?

The present state of fits to the Wolfenstein parameters is displayed at, for example,
http://ckmfitter.in2p3.fr/

The present fit values are A = 0.82, A = 0.22, p = 0.13, 7 = 0.35, p = 0.37, § = 70°.1

An example of the use of the CKM-matrix is in a comparison of the mixing parameters
z4 and x4 of eq. (15), for BY and B%-mesons, respectively. The meson-antimeson oscillations
are associated with the box diagram of Fig. 1, which is dominated by exchange of the top
quark (as mentioned in footnote 2). Hence, to a first approximation,

zs Vil 1 1
PO 2 ™~ 2 2 2 —\2 | =2
e |Val© N[1—p—ig|” MN[(1-p)*+ 7

which compares reasonably well to the experimental value of 33 for this ratio.

~ 23.5, (22)

2.2.1 The Unitarity Triangle

The CKM matrix is unitary, and describes the behavior of the weak interaction of quarks
under a change of basis of the quark states. Consideration of aspects of C'P violation are
independent of the choice of basis led Jarlskog [40] to note the existence of an invariant
property of certain combinations of CKM-matrix elements. Namely, if,

Vii Vik
Vii Vi

(23)

9The expansion to fourth order in \ is from [39], which slightly modified the form given in [38] to become
a better approximation to the now-standard form (20).

10Mesons containing ¢ quarks decay quickly to ones containing b quarks, with amplitude oc V;;, which does
not involve C'P violation.

in 1990 the values of p and 7 were very poorly known, as represented by the band labeled e is Fig. 4.



is the 2 x 2 submatrix obtained by deleting row m and column n of Vg, then,
J = (=1)™" Im[Vi; Vi Vi V7] (24)

is the same for any choice of m n. Comparison with the forms (21)-(20) show that the
Jarlskog invariant J is nonzero only if 7) and § are nonzero, i.e., only if C'P violation exists.?

A useful geometric interpretation of the Jarlskog invariant was given by Bjorken [41, 42]
(see also [43]),"® noting that the unitarity of the C'K M-matrix implies that the products of
column “vectors” of Vogas with row “vectors” of Vg o obey,

Z VisVik = Ojks Z ViiVis = Oig. (25)
J

In particular,

ViV, - VaVi
VuaVy, + Vea Vi + ViaViy, = 0, Y +1 =0, 26
VT Vetba TR0 =00y g Ty .

so the three complex numbers, 1, ViqVi5/VeaVy and VgV /VeaV, if considered as “vectors”
and placed “head to tail,” form a triangle on the complex plane.

. A
" G,

(0,0) (1,0) C=(0,0) B=(1.0)

Figure 3: Versions of the unitarity triangle, with the upper version from [41].

Noting the directions of the “vector” sides of the triangle its, area is'4

1 U b _I U c b * N 2
A _ ——Im |in uf:| _ m[v dl/b ub2 cd] — { : ~ ﬂ (1 _ )\_) ) (27)
2 VeV, 2|Veal” [Ves| 2|Vea|™ Ve 2 2

12Tn the parameterization of eq. (20), J = c1ac23¢74512523813 sind.

13Use of triangles to illustrate relations among complex CP-violating amplitudes was made earlier in
[36, 44].

4The area of the triangle whose sides are the “vectors” VyqV%, VeaV. o and VigVyp is simply J/2.

ub?
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That is, the Jarlskog invariant is proportional to the area of the so-called unitarity triangle,
and this area is approximately the one half of C'P-violating parameter i = psind.

The interior angles of the unitarity triangle are (unfortunately) called by two different
conventions, '’

¢ =0 =21 — (Vi) =27 — ¢y,
Gg=a =T — ¢ — Q3 = =T+ Qyq + Dups (28)
p3=7 =o(Vy) = —0(Vis) = —du,

where ¢,;, and ¢, are the phases of V,;, and V,4, respectively.'® In principle, these angles (and
the C'P-violating phases) could be determined from measurements only of the magnitudes
of the sides of the unitarity triangle, if indeed the complex quantities 1, V;4V};/V.aV; and
VudV3 [ VeaV actually form a closed triangle. Hence, one test of the C KM formalism is that
the unitarity triangle is closed, and that the interior angles sum to 7.

Results of measurements of parameters of the CKM-matrix are commonly displayed on
a plot in the (complex) (p,7n) plane, as in Fig. 4 from the ckmfitter site.
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sol. w/ cos 2B <0
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| excluded area has CL > 0.95|

N o
03 P

0.2
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-0.4 -0.2 B 0.0 0.2 — 0.4 — 0.6 — 0.8 - 1.0
p
Figure 4: Present best fits to CKM-matrix parameters, displayed on the (p, 1) plane.
The band labeled e is all that can be determined from the K°-K° system alone.

2.3 (P Violation in B-Meson Decay

We review six methods for measuring the CP-violating phases ¢,;, and ¢,; of the CKM-
matrix via B-decays that are free from uncertainties due to strong final-state phases,

15The notation «, (3, ¥ may have been introduced in [45].

16Tn the notation of eq. (20), ¢,, = 6. However, in the following we use the symbol § to characterize
a phase difference between two decay amplitudes, so we do not further use the symbol § to mean the a
C P-violating phase.



—_

. B decays to D°X, D°X, and DY ,X where X # X.
Ex: B* — D°K® [46] (the first observation of C'P violation for charged mesons) and
BY — DK*® measure ¢, (i.e., ¢35 = 7).

2. Neutral B-meson decays to f and f where f # f.

Ex: BY — D*n¥ measures 2¢,; + ¢,, and B? — D KT measures ¢,

3. Neutral B-meson decays to D°X, DX, and DY, X where X = X.
Ex: B} — DKY measures ¢, 2¢,, + ¢,q and ¢, + ¢4, and B? — D¢ measures ¢,

4. Neutral B-meson decays to C'P eigenstates.

Ex: BY — J/YKY measures ¢, (i.c., ¢y = 3) [9, 10], BY — 77~ measures ¢,; + @y,
and B? — p’K? measures ¢,

5. B decays to sets of final states related by isospin.

Ex: BY — 7™, 79%°% and BT — 77 7% measure ¢,; + ¢, free from uncertainty due
to penguin contributions.

6. Angular analysis of B decays to mixtures of C'P eigenstates.

Ex: B) — J/Y KoY and D** D*~ measure ¢,,;, and B} — pTp~ and p°p" measure
¢td + ¢ub (’Z.@., ¢1 = CM) [477 48]

All of these except the well-known method 4 involve non-C'P eigenstates. Methods 1-3 allow
extraction of ¢, from B, and B,, and will require greater emphasis on Kaon identification
than methods 4-6. Methods 5 and 6 require photon detection in most cases. Method 1 does
not require tagging of the particle/antiparticle character of the second B, and so could be
used at a symmetric eTe™ collider without the penalty due to mixing of methods 2-6. The
mode B} — J/¢K§ which measures ¢,,; via method 4 is the most accessible of all those
considered here.

2.3.1 The Need for Interference in C'P-Violating Processes

In the Standard Model, C'P violation in a process described by a single graph manifests itself
only as a phase factor. If the amplitude for a single graph B — f is written,

AB — f) = A = |Af| "W ePs, 29
! !

where ¢y, is a phase due to the weak interaction, and dg is a phase due to strong final-state
interactions, then the C'P conjugate process has amplitude,

AB — f)= A; = |Af| e Pweids. 30
f f

Hence C'P violation cannot be discerned as a rate difference between a decay and its C'P-
conjugate decay if only a single graph contributes to the amplitude.

CP violation can only be revealed in total-rate measurements of B — f and B — f
when there is interference between two or more decay amplitudes with differing weak phases

9



and differing strong phases. To verify the last remark, consider the case where two graphs
contribute to a decay, written as,

A(B — f) = |Al] €91 + | Ay| €'%2e2, (31)
so the C'P-conjugate decay has amplitude,
A(B — f) = |Ai] e7 16t 4 |Ag| e "%2e™2, (32)
The corresponding decay rates are given by,
[(B — f) = |A1]* + |As* + 2| Ay | Az| cos(¢ + 0), (33)

and,
P(B — f) = [A1f* + | Aol + 2| Ai] | As] cos(@ — 9), (34)

where ¢ = ¢; — ¢, and 6 = 9; —d2. Only if both ¢ and  are nonvanishing can the interference
term be determined from measurements of the two decay rates.

Even if this condition is satisfied the strong-interaction phase difference ¢ and the mag-
nitudes |A| and Mf} will not typically be known, and the C'P-violating phase cannot be
determined. In this note we examine six methods by which the uncertainties due to strong
phases can be avoided. These are introduced in the following subsection, and then discussed
in greater detail in the subsequent sections.

2.3.2 Six Methods for Extracting C'P-Violating Phases

The most familiar method for study of the C P-violating phases in the CKM-matrix is called
method 4 here. Method 1 is in some sense the most straightforward in principle, and can be
used with charged B-mesons, and even with B-baryons. Methods 2-6 all utilize the mixing
of neutral B-mesons to some extent, and hence are conceptually more complex.

A favorable theoretical result is that method 4, the study of neutral B decays to C'P
eigenstates, can in principle determine all three angles ¢, by measurement of three different
decays [39]. However, the anticipated difficulty in measuring ¢,, via decays such as B? —
p°K?, due to the small branching ratios (and poor signal of Bs at eTe™ colliders), has been
a motivation to explore the additional methods of analysis of C'P violation reviewed in this

paper.
1. B decays to D°X, D°X, and D%QX where X # X
When a B particle can decay both to DX and D°X (and so B decays to both D°X
and DX), then the decays

_ _ DO + DO
B — D(1],2X> and B — D%QX, where D%Q =

exhibit a C'P-violating asymmetry. Measurement of the six (or eight) decay modes
listed will permit isolation of the C P-violating amplitude, both in magnitude and
phase.

10



The final state D°X need not be self conjugate, and it is actually desirable that it not
be, so that no effects of mixing are present, and no tagging of the second B is needed.
Thus, method 1 could be used at a symmetric eTe™ collider without the penalty due to
mixing of methods 2-6. This method works both for decays of B-mesons and b-baryons.

The general approach of methods 1-3 was largely anticipated by Carter and Sanda
[49, 50], and more particularly by Gronau and London [51]. Method 1 as distinct from
method 3 was first examined by Gronau and Wyler [52], with further discussions in
[53, 54, 55]. Application of method 1 to b-baryons was first discussed by Aleksan,
Dunietz and Kayser [56, 57].

If C'P violation is found in such an analysis then it cannot be due to a superweak
interaction [7, 8], which postulates that C'P violation occurs only in mixing of neutral
mesons. Thus, method 1 may be used to circumvent possible ambiguities [58] in the
use of method 4 to prove or disprove the superweak model.

. Neutral B-meson decays to f and f where f # f

If a neutral B-meson decays to both a final state f and its C' P-conjugate state f, then
the interference of amplitudes needed for measurable C'P violation arises due to mixing
(whether or not there is C'P violation in the mixing). A time-dependent analysis of
the four decay modes B(B) — f, f can isolate the C' P-violating phase.

Tagging of the particle-antiparticle character of the second B in the event is required.

The original paper on method 2 is by Gronau and London [51]. Discussion of method
2 as separate from method 3 was first been given by Aleksan et al. [59]. Method 2 is
an improvement on earlier discussions by Du, Dunietz and Wu [60], and by Dunietz
and Rosner [61], in which only two of the four related decays were utilized.

. Neutral B-meson decays to D°X, DX, and D%QX where X = X

If a neutral B-mesons decays to both a final state D°X and D°X where X is self
conjugate (CP(X) = X = £X), then methods 1 and 2 can be combined. In a case of
interest two different C' P-violating phases can be determined from the time-dependent
analysis of six (or eight) related decay modes.

As previously mentioned, method 3 was first discussed by Gronau and London [51].

. Neutral B-meson decays to C'P eigenstates

If a neutral B-meson decays to a final state f that is a C'P eigenstate, then as in
method 2, C'P violation becomes observable via the interference due to mixing. But,
since only a single final state is involved, the strong-interaction phase does not appear.
Thus we recover the well-known result that a time dependent analysis of the two modes
B(B) — f can isolate the C' P-violating phases.

The advantages of measuring decays to C'P eigenstates were first noted by Bigi and
Sanda [62]. The important relation between decays to C'P eigenstates and unitarity of
the CKM matrix was first emphasized by Bjorken [41, 42], as discussed in sec. 2.2.1.
The measurement of the three angles of the unitarity triangle by three specific decays
to C'P eigenstates was first proposed by Krawczyk et al. [39].

11



5. B decays to sets of final states related by isospin

In decays B — f* and BY — f° where the final states each arise due to the inference
of two amplitudes, and f* and f° are related by isospin, the C P-violating phase can
be isolated by a detailed isospin analysis.

The utility of the isospin analysis in removing uncertainties due to penguin diagrams
in B decays was first demonstrated by Gronau and London [63]. Further discussions
have been given by Nir and Quinn [64], by Lipkin et al. [65] and by Gronau [66].

6. Angular analysis of B decays to mixtures of C'P eigenstates

If a neutral B-meson decays to a self-conjugate state f, but this is not a pure C'P
eigenstate (as holds when f consists of two spin-1 mesons) method 4 cannot be carried
out. However, a detailed analysis of the angular distribution of the secondary-decay
products can separate the final state into C'P(even) and C'P(odd) components and the
C P-violating phase extracted.

Methods of angular analysis for B decays to mixtures of C'P eigenstates have been
presented for several years [67, 68, 69], with more discussion by Kayser et al. [70], by
Dunietz et al. [71], and by Kramer and Palmer [72, 73].

2.3.3 Time Dependence of a C'P-Violating Asymmetry

Before discussing the six methods for measurement of C'P violation in even greater detail,
we note that these methods typically involve measurement of the time dependence of an
asymmetry of the form,

D(B°(t) — f) —T(B()

A= FB00 S frrB0

: 2 (36)

If we consider a nonleptonic final state f such that both B° and B° can decay both to it
(and to its C'P-conjugate state f), this asymmetry can be calculated from eqs. (16)-(18).

We have,

OO 2

)
I(B(t) — f) = |[(fIB°(1)
) () 2 ) 2 o (37)
= <f|BO> e T {cos2 % + ’O(f’ sin? % —Imaysin AMt
where we have introduced,
9 _ D _
Off—z_jpjm Oéf—gpf, (38)
and, B B
fI1B° _ f1B°
B 1B -
(f1B°) (f1B°)

There are several points worth noting here. First of all, ¢/p is a pure phase, as noted
in eq. (13). Secondly, when only one amplitude contributes to BY — f (and its
C P-conjugate to B® — f) then, recalling egs. (29)-(30),
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[(FIBY = [(F1B%],  [FIB%] = [(fI1B")], (40)

i.€e., }pf} = }pf}. If there were no mixing there would now be no C'P violation. However, in
the presence of mixing the asymmetry (36) becomes,

—(Ima —Ima)sin AMt

Ap(t) =
) 2cos?(AMt/2) + 2 }pf}Qsin2(AMt/2) — (Ima+Ima)sin AMt

(41)

There may still be complications, however, due to p; (and p;). To see this, recall the
Wolfenstein approximation (21) to the CKM-matrix, in which large CP-violating phases
appear only in V,; and V;y. Then, one can estimate the size of certain B-decay diagrams
just by counting powers of . For example, consider the final state DT7~. Here,

(DFn|B) ~ViVam O (X)),

_ (42)
(DF7=|BY) ~VyVi =~ O (N).

Therefore p; = (D*n~ f|B%) /(D" 7~ |B%) ~ A% & 20. According to eq. (36) the asymmetry
goes like 1/p for large p;, so it will be quite small for most values of . If we had considered
the final state D~ 7", then we would have pg ~ A~ 0.05, and the asymmetry would
again be small since Im ay is proportional to p;. Furthermore, for both of these final states,
hadronization effects are important. For example, for the final state DT7~ from B° decay
the W hadronizes into the D, while from B° decay it hadronizes into the 7. There is no
reliable way to calculate these effects.

These problems can be avoided by considering final states which are C P-eigenstates
(f = £f). Because of mixing, interference will occur between (f|B°) and (f|B°), but now
the latter is equal to &(f|BY), which is equal in magnitude to (f|B°) according to eq. (40).
Hence, the amplitude ratio p; will also be a pure phase (i.c., [p;| = 1).

For example, in the decay B" — 777~ we have,
(mr 7 |BY) ~ Vi Via = ApXe®, (43)
(T~ |BY)  ~ Vi V¥, = ApAPe™.

In addition, any hadronization phases must cancel in p;, since the two diagrams are C'P
conjugates of one another, and the strong interactions are C'P invariant. We therefore
obtain p, = exp(—2i§). And, from }pf} =1 we get,

Imay = —Imay. (44)

Equation (44) holds for any decay to a C'P-eigenstate that is described by a single
weak amplitude. Thus, for this class of final states we have (using egs. (15) and (37)),

=) ) 2 - .
L0 — 1) = (1B e [1F maysin, ] (45)
Now, the asymmetry (36) assumes the elegantly simple form (first given in [49]),
t
As(t) = —Imaysinz,— . (46)
T

Further details for this case are given in sec. 2.5.
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2.3.4 Time Dependence of the Decay of an Entangled B°-B° Pair

The quantum correlations first discussed by Einstein, Podolsky and Rosen [74] arise when B°
and B° meson are produced at time ¢ = 0 in an entangled state of definite CP, (]BY)|BY) +
|BYY|BY))/v/2, where the +(—) sign is for the C'P-even(odd) state, and indices 1,2 refer to
the particles of momenta P; and Ps.

In the remainder of this note, time is measured in units of the B-lifetime.

Application to B? Mixing

We first consider the case that both mesons decay to a state g # g (such as evX,
g = e 1.X) via a single weak amplitude that allows a determination as to whether each
meson was a B or B° at the times ¢; and ¢, of their decays (as in the experiment [27] which
measured the mixing parameter z,4.). A quantity of interest here is the ratio of the number
of events where By and By both decay to g or both to g (which can only occur as an effect

of B-B mixing) to the number of events where one meson decays to g and the other to g,

N(BY — g,BY — g) + N(B} — g, BY — )
N(B) —¢,BY — g)+N(B) - g.B) - g)’

T =

(47)
Recalling eqgs. (16)-(17), the time evolution of the entangled initial state is given by,
— q — p —
BB — (Fls)+ LeelEn) (S + Rels). e

BYBY (gF_<t1>|B?>+F+<tl>|B?>) (F+<t2>|38>+gF_<t2>|BS>), (19)

|[BY)IBS) £ |BY)IB) _ p | BY)|B3)
7 q[F+(t1)F—(t2) £ FL(t1) Fy (t2)] G

| BY)|B9)

H[FL(8) FL(t2) £ F—(tl)F—(tz)]T

| BY)|BY)

+HFL(t1) F_(t2) £ F+(t1)F+(t2)]T

| BY)|B9)

AP (4) P () £ Py () P (1)) 222

hSAIS

— M (titta) —(ti+t2)/2 { ii—p sin
q

0\| B0
x(ty + ta) |Bl>|B2>:|:COS
2 V2 2 V2
iq . x(ti £1a) |B?>|BS>}

+ cos

+—sIin

p 2 V2

Note that the amplitudes vanish for the combinations of two like particles, |BY)|Bj) and

|BY)|BY), at times t; = ty if the B%-BY is produced in a C'P-odd state. Such persistence

of the initial quantum correlation for spacelike-separated events puzzled Einstein, Podolsky
and Rosen, and remains ever impressive.

(50)
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With the good assumption that the total decay rates obey I'|B? — g] = I'[B® — g], the
time dependences of the rates for decays are,

L[Bl(t1) — g T[By(t2) — g] = Zg[FJr(tl)F_(tQ) + F_(ﬁ)ﬂ(@ﬂw

NG
gy aty Tty 6—(t1+t2)F2[Bo — g
T 2 ) - (51)
CIBY (1) — 91 TIBY() — 5] = [T1F- (1) Fy(12) & F+(t1)F_(t2)]%
= T[B(t) — g T(BY(r) — @)
L[Bl(t) — gIT[By(t2) — gl = |[Fi(t) Fi(t2) + F_(tﬂF_(Q)]%
N Rtk 12 e~ (t1+t2) 2 [BO — ]
= cos 5 5 7 (53)
F[B (t1) — g] F[Bg(tg) — g] = |[F_(t1) F_(t3) & F(t1)Fy(t2)] <g|Bl\>/<§g|BQ>
F[Bo(tl) — 4] F[Bg(tg) — 7. (54)

Note that

L[BY(t1) — g]T[By(t2) — g + T[BY(t1) — gl T[By(t2) — g] + T[BY(t1) — g][[By(t2) — 7]

+T[BY(t1) — g T[B3(tz) — g] = e”“+I[B” — g], (55)
and that B; and By cannot both decay to g (or to g) at the same time t; = ¢, if they are in
a C'P-odd state.

For a total of Ny produced B°-B° pairs, the numbers of observed decay combinations
would be,

N(BO—>g,BO—>g) —N(BO—>§,30—>§)

xt xt xt xt xt xt t
=Ny / dtq / dty {cos “lgin? 2 + sin? T o5 T2 4+ 2cos L sin -t cos —2 sin 2]

2 2 2 2 2 2 2
e~ (iF2)2[B0 g] NoI?[B? — g] z%(2 + 1 + 2?) (56)
2 4 (1+22)2 7
N(B} = g,By — g) = N(B0 — 9,8y = g)
=Ny / dty / dto {cos x;Q + sin? %tl sin® x; F 2cos % sin %tl cos %752 sin %752]
e~ (iF2)2[B0 g] NoI?[B? — g] 2 + 2%(2 F 1 + 2?) (57)
2 4 (14 22)2

As expected,

N(B} — ¢,BY — g)+ N(B} — §.B} — g) + N(B{ — g, B} — g) + N(B{ — g, B} — 7)
= NoI*[B" — ¢]. (58)
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Then, (as in the Appendix of [62] with y = 0),

r= _ _ — :
N(B) —g,BS - §)+ N(BY — ¢,B) — g) 2+2*2F1+2a?)

which has nontrivial dependence on z for the B%-BY system (but not for the B%-B? system
where z, > 1).

Application to Method 4

We next consider the case that meson By decays to a C'P-eigenstate f at time ¢; (in
units of the B-lifetime) as in method 4 for the study of C'P violation in the B%-B° system,
while meson By decays to a state g # g (such as g = e*v.X) via a single weak amplitude
that allows a determination as to whether the second meson was a B? or B? at the time t,
of its decay. The C P-violating decay asymmetry is then [50, 62],

(
(

[[Bi(t1) — f]T]
L[Bi(t1) — f]T]

) = gl —T[Bi(t1) — fIT[B
) = gl +T[Bi(t1) — fIT[BY(t2) — g]

A(ty,tg) = (60)

BY(t,

BY(t,

where B; could be either BY or BY.
Recalling eqs. (48)-(50), the products of the decay rates are,

P[Bi(t1) — fIT[By(t2) — g] = '[F+(t1)F+(t2) + F—(tl)F—(tz)]<

+%[F_(t1)F+(t2) + F (0) F- ()]

x(ty £ty) g (f|BY) . x(t; £t2)
2 TpuBnTt T 2
e HRIT(BY — fT[B’ — g]
2 ;
where 2¢ is the phase of the ratio ¢(f|BY)/p(f|BY) = a; = ¢*% (recalling eqs. (38)-(39)),
and we have assumed that ['[BY — g] = I'[B° — g]. Similarly,

B — |TB — g
2

= |COS

= [1 4 sin 2¢sin(xt; £ xts)] (61)

L[Bi(t1) — fIT[By(t2) — g] = 'g[m(tl)F_(tg) + F_(tl)FJr(tQ)]w

V2
R0 0\ |2
+[F_(t1)F_(t2) & F+(t1)F+(t2)]% |
_ Zp <f|BO> . -T(tl + tg) -T(tl + tg) 2 6_(t1+t2)F[BO . f] F[BO ~ g]
o Emg% Sin 5 + cos 5 .
DB — fIT[B’ g

= [1 — sin 2psin(xt; + xty)]

. , (62)

noting that p(f|BY)/q(f|BY) = a; = e 2% so Re(ip(f|BY)/q(f|BY)) = —sin2p. Thus, the
decay asymmetry is,

A(ty,ty) = sin2psin(aty + ats). (63)
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If both B’s decay at the same time, one must be a B% and the other a B°, and there can
be no decay asymmetry at such times, since I[B® — f]T[B° — g] = [B° — f]T[B° — g].
But, when decay time t; differs from %o, the particle can have mixed into any of the four
combinations BYBY, BYBY, BYBY and BYBY, and the interference among the four decay
amplitudes leads to a nonzero decay asymmetry.

If the detector cannot determine the decay times t; and to, it could still observe the
time-integrated decay rates,

/0°° /0°° L[Bi(t1) — fIT[By(ta) — gl dtydts =

o0 o0 —(t1+t2)r BO F BO
= / / (1 4 sin 2psin(xty £ xty)) ‘ [ ; AB" = 9] dty dts
o Jo

_ , 2?(1+1)\ I'[B” — f]T[B° — g]
_(1+sm2g0(1+x2)2) 5 )

(64)

/0°° /0°° P[Bi(t1) — fIT[By(t2) — gl dty dty =

o0 o0 —(t1—|—t2)1—‘ BO F BO
= / / (1 — sin 2psin(xty £ xty)) ‘ [ ; ALB" = 9] dty dts
o Jo

B . 22(14+1)\ T'[B° — f]T[B° — ¢]
_(1—s1n2g0(1+x2)2) 5 )

and the time-integrated asymmetry would be,

(65)

T

(66)

which vanishes if the B’s were produced in a C'P-odd state, as occurs at an eTe™ collider
operated at the Y (4S) resonance, where the B-production rate is maximal. In this case,
the B’s are so slowly moving in the laboratory that their decay times cannot be resolved,
and measurements of C'P violation could not be made. To avoid this limitation, so-called
asymmetric ete™ colliders were built, following a suggestion by Oddone [75], such that the
etTe™ center of mass has sufficient velocity in the lab that the decay points of both mesons
By and Bj can be reconstructed, and time-dependent analyses performed, as in [9, 10].

We can say that the Einstein-Podolsky-Rosen effect required that asymmetric eTe™ col-
liders to be built for C'P violation to be observable in the B°-B° system.

2.4 Method 1: B Decays to D°X, DX, and D?,zX where X # X

When a B meson (i.e., one that contains a b-quark) decays to D°X via a spectator graph
(graphs T and II of Fig. 6 in Appendix A) this involves a b — ¢ transition, and hence no
weak phase:

A(B — D°X) = |Af| "7, (67)
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where d7 is a final-state strong-interaction phase. But when a B meson decays to DX this
involves the transition b — % and hence the weak phase —¢,, appears in the amplitude,

A(B — D°X) = |Af| e "ure®s (68)

The two amplitudes Ay and Ay interfere when the D forms one of the C'P eigenstates
D(l),2: (DOiDO)/\/i>

A(B — D,X) = (|Ag e 9we™ + | Ag| 1) /V2. (69)

In egs. (67-68) we have supposed that all graphs contributing to each decay have the same
weak phases (which is not necessarily true, as discussed below).

When X # X the decays are self-tagging as to whether the parent was a B or a B. Then,
even for neutral B’s there is no effect due to mixing on the observed decay rates. Method 1
could be used at a symmetric eTe™ collider without the penalty due to mixing of methods
2-6.

Assuming equal production rates for B and B the decay rates are proportional to the
number of decays observed. We can therefore measure,

I(B — D'X) =T(B — D°X) o |Af|*,

I'(B— D°X)=T(B — D°X) o |Af|?,
r o (|Af[* + |Af) /2 £ | Af] |Af| cos(y, + 6),
r o ([A7]” +145°) /2 + [Ag] |Af| cos(y, — ),

(70)
(B — D(1),2X )
(B - D(1),2X )
recalling eq. (30), and defining 0 = 07 — &5 as the strong-interaction phase difference.

Thus there are eight possible measurements depending on the four quantities }A f}, | Ay,
cos(¢,, + 0) and cos(¢,;, — 0). Therefore we can deduce |¢,, £ 0| and hence determine ¢,
up to a fourfold ambiguity,

ub — 2 .

(71)

The strong phase difference ¢ depends on the particular final state D°X studied, so if these
measurements can be carried out for different X the discrete ambiguity may be removable.

In contrast to sec. 2.3.1 where only two rate measurements were considered, the use of
4-8 measurements in the present method permits ¢, to be determined whether on not the
strong interaction phase difference ¢ is nonvanishing. Indeed, it would be preferable if § were
zero, as the discrete ambiguity is only twofold in this case.

We now consider examples of particular decay modes that might be used to implement
this procedure. First, we consider the question of identifying the C'P eigenstates D%Q. From
Table 8 of Appendix A in which the basic two-body decays of the D" are listed we infer that
the C'P(even) state DY can decay according to,

DY -t KYK™, KOKS, KYKD, K9n%, Kin, K0p°, Klw, K)o, ete.  (72)
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and the C'P-odd state D) can decay to,
Dy — Kgr°, Kgn, KgKj, Kgp°, Kgw, Kg¢, etc. (73)

Several of the decays of the DY have been observed, and the fraction of D?’s that decay as D)
is at least 2%. However, all DY decays except Kop® — atr—ntn~ and K2¢ — mrn  KTK~
involve at least two final-state photons. If we suppose that only all-charged final-states
will be reconstructed at a hadron collider, then only about 0.5% of all D%s will decay to
identifiable D9 modes. The DY decays predominantly to all-charged daughters, but again
only about 0.5% of all D°’s will decay to identifiable DY modes. In sum, about 2-5% of D°’s
might be usable for the D‘i2 analysis at an eTe™ collider, but only about 1% at a hadron
collider.

In principle, the decays B — D*°X decays are also usable for the present analysis as
Di% = (D* £ D*°)/v/2 are C'P(even) and (odd) eigenstates, respectively. However, in the
decays D** — D% and D%y the final-state orbital angular momentum is one in both cases
and so the C'P eigenstates decay according to,

D0 — D%  but D — DYy, et (74)

Hence, the D{?Q states can only be correctly identified if the single v can be distinguished
from the 7¥. As both the v and 7° are quite soft this may be possible at an eTe™ collider
but is problematic at a hadron collider.

Finally we consider specific B-decay modes that are suitable for method 1. Referring to
Tables 2-5 in Appendix A, we find the following candidates,

D07T+ [IF,IIF] D0K+ [157115]
B — :
DOrt  [Mp, TIIp) DK+ [IIg, 1]
DOK*0 11
Bl [ITs] |
DOK*0 [IIg]
o (75)
DYK* 11
B [[Tg] |
DOK*0 [IIp)
DD+ [y, g D°DF  [ILg, IIg]
Bl — ,
DD+ [Ip,1Ip) D'DF  [Ig,114]

The Roman numerals refer to the type of graph, as shown in Fig. 6 of Appendix A, and
the subscripts F, S, and D refer to CKM-favored (order \?), -suppressed (order A*), and
-doubly-suppressed (order )\4), respectively. In addition, b-baryons have suitable modes, such
as AY (udb) — AD°(D), A (udb) — S+ DO(DP), ¥9 (usb) — Z°D°(DV), ete. [57], which we
will not discuss further.

Among the candidate B-meson decays, only B} — D°(D°)K*? is ideally suited for
method 1, as only one graph contributes to each decay and these are both singly CKM-
suppressed type-II (color-suppressed) spectator graphs. These decays have not yet been
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observed, but should have branching ratios of order 10~>. If only about 1% of the decays are
useful for the DY, analysis, the effective branching ratio is about 107", So at least 10° B’s
must be produced to carry out method 1. Some advantage is gained by considering several
channels, but since the strong phase difference varies from channel to channel, there must
be enough events in each channel to carry out the analysis separately before results for ¢,
can be combined. Hence, method 1 may be out of range of ee~ B factories with luminosity
of 3 x 10** cm2sec™!, even though the method is well-suited in principle to them.

The other five candidate decay pairs listed above all suffer from the rate for D°X being
at least an order of magnitude less than that for D°X (or wice versa), so the interference
term in D%QX is quite small. However, the branching fraction for B¥ — DK™ is likely
to be very similar to that for BY — D°K*?. Since the statistical accuracy of method 1 is
largely set by the number of events of whichever of D°X or D°X has the lower branch, we
conclude that BT — D°(D°)K™ is about as useful as B — D°(D%)K*".

If B. mesons were produced as copiously as BT and BY then the decay pair B} —
D°(D°)D{ would be also be useful. However, B, production is likely to be suppressed at
both eTe™ and hadron colliders.

2.5 Method 2: Neutral B-Meson Decays to f and f where f # f

In the second method the needed interference arises from mixing of a B® and B°. The
analysis is more straightforward if the final state f is not self conjugate (f # f), but then
both the B® and B° must decay to both f and f.

As for decay pairs suitable for method 1, one of the decay pairs (here called f) proceeds
via a b — ¢ transition, and the other (f) via b — 4. So we may write,

AB* = f) = |Aj|€”s,
A(B° = |Af| e Pures
(7 — f) = ]Ay| | (76)
AB® = f) =|Af| s,
A(BY — f) = |Ay|euei®s,

using eq. (30). In writing this we must be able to assume that each amplitude is dominated
by a single weak phase.

Due to mixing, a particle that was created as a B® (or B%) at t = 0 has evolved by time
t to the state we label as B(t) (or B(t)) according to,

BO(t) = e "Mte7t/2[cos(at/2)| B°) + ie??m sin(wxt/2)|BY)],

, | | _ (77)
BO(t) = e ™Mtet/2[je=2m sin(xt/2)| B°) + cos(xt/2)|BY)],

where throughout this paper we measure time in units of the relevant B lifetime, 2 = AM /T
is the mixing parameter, and the relative amount of |B°) and |B°) in the weak eigenstate
BY is given by a pure phase coming from the box diagram [11], where,

¢td ) fOI’ B g

¢M = (78)
¢ts ~ 07 fOI’ Bg
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The four time-dependent decay rates are then,

[(B(t) — f) tHAf} cos®(xt/2) + |As|” sin®(xt/2) — Ssin(xt)],
D(BO(t) — f) oc e[| Ay]* cos®(xt/2) + |Af|” sin®(wt/2) — Ssin(at)], 79)
N(B(t) — f) tHAf} cos®(xt/2) + |As[” sin®(xt/2) + S sin(xt)],
D(B(t) — f) oc e '[|As|* cos®(xt/2) + }Af} sin®(xt/2) + Ssin(xt)],
where § = 07 — 0y is the strong-interaction phase difference, and
S =|Af| |Af|sin(2¢); + ¢, —6),  and S =|Af||Af|sin(2¢), 4y, +6).  (80)
For eventual Fourier analysis it is preferable to write egs. (79) as
D(B(t) — f) o e ! [K + Ccos(xt) — Ssin(zt)],
[(B(t) — f) o< e ![K — Ccos(zt) — Ssin(zt)], (81)
D(B(t) — f) o e '[K + Ccos(xt) + Ssin(zt)],
[(B°(t) — f) o e *[K — Ccos(zt) + Ssin(xt)],
where,
= (A7 + 1A% /2,  and  C = (A" — |AsP)/2. (82)

From measurement of these four time-dependent decay rates one deduces the four quan-
tities |Ay|, |Af|, sin(2¢y, + ¢, + 6), and sin(2¢,, + ¢,, — 0). Thus, we can measure
|7/2 = 2¢,; — ¢ £ I, and thereby determine 2¢,, + ¢, up to a fourfold ambiguity,

o+ = T2 20 = b /2= 200~ G 2]
As for method 1, the use of four rate measurements permits the weak phase 2¢,, + ¢,; to
be extracted even when the strong phase difference ¢ vanishes.

To carry out the above analysis we must know for each decay whether the B was created
as a B° or a BY. The decays are not self tagging since both BY and B° can decay to both
f and f, so in method 2 (as well as methods 3-6) one must tag the particle/antiparticle
character of the second B in the event. As that B may also be subject to mixing, a dilution
of the statistical power of the method results. In particular, it is well-known that at an ete™
collider when the B-B pair is produced in a C-odd state the interesting terms in sin(zt) in
egs. (83) cannot be measured unless the B’s have relativistic velocity in the lab frame. This
“penalty” due to mixing can only be overcome by use of an asymmetric eTe™ collider if the
center-of-mass energy is that of the Y(45).

From Tables 3 and 4 of Appendix A we find that there are 4 candidate decays pairs for
implementing method 2,

(83)

Dt [lp, IVg] DIK* [IV]
Bg — )
DTr~ [ID, D] D:K_ [IVD] (84)
DS_K+ [Is, 5] D~ rt [IVS]
Bg — )
DrK- [lg, IVg] Dra~ [IVg]
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In each example the lower decay depends on the weak phase —¢,;. The type-IV W-exchange
graphs (Fig. 6) may well be highly suppressed compared to the type-I spectator graphs.
Thus of the four candidates, only B? — D KT is likely to have reasonably large (~ 107%)
branching ratios for both channels. This renders method 2 largely unsuitable for an ete~
collider, where production of By mesons will be low. At a hadron collider where only all-
charged daughters are used in reconstructing the By about 5-10% of the D, decays will be
useful. Accounting for dilutions due to mixing of the second B at a hadron collider, some
108-10° B, are needed to implement method 2.

If method 2 is used for the decays B? — D KT the weak phase that is measured in just
bu, since the mixing phase ¢,, vanishes for BY.

2.6 Method 3: Neutral B-Meson Decays to D'X, DX, and D ,X
where X = X

Aspects of methods 1 and 2 are combined when a neutral B-meson decays to final state D°X
where X is self conjugate (X = X). Now, interference arises both from mixing and from the
use of Df, channels.

Following eqgs. (67-69) and (76), we write the eight related decay amplitudes as,

= (JAg| e @wels + |Af| €°7) V2 = Ay,
= (|Af| €7 & |As| ePueidr) /2 = Ay .

A(B* — D°X) = |Af|e”s,
A(BY — D°X) = |Af| e Puwels,
A(B* — D'X) = |Aj|e”s,
- . L (85)
A(B° — DYX) = |Aj|eiPuwe®s,
)
)

Because both D°X and D°X can be reached from both B? and B°, mixing must always be
taken into account. In addition to the four time-dependent decay rates given in eq. (81),
there are four more involving DY, obtained by combining egs. (77) and (85),

e | Ay o|? cos?(wt/2) + | Ar|” sin®(xt/2) — Sy o sin(at)],
'Ky — Cyacos(xt) — Sy asin(at)],

D(BO(t) — DY,X) oc e[| Ars|* cos®(wt/2) + | A o|* sin®(at/2) + S o sin(at)],
e K12+ Cyacos(xt) + Sygsin(at)],

T(BO(t) — DY,X) o

e t
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where

A2l = (A" + A7) /2 £ [Af |As| cos(6, + ),

[Aval* = (A7 + |As%) /2 % [Af] 1A /] cos(6,, — ),
Ko = (}Af}2 + |Af|2)/2 + }Af} |Af| cos ¢y, cosd, (87)
Cio == }Af} | Ay| sin ¢, sin 6,
Sio = 2|As| |Af| sin(20y; + up) cosd £ |AsPsin 2(dys + b)) £ |AF| 5020,

and § = 07 — dy is the strong-interaction phase difference.

From analysis of the four time-dependent rates (81) we deduce |Ay|, }Af}, sin(2¢,, +
Gup+0) and sin(2¢,, + ¢,, —0). Then, from the coefficients K o and C 2 of egs. (86) we also
extract cos ¢, cosd and sin ¢, sind. Finally, from the coefficient of sin(xt) we can extract
Sin(2¢,; + ¢up) o8 6, sin2(py; + ¢,p) and sin2¢,,.

Thus method 3 leads to the simultaneous measurement of @, ¢, Py +0, a0d 2¢ 3,40,
In case of BY mesons for which ¢,, = ¢,, (see eq. (78)) ¢,, and ¢, and ¢,,+ ¢, are measured
at once. It is remarkable that all three of the phase angles of the unitarity triangle can be
extracted from the analysis of a single family of BY-decays.

From Tables 3 and 4 of Appendix A we find that there are six candidate decays pairs for
implementing method 3,

- DUKY, [ DO (Mg, V] DI/ [IVE]
— b b b
! DUKY, [Il] DY [lp, V)] DYJJb IV 5
o | DY g DOKY, [llf] | DI/ [IV4]
D [T DUKY, [IIp) DI/ [IV]

In each example the lower decay depends on the weak phase —¢,;. The type-IV W-exchange
graphs (Fig. 6) may well be highly suppressed compared to the type-II spectator graphs,
although in view of the easy trigger for J/1¥)D these modes should be searched for. Among
the eight candidates, B) — DKg; and BY — D¢ are the best in terms of size of the smaller
branching ratio of the pair, which should be of order 107°. Since a very intricate time-
dependent analysis is required to extract the full information from method 3, the B decays,
for which the mixing parameter x, is 26, are likely to be less useful than the By decays.

At a hadron collider where only all-charged daughters are used in reconstructing the B°
about 1% of the DY decays will be useful. Accounting for dilutions due to mixing of the
second B at a hadron collider, some 10'°-10'! B’s are needed to implement method 3. At
an eTe~ collider, results of comparable statistical precision can likely be had with one order
of magnitude less B’s, but still a rather large number.
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2.7 Method 4: Neutral B-Meson Decays to C'P Eigenstates

The most well-known method for extracting C' P-violating phases uses neutral B mesons that
decay to C P-eigenstates f. In this case,

_ +1  CP(even)
) =CPlf)=nlf)  where 5= : (89)
1 CP(odd)

The decay amplitude can be written,
A(B? — f) = |Ale"pei, (90)

where 0 is a strong-interaction phase, and the weak-interaction phase ¢, depends on whether
the decay proceeds via a b — ¢ or u transition,

¢D _ ¢cb = 07 b—c ‘ (91)

¢ub> b—u

Following eq. (30) we can write the amplitude for the C'P-conjugate process as
A(B® — f) =nA(B° — f) = |A|e®re®,  and hence A(B° — f) =n|A|e®re®  (92)

using eq. (89). Combining eqs. (90-92) with (77), we arrive at the time-dependent decay
rates

D(B°(t) — f) o< |A e [L — psin(wt) sin2(¢y + ¢p)],

_ (93)
D(BY(t) — f) o< |Af" e [L +nsin(zt) sin2(¢p + 6p)].

If, as we have assumed, only a single graph contributes to B° — f, then there is only a single
strong-interaction phase ¢ in both this and the conjugate reaction B® — f. This single phase
does not appear at all in the interference term in eq. (93).

Both ¢,, and ¢, can take on two values depending on the decay considered, according
to egs. (78) and (91), so there are four classes of phase angles explored by method 4 as listed
in Table 1. Classes 1, 2 and 3 provide measurements of ¢,, ¢, and ¢, respectively, of the
unitarity test. Class-4 decays should show very little C'P violation, but not necessarily zero,
as they depend on V;s; which has a C'P-violating phase at higher order (see eq. (21)). Any
difference in the size of the C'P violation between class 1 and class 2, or between class 3 and
class 4 would indicate that the superweak model is not the source of that effect.

The class-1 decay BY — J/¢ K} is particularly easy to trigger on and identify, and may
provide the first evidence for C'P violation in the B system. The most prominent class-2 and
-3 decays, B} — ntr~ and B? — p°K?, respectively, both have smaller branching ratios
and in particular it may prove elusive to measure ¢ with B? — p°K2.

Another potential difficulty is that with the exception of BY — J/¥ K2, all other decays
to C'P eigenstates have admixtures of penguin diagrams with different weak phases than the
dominant tree diagram [76]. Hence, it is useful to have other procedures than method 4 to
measure ¢, and ¢s.
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Table 1: The 23 basic neutral-B decays to C'P eigenstates. The graphs
associated with each decay mode are shown in fig. 6. The subscripts F'; .S, and
D refer to CKM-favored (amplitude oc A?), -suppressed (o< A*), and -doubly-
suppressed (o )\4), respectively. The weak-interaction phase ¢, + ¢ is shown
in parentheses after each graph type, where ¢,, is the phase due to mixing and
¢p is the phase due to b-quark decay. Penguin graphs (V-VII) are included
in classes 1-4 if they lead to the same final state as the nominal graphs for
that class, even though their topology is different. Classes 1la and 4a are pure
penguin graphs. Within each class the modes are ranked roughly in order of
decreasing branching ratio. A final-state 7° could be replaced by an 7, p°, w,
etc., and a J/1¢ could be replaced by an 7., x, ¢', etc., but final states with
two spin-1 particles must be analyzed according to method 6.

Class B b—g  Modes Graph(¢,, + ¢p)

1 Bg b—c J/¢Kg,L r(dig), VIr(da)

D+D— IS(QStd)? IVS(QStd)? VS> VIIS
J/w’/TO IIS(QStd)? VIS

D} Dy IVs(¢), Vs

¢K(5)‘,L VIF(¢td)> VIIF(¢td)

2 By b—a wtre Is(dg + Oup)s IVs(drq + ), Vs, Vs
o7 HS(¢td + ¢ub)7 IvS(¢td + ¢ub)7 Vs, Vg, VILg
pOKg,L p(drg + Pu)s VIF(Pra); VIIE(Pra)
DD’ Vs (dyg + dup)s Vs
KTK~ Vs (dyg + Gup)s Vs

3 B) b—u K, s(dup)s VIs(@pa), VIs(@ya)
KYK~ ID(QSub)? IVD(QSub)? VF> VIIF
¢7T0 IID(¢ub)> VIF
Tt IvDS(¢ub)7 VF7
o7’ IvDS(¢ub)7 VF7

4 BO Z) — C D:DS_ IF, IVF, VF, VIIp
JIWKS,  1ls, VIs(¢)

D°DO Ve, IVp(ody), Vi, Vs
D+p_ IVF, Vg
K°K© Vg, VIIg

la B b—35  $Kg, VIs(¢ra), VILs(¢yq)

4a BY b—u  ¢n° Vig
KYK° Vg, VIIg
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2.8 Method 5: B Decays to Sets of Final States Related by Isospin

In Table 1 we see that the decay B — 77~ that can be used to determine ¢, has contribu-
tions both from spectator diagrams and penguin diagrams. However, the penguin diagrams
have no weak phase [76] in this case, and to the extent that they are significant, the mea-
surement of ¢, is compromised.

By measurement of the related decays B — 77 7% B — 77n~, 7%7° the weak phase
¢4 can be isolated from the strong phase of the penguin diagram (which latter phase is not
determined). The separation is aided by the fact that the spin-0 77 final states can only be
in isospin I = 0 or 2 states due to Bose statistics, and by the result that the penguin graphs
can only lead to the I = 0 states [77].

The exchange-symmetric 77 isospin states of interest are,

3+t =12.)
\/g(|7r+7T_> + |7t \/g|2 0) + \/;|0’0>’ (94)

)
)

707%) = /312,00 = /30,0),
)

\/\/

VE(rn®) + 7)) =2, -1),
via the relevant Clebsch- Gordon coefficients. The decays of a Bd = 5, —3)or Bf = |1, 3)
to these states involve Al = 5 which can occur via either AT = 3 or 3 tran51t10ns We use

the “spurion” notation to write the weak Hamiltonian for these tranS.ltlons as,

Hyearx = Hipol3,5) + Hspol3,5). (95)

Then the 77 isospin states obtained in the B decays are,

Hipal &, DIBY) = (/31,0 + |/ 1H11200,0),

Hap|3 DIBY = \/5Hap[2,0) + /1Hy010,0), .
Hiplg, 5)|BE) = Hipll,1),

Hypol3,5)|By) = \/§H3/2|2> 1) — \/;H3/2|1> 1)

The transition amplitudes are then,

ABY — ntnm) = AT = \/gm,f — 2|Hs | B) + \/gm,f — 0|H, 2| B),
A(BY =77 = A =\ [Hrm, 1 = 2|Hypa|B) =\ [Y(am, I = 0| Hyp|B),  (97)
A(Bf —wtn%) = A% = [3rn, 1 = 2| Hypo| B).

Following [63], we define,

dy= \JErm I =2AHplB),  and  Ay= —\[Hrm I=0HiplB),  (9)
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so we can write the three B-decay amplitudes (and the corresponding three B amplitudes)
as,

AT = 3A2, A_O - 32127
ATT = /2(4; - Ay), AT =24y - Ay), (99)
A% =24, + Ay, AN =24, + A,.

Thus the six decay amplitudes are related by the two constraints,
\/%A’L_ 1+ A% = A+O, \/g;ﬁ— + A0 — A0 (100)

As isospin amplitudes A, and A, contain only spectator graphs their phase structure can
be written,

Ay = |Ag] €% = |Ag| e etz A, = |Ay| €% = |Ay| e'Pureid2, (101)

noting that the spectator graphs for A, involve a b — @ transition, and defining d, as the
strong-interaction phase of the isospin-2 spectator graph. The amplitudes A, (later written
| Ag| €i%0) and Ay (= }flo} e'@0) contain both spectator and penguin graphs, but it will not be
possible to separate these amplitudes in this analysis, so we do not write the equivalent of
eq. (101) for them.

The decay rates are,
=TI(B™ — 7 7°) o |4y,
x e '[K*T™ — C" cos(at) — ST~ sin(xt)],
x e KT + C* cos(at) + ST sin(at)], (102)
o et [K% — C%cos(xt) — SP sin(xt)],
o et [K% + C% cos(at) + S%sin(zt)],
using eq. (77) and defining,
K = (AP,
Cr = (AT - 4Py,
St = TIm(A* 2% A7)
= 2|4, Im {62i<¢m+¢ub> <1 _ %6%—%)) (1 _ %64@—%))} 7
K% = (JA%]" 4 A% /2,
00— (}Aoo 2 |A00|2)/2,
S0 — I A*00e2i91a 100)

—4 |A2|2 Im {62i(¢m+¢ub) <1 + %%61'((1’2—4’0)) (1 + l@e—i@—%))} ,

(103)

2 A2
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where we have used egs. (99) in obtaining the second forms for the coefficients S.
Assuming the Fourier analysis of the time-dependent neutral B-decays rates (102) can
be performed, the coefficients K and C determine the magnitudes |A*~|, ‘fﬁ_‘, |A%| and
|A%|. From I'(B* — 7*7°) we know [A™0] = |A7°| = |Ay|. Thus, the magnitudes of all
six quantities in the constraint equations (100) are known. Interpreting these constraints
as triangles in the complex plane as shown in Fig. 5, we can calculate the phase differences

}(bQ - (b+_}, }(bQ - (boo}, }52 —EJF_} and }52 —EOO} using the cosine law. Then, using the
second (or third) of eqgs. (99) we can calculate |Ag|, |y — @], ‘flo‘ and ‘52 — 50‘-

Figure 5: The isospin decomposition (99) of theB — n7 decay amplitudes,
and the constraint relations (100) are shown as triangles on the complex plane.
An ambiguity remains as to the signs of the phase differences ¢, — ¢, and ¢, —q,
as each triangle could be reflected about the A, or A, axis.

Thus, we know the magnitudes of all quantities appearing in the expressions for ST~ and
S% but there remains a fourfold ambiguity as to the phase, since only the absolute values
of ¢y — ¢y and ¢, — ¢, have been determined. Therefore, we can obtain two sets of four
solutions for sin2(¢,; + ¢,;) = sin2¢,. The true solution should be the only common value
in both sets. In principle, this method removes the uncertainty in the measurement of ¢,
due to penguin graphs.

In practice, method 5 will be difficult to implement. The spectator graph for B} — %70 is
type-1II, color-suppressed so the branching ratio may well be an order of magnitude smaller
than that for BY — 777~. As method 5 depends heavily on reconstruction of B decays
with final-state 7%’s for which no secondary-vertex information will be available, it may be
impossible to implement it at a hadron collider and it will be experimentally challenging at
an eTe” collider. Searches for other final states than w7 for use with the isospin method
have, however, not yielded any better candidate thus far [64, 65, 66].

2.9 Method 6: Angular Analysis of B Decays to Mixtures of C'P
Eigenstates

When applying method 4 to neutral B-mesons decays to C'P eigenstates we cannot immedi-
ately use self-conjugate final states that consist of a pair of vector mesons (such as D*D*),
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or of three or more mesons (such as J/¢K2o7r"). Depending on whether the orbital angular
momentum is even or odd, the C'P of the final state changes sign. If we know the fraction
p of decays to the C'P-even final state we can write eq. (93) as,

D(B°(t) = f) o< [A]"e™[1+ (1 — 2p) sin(at) sin2(¢y, + ¢p)],

104
D(BO(t) — f) o [AP e'[1 — (1 — 2p) sin(at) sin 2y + b)), o
and a measurement of sin2(¢,; + ¢p) can be made subject to the dilution factor 1 — 2p.
The fraction p can in general be determined by analysis of the angular distribution of the
sequential decays of the final-state mesons, as discussed in detail in ref. [71] and references
therein. Such an angular analysis will require sizable event samples, perhaps an order of
magnitude larger than needed for method 4.

A simplified angular analysis will suffice if the final state consists of a vector meson
plus two spinless mesons. When all three mesons are self conjugate (such as J/¢Kor°),
helicity-zero decays have definite C'P and their abundance determined from a single angular
distribution [70]. When the spin-0 mesons come from the decay of a spin-1 meson, and the
two spin-1 mesons are each self conjugate (such as D**p° or J/1¢), or the two vector mesons
are antiparticles (such as D** D*7) the so-called transversity analysis can be used to extract
p [71].

Referring to Table 1, we see that the most interesting candidates for angular analysis are
the decays B} — J/YK2r® and D*"D*~ from class 1, BY — p*p~ and p°p" from class 2,
B? — p°K?%7° from class 3, and B? — D*TD*~ and J/1¢¢ from class 4. Tt is notable that
most of these decays require photon detection.

A Appendix : Nonleptonic Decay Modes of the B
Mesons

A survey of seven possible graphs describing B-meson decay indicates that the B, will have
21 basic 2-body nonleptonic decays, the By will have 27, the B will have 29, and the B, will
have 21 (see Tables 2-5). This contrasts with the case for the K, (= K7) and K, (= K°)
which each only have 2 such decays (not all distinct!). In the B system there are 24 basic
decays to C'P eigenstates compared to the 2 in the K system. All 98 of the basic two-
body decays of the B-meson system have all-charged final states (at some price in secondary
branching fraction), while only 1 of the basic K decays is all charged.

We have not displayed the catalog of decays of the B (= bc), in which the charm quark
decays before the b-quark, as is expected to happen in the majority of decays. Both the B,
and the B, will be better studied at a hadron collider than at a low-energy e*e™ collider.

The Tables refer to seven kinds of graphs, two spectator, annihilation, exchange, pen-
guin/annihilation, and two penguin/spectator, as shown in Fig. 6. We can roughly estimate
that for spectator graphs I:

CKM-favored decays have amplitudes oc A\?, and branching fractions of 1072-107%;

CKM-suppressed decays have amplitudes o< A*, and branching fractions of 3 x 107*-
3% 107°;
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Figure 6: Seven graphs for the nonleptonic decays of B mesons.

CKM-doubly-suppressed decays have amplitudes o< A?, and branching fractions of 10~°-

1079,
Graphs II, IIT and IV are ‘color suppressed’ in that only 1/3 of the quark pairs created by
the W or gluons will have the proper color to match the other final-state quark pair, and so
the rates are typically suppressed by a factor of 1/10 compared to graph I at the same order
in \.

The annihilation graph III and the exchange graph IV are controversial and both may
be heavily suppressed.

Graphs V-VII are ‘penguins,” which have yet to be observed in the laboratory. This
suggests that they are suppressed by a factor of order 0.01 compared to graphs I and II
at the same order in A\. Graphs V and VII are color-suppressed compared to graph VI.
The weak phase of the amplitude for a penguin graph is ¢,, if the transition is b — d
(CKM-suppressed), and 1 for b — 5, as discussed by London and Peccei [76].

The two-body final states listed in the Tables are representative of the particular ¢g/qq
combination for each entry. All final states could be augmented by n(7t7~), with possibly
larger branching fractions. Likewise, every spin-0 final-state particle could be replaced by
its spin-1 partner, and wvice versa. Typically, the branch to the spin-1 meson will be 3 times
that to the spin-0 partner.

The secondary decays used in constructing the last column of the Tables are:

Decay Mode . . ... Branching Ratio



R 1.00
K o K 0.67
O — K K T 0.50
D K 0.08
D K 0.04
D T 0.03
D — O T T 0.04
T — € e 0.07

For completeness will list the basic two-body nonleptonic decays of the D*, D and D°
mesons in Tables 6-8.
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Table 2: The 21 basic 2-body nonleptonic decays of the B} (= bu). Figure 6 illustrates the
seven types of graphs. The subscripts F', S, and D to the type of graph in this and following
three tables refer to CKM-favored (ampli oc A?), -suppressed (ampli oc A*), and -doubly-
suppressed (ampli o )\4), respectively. If the decay amplitude depends on a C P-violating
phase, the relevant phase of a CKM-matrix element is indicated in parentheses. The decay
modes are listed roughly in order of decreasing branching fraction.

Graph Final Final All-Charged
Quarks State Daughters

Ip, g uc/ud DOrt Ktp—nt

Ip, HIp (o), VIIE cs/uc DFDP KtK-ntKtn

IIr, VIig cc/us JIWKT ete KT

Is cs/u DFp° KtK-ntntr

Ig, IIg uc/us DYK+ Kto KT

Is, s (), V() cdfuc ~ D+D° K rntntK*tn~

Is(¢up), 1s(dy), Hls(dy,), Vg, VIIg wiifud POt rta ot

s, VIs(d,y) ce/ud J /)yt ete ™

s (éy), s(dw) ci/us DK™ K ntK*

Ip(du), Up(dy), Hip(ey), Vip, VI  wa/us K+ Tt Kt

Ip(dy), p (o) cd Juii Dt pY K-natntrtn

p(dy), p(dy,) cifud Dzt K-rntnt

Is(¢y), V() us/sd  KtK*  K+tK-rt

Ls(pus) cd/ds DFK* K rtrtK*tr-

Is(¢y) c5/s5 Df ¢ KtK ntKTK~

MIs(p,,) cc/cs J/wDF ete” KTK— 7t

Ip(¢,,), Vg ds/ud — K*nt Ktn—nt

1p(¢,,), Vg, VIIg ss/us  ¢K* KK K+

Ip(py) cs/sd  D{K* KK ntK-nt

I p(Py) ce/cd J/wD* ete" K nhn™t

VIs(¢py ss/ud ¢t KtK—7*
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Table 3: The 27 basic 2-body nonleptonic decays of the B} (= bd). The numbers in the “C'P
Eigenstate” column refer to the classification described in sec. 2.3.1 regarding the relevant
CKM-phases governing the decay asymmetries. Graphs leading to C'P-eigenstates includes
a phase factor in ¢,; due to mixing. However, in penguin graphs with b — d transitions to

C'P eigenstates, the two phase factors in ¢,; cancel.

Graph Final Final CcP All-Charged
Quarks State Eigenstate Daughters

Ir, IVp de/ud D7t Ktn—nrnt

I, VIIg cs/dc  DFD~ KK 7K n—n~

p, IVE uc/dd  D°p° Ktr—ntn™

Ur(dyy), VIE(dy) cc/ds  J/YKY 1 etemtnT

Is dé¢/us D™ KT Ktn n KT

Is(¢14), IVs(01a), Vs, VIIg cd/de DD~ 1,4 KrntotKtn—n~

Lo{6ua + Ous)s Vs(ba + 600), Vs, VI wdfda w24 wtn

Is(dw) cs/da Dfn~ KtK rntn~

IIg uc/ds  DOK*0 Ktn~ K*r~

s () cu/ds D'K*° K-ntK*tr~

s(¢,y), Vs ce/dd  J/pp° 1,4 ete ntm™

s(prg + dup)s Vs(Dra + bup)s Vs, VIs, VIIs  wa/dd  p°p° 2,4 Tt

ID(QSub)? VIlg u§/dﬂ Ktg~ Ktn~

Ip(dy), IVp(dy) cd/du Dt~ K-ntatn™

b (G + Gup)s Ve (910), VILe(60) wifds MPKY 2,1 wtrortn

p(du), IVD(dw) cu/dd D°p" Kntntn~

IVp sc/us Dy KT KtK 7 K+

Vg ce/ue  J/pD° ete" Kt

IVS( g ¢ub)> Vg cﬂ/ué DODC 2,4 K ntKtn~

IVs(¢yy), Vs cs/sc  DID; 1,4 KtK ntKTK-7~

IVs(ppg + dup)s Vs us/su KtK~ 2,4 KTK~

IVp(du) cs/su  DFK~ KtK-ntK~

IVp(du) ce/cu  J/pD° ete" Kt

VIp(¢.,), VIIF(0,y,) ss/ds QK2 1 KtK-ntn~

Vs s§/ss  ¢p 4 KtK-KtK~

Vig ss/dd  ¢p° 4 KtK-ntn~

Vg, Vg sd/ds KK 4 K rntKtn~
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Table 4: The 29 basic 2-body nonleptonic decays of the BY (= bs).

Graph Final Final cpP All-Charged
Quarks  State Eigenstate = Daughters
Ir s¢/ud  Dymt KtK—7nrnt
Ip, IVp, Vi, VIIg C§/$E D:DS_ 4 KK ntKTK 7~
IIp ucé/sd ~ DYK*° Ktn~ K7t
I, Vg cc/ss T/ 4 ete " KTK~
Is, IVg sé/u§ DS_K+ KtK—n K"
Is, VIIg(dyy) sé¢f/ed  D; DT KtK-n K ntrnt
Is, VIIs(,,) sufud K-mt K-t
Ls(¢us), IVs(dup) cs/su DyK~ KTK mt K~
IIs uc/ss D% Ktn KTK~
s(dus) cu/ss D% K ntKTK~
s, VIs(d,y) ce/sd  J/WKY 4,1 ete mtn
s(dy), Vis(dy), Vils(d,,) — uii/sd  p"K2 3,1 ata e
ID(¢ub)> IVD(¢ub)> Vg, VIIp u§/sﬁ KTK~ 3,4 KTK~
Ip(ou) cd/si  DYK~ K rntnt K~
Up(o,), Ve ss/ua  ¢p° 3, 4 KtK-—ntn~
Ip(Pys) ci/sd  D°K*0 K-ntK-n™t
Vg, IVD(¢ub) Vg, Vg cﬂ/ué DYDP° 4,3 K ntK*tr~
IVp, Vi cd/de  DTD- 4 K rntatKtn—n~
IV de/ud D7 Ktr— o nt
Vg uc/uu  D°p° Ktratn™
Vg cefuc  J/pD° ete" Kt~
V(o) cd/du  Dtr~ Kntntn~
WVs(o,,) cufuu  D°p° K rnratn™
IVs(du) cé/cu  J/pD° ete " K—n™"
IVp(oy), Vi ud/du 7 7 3,4 Tt
IVp(py), Vi wia/uu  p°p° 3,4 ntr ata
Vg, VIIp s§/ss  ¢¢ 4 KtK-KTK~
Vg, VIIp ds/sd  K*K*0 4 Ktn K nt—
VIs(4), VIg(dyq) s5/sd  PK 1 KK rntrn~
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Table 5:  The 21 basic 2-body nonleptonic decays of the BY (= bc) in which the b-quark
decays before the c-quark.

Graph Final Final All-Charged
Quarks State Daughters

Ip ce/ud J/mt ete T

IF, IIF, IIIF, VIF, VIIg CE/Cg J/QﬂD: ete " KTK—nt

IIp, 11k cd/uc D+DO K rntntKtn~

Is cc/us JIWKT ete KT

Is, g, g, VIg(@,,), VIls(0,y,) ce/cd J/p Dt ete " K mtn™

Is(¢u)s Uls, VIIs(eyy) ci/ud DOr+ K-rtr™t

Is(¢u), () cs/cu DFD° KtK - ntK—n™t

IIg, IIg cs/uc DFDP Ktn~KtK-—n™

s (duw), s, VIs(da), VIis(d4q) cd Jut Dt p atr K ntr™t

Ip(¢y), Hlg, VIIg cu/us DK+ K 7ntK™

In(Pus)s IIn(¢y) cd/ci DT D° K-rntrtK-—nt

Up(dy,), Ve cs/u D p° KtK—ntnta~

Iz wii/ud Pt rtr—nt

803 us/sd KTKY Ktntn~

g, VIIg cd/ds DT K} K-ntatotn

g, VIp, VIIg c5/ss Df¢ KK ntKTK~

g uii/us P°K* Tt KT

Ig ds/ud Ko™t mtn ot

IIIs s§/us KT KtTK KT

IMlg, VIIs(by,) cs/sd Df K?, KtK-ntata™

VIs(¢y4) cd/ss Dt ¢ K ntntKTK~

Table 6: The 7 basic 2-body nonleptonic decays of the D™ (= ¢d). In this and the following
two tables penguin contributions are ignored.

Graph Final Final All-Charged
Quarks State Daughters
Ip, g sd/ud K7t K—rntnt
Ig, g sd/us KK+ K ntK*
Ig, IIg, Il dd/ud POt atr ot
IIg s5/ud ot KtK-—n™*
Ip, IIp dd/us PP KT Tt Kt
Ip, Ip ds/ud K*Oxt Ktr—r*t
IIIp s§/us oK™t KtK-K+
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Table 7: The 6 basic 2-body nonleptonic decays of the D (= ¢3).

Graph Final Final All-Charged
Quarks State Daughters
Ip s5/ud ot KtK—rn*
g, g sd/us KK+ K ntK*
Ig, Ilg, g s§/us oK™t KtK-K*
Ig, Illg ds/ud K*Oxt Ktr—r*t
Ilg, I1Ig dd/us PP KT Tt Kt
Iz wii/ud POt rtr—nt

Table 8: The 11 basic 2-body nonleptonic decays of the D° (= cu).

Graph Final Final All-Charged
Quarks State Daughters

Ip, IVE sﬂ/uJ K7t K7t

g ss/ut op° KtK—ntn~

Is, IVg ud/dii mtr™ Tt

Is, IVg u§/sﬂ K K~ KTK~

g, IVg sd/u K00 K-ntntn™

IIg, IVg ds/ui K*0p° Ktn—atm~

IIg, IVg dii/ud p°p° U

Ip, IVp us/du Ktr~ Ktm

IVp s5/sd HK* KtK-K—nt

IV ds/sd K*OK*0 Ktr~ K7+t

IVp $5/ds dK*0 KtK- Kt




B Appendix: Maximum-Likelihood Analysis of C'P-
Violating Asymmetries

As an illustration of some of the methods used in data analysis of experiments on C'P
violation in the B-meson system, we deduce estimates of the statistical precision of analyses
of C P-violating asymmetries in the B°-B° system via the maximum-likelihood method. In
the case of B® decays to a C'P eigenstate f the decay-time distributions have the form (45),

N
Ni(t) = Ee_t(l + Asinat),

where N is the total number of decays to state f, A is the C P-violating parameter which is
a simple function of parameters of the CKM-matrix, z = AM/I" is the mixing parameter,
and +(—) labels decays in which the B was born as a B%(BY). The estimated error on the
measurement of A can be written in terms of dilution factors D as

0A = —F——,
4T DYN
where .
D=
1+ 22
for a time-integrated analysis;
212
D=D
"V 1+ 4a2

for a time-dependent analysis;

T 14 274
D=D \/
t1+;1:2 14 422

for an analysis based only on the shape of the decay distribution; and

Dt _ 6—r2(rf/2

represents the effect of time resolution o,. Results are also presented for simultaneous analysis
of the C P-violating parameter A and the mixing parameter x, and for analysis of the mixing
parameter via decays to non-C'P eigenstates. We end with an analysis of asymmetries
appropriate for study of C'P violation at an eTe™ collider.

B.1 Introduction

An optimum analysis of C' P-violating asymmetries will be based on the maximum-likelihood
method. This should yield greater statistical precision than the methods presented in, say,
(78] and [79]. Here, we deduce the size of the error on various asymmetries via the likelihood
technique.

The principal example we consider is the case of neutral-B-meson decay to a C'P eigen-
state f (called method 4 above). Here we suppose that we have a sample of N decays of

37



either a B® or BY to state f in an experiment where there are equal numbers of B and B’s
produced. Then, following eq. (26) of [79] the time distribution of the observed decays can
be written,

N
Ni(t) = Ee_t(l + Asinat), (105)

where throughout this Appendix time is measured in units of the B lifetime, and A is
a simple function of the parameters of the CKM-matrix (in the Standard Model). The
subscript + means that the decay occurred for a B that was a BY at t = 0, while subscript —
means the B was a BY at t = 0. These initial conditions must be determined by observation
of the second B in the event. For hadroproduction of B’s the effect of tagging the second
B factorizes from the analysis of the first and we do not consider the second B in this note
(except in sec. B.11 on eTe™ colliders).

When A is nonzero there is C'P violation, which manifests itself both in the difference
between the shape of distributions N (¢) and N_(t), and in the difference between the total
number of decays of each type:

o0 N T
N, = N. =—(14+A4 . 1
i /0 L(t)dt 5 ( 1+;1:2) (106)

Eventually we will wish to consider the effect of the experimental resolution in time ¢ on
the analysis. It is felicitous that this has only a minor effect on the formalism, so we prepare
the general case now. We designate o; as the r.m.s. time resolution, which means that the
observed decays distributions can be obtained by convolution [80]:

N —(t—t)?/20? /
Ni(t) = / c ————dt'e7" (1 &+ Asinat’)

2moy

= Ee"t/Q - <1:|:Ae ’””t/2smx(t—at2))
N
R Ee_t(l + Ae 712 sin xt), (107)

using integral 3.896.4 of ref. [81], and where the approximation holds well when o, < 1 (i.e.,
when the time resolution is much better than a lifetime), as is expected to be the case when
a silicon vertex detector is used.

Hence an analysis of distributions of the form,

N
Ni(t) = Ee_t(l + asinxt) (108)
includes the effect of time resolution if we write,
a=AD,  with D, =e ¥/ (109)

where Dy is the “dilution factor”associated with finite time resolution.

We anticipate that an analysis of B°-B° mixing will be similar to that of C'P violation.
In the case of mixing, we take N, (¢) to be the distribution of decays in which the B was
born as a B® and decayed as a BY (or was born as a BY and decayed as a B°), while N_(t)
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is the distribution of decays in which the B was born as a B® and decayed as a B (or was
born as a B® and decayed as a B. For this, we must be able to tell whether the particle was
a B% or B° at the time of decay, and so we cannot use the C'P-eigenstates discussed above —
unless there is C'P violation, for which case the statistical precision will typically be greatly
reduced, as discussed later.

The mixing time distributions have the form (recalling eq. (18)),

Ni(t) = N |[FL(t)] = ge_t(l + coszt), (110)

leading to integrated numbers of events,

N N 1
/ "(1 £ cosat) = 5} (1 + 1—1—;152) . (111)

As before, the effect of a time resolution o, is readily included via convolution with a Gaus-
sian,

N e —(t—t")2/202 ,
Ni(t) = / N —————dt'e”" (1 + cos xt')
t

= 2e”t/2 <1:|:e r”t/2cosx(t—af))

N
Ee_t(l + e %712 cos ait), (112)

Q

Hence, a general mixing analysis will deal with distributions of form,
N
Ni(t) = ¢ (1 +acosat), (113)

which are closely related to those for C'P violation given in eq. (108).

B.2 The Maximum-Likelihood Method

We recall the technique of data analysis via maximizing the likelihood by the example of N
data points z; sampled from a Gaussian distribution of mean a and variance o,

6—(1—0,)2/20—2

P(x,a) = 114
(@) = (114)
The probability (or likelihood) of observing the data set {x;} is then,
N
L(a) =[] P(ia). (115)
i=1

The idea of the maximum-likelihood method [82] is that £ is approximately Gaussian in the
parameter a (whether or not P(x,a) is a Gaussian function of z), and hence the value of a
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that maximizes L£(a) is the best estimate of a. Further, an excellent estimate of the error on
the measurement of a follows from the second derivative of In L,

L = ﬂe—(mi—a)Q/%Q, (116)
=1
InL = —%ZN:("T;%)Q (117)
=1
ot iy

7

The maximum of £ and for In £ occur at the same value of a, namely a = >, x;/N as
expected. We identify,
d>Inl 1

2 T 2
da lop

(120)

to find that o, = a/\/ﬁ as expected.

The method is readily extended to distributions that depend on multiple parameters.
We will later consider two parameters, say a and b, for which the likelihood function £(a,b)
formed from products of the probabilities P(x;, a,b) is expected to be Gaussian in a and b,

£(a,b) o exp {_% ((a — Girue)” L 2@ = durae) (b = brao) | (b~ btrue)2) } . (121)

2 2 2
o: o 207}

Hence, our estimates on the errors of the fitted values of a and b will be,

1 *InL
- 7~ - ganr o Z s 122
o2 da? "’ o2, dadb’ o} ob? (122)

B.3 Analysis of a Simple Asymmetry

As a preliminary example of the maximum-likelihood method, we consider the case when
the data can take on only two values, labeled 4+ and —, with probability,

1+a
P:I:: 9 )

(123)

where a is the asymmetry parameter. For an experiment in which N, and N_ events are
observed, we form the likelihood function,

ﬁz(lga)m (1;a)N_. (124)
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The needed derivatives of In L are,

Inf = Niln(l+a)+ N_In(l — a) + constant, (125)
dnf N N (126
da l+a 1-a
L L N, N
_—— = — — . 127
da? (1+a)? (1—-a) (127)

On setting the first derivative to zero, we find the usual expression for the asymmetry,

N, —N_

a_7N++N_'

(128)

From this we express N, and N_ in terms of a and N = N, 4+ N_ to evaluate the error on
the estimate of a as,

1 —a?
N )

using eq. (120). This agrees with the usual analysis based on the binomial distribution.

(129)

Oq =

B.4 Time-Integrated Analysis of C'P Violation

After these lengthy preliminaries, we turn to the analysis of C'P-violating asymmetries,
beginning with the case where the data in integrated over time to yield the total numbers
of events given in eq. (106). In this case we study a simple asymmetry related by,

T
a = Am = ADt—in‘w (130)

where A is the C' P-violating factor introduced in eq. (105), and we define,
Dt—int = —F (131)

as the dilution factor due to time integration.
From eq. (129) we estimate the error on the measurement of A as,

Oq 1 1— A2DZ . 1 1+ 22
o4 = = ~ = : (132)
Dt—int Dt—int N Dt—int V N rv N

where the approximation holds for small values of AD;_jy.

The error on A is large for both large and small values of the mixing parameter x. The
minimum error as a function of x occurs if x = 1, for which o4 = 2/\/N As x ~ 1/\/5 for
the BY-meson, a time-integrated analysis is rather effective in this case.
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B.5 Time-Dependent Analysis of C'P Violation

We now determine what additional statistical power can be expected if we perform an analysis
of the time-dependent C P-violating decay distributions given in eq. (105). The likelihood
function is then,

L= H e (1 + Asinxt;) H e (1 — Asinzty), (133)

i j
where subscript ¢ labels events in which the B was born as a BY, and j labels events in
which the B was born as a B°. This form of the likelihood function is normalized to include
information both on the shape as well as the integral of the decay distributions.
According to eq. (120) we estimate the error on the measurement of A as,

1 _ _d2 InL _ Z sin® xt; N Z sin? xt; (134)

) dA? —~ (1+ Asinat;)? ~ (1 — Asinxt;)?
We estimate the sums by integrals according to,
N [e.e]
IGES 5/ dte (1 + Asinzt) f(t), (135)
i(5) 0
which leads to
1 > dte~"sin® xt > 202N
= = N/ RN R LN N/ dtetsinxt = — (136)
oy o 1— AZ%sin”uat 0 1+ 422

where we ignore the time-varying term in the denominator for small A, and we have used
integral 3.895.1 of [81].

The full integral can be expressed as an infinite series on expanding the denominator in
a Taylor series. Keeping the first correction we find that,

1 <, 9 . 9 22°N 124222
ENN/O dte”"sin” xt(1 + A®sin $t):1+4x2 1+m . (137)

Thus even for A = % the correction is at most 8% for any value of x.
We summarize the result (136) by writing,

1 272
N — with Di_qep =4 ———.
Dy _4epV N fmdep 1+ 422

The time-dependent dilution factor D;_g4ep is larger than the time integrated factor (from
eq. (131)) for any value of z, and consequently the time-dependent analysis is always more
powerful statistically, as is to be expected.

In particular, the time-dependent analysis remains very powerful for large x, where a
time-integrated analysis yields no information. Indeed, for the time-dependent analysis,

2
o4 R ”N for large x. (139)

This result also compares favorably with that reported in [78] and [79], where it was argued

that the effective dilution factor at large x is the average of sinxt over a half-cycle, namely
2/, leading to o4 ~ 7/2v/'N.

(138)

oA
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B.6 Analysis of the Shape of the Time Distribution

M. Purohit has noted [83] that one could also perform an analysis of C'P violation based
only on the shape of the decay distributions, ignoring the C P-violating asymmetry in the
integrated decay rates. Such an analysis would be the only one possible if the experiment
consisted of B’s born only as B° (or only as B°).

The analysis is based on a likelihood function in which the decay distribution is nor-
malized to one (using the notation of eq. (133) and assuming equal numbers of B° and B°
initially),

(140)

[ H e (1 + Asinzt,) H eti(l— Asinxtj)‘

1+A1fz2 1—/1—1;;2

Approximating the sums in the second derivative of In £ by the appropriate integrals, and
again neglecting a factor in A% in the denominator, we have,

1 T 1+ 224
Op " ———————— with Dghape = . 141
A DinapeVN hape = 12\ 1+ 4g2 (141)

This result is, of course, poorer than the full time-dependent analysis (eq. (138)), but ap-
proaches the same accuracy for large = where only the shape matters. The shape analysis
is less powerful than the time-integrated analysis (eq. (132)) for 2 < v/2, which includes the
case of BY-mesons.

The full time-dependent analysis of the previous section can be considered as the proper
combination of the time-integrated and the shape analyses. We readily verify the validity of
this by noting that,

1 1 1
= 142
o?(time-dependent)  o?(time-integrated) * o2(shape)’ (142)
on comparing eqs. (132), (138), and (141).
As a numerical example, we consider the case of z = 1/4/2, as holds approximately for
BY-mesons. We then have,

[N}
—_
N}

o(time-dependent) =/ — = — o (time-integrated) =

3
V2N VN’
o(shape) = \/?)—N (143)

It is remarkable that the time-dependent analysis is only 20% better than the time-integrated
analysis, while the former requires a costly silicon vertex detector.

B.7 The Effect of Time Resolution

In sec. B.1 we noted that the effect on the analysis of a time resolution o; is well approximated
by a dilution factor D, = e~*°77/2 multiplying the C' P-violating parameter A (see egs. 107)-
(109)). Thus, the full-time-dependent analysis including time resolution will yield,

_ 1 14 4a? e®’ot/2
Dt—deth\/N 2552 \/N ‘
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The effect of time resolution is only noticeable for xt 2 1, i.e., for large x, in which case,

2 .2 2
oA R e 2 N (large z). (145)

B.8 The Effect of a Cut at Short Times

M. Purohit has also pointed out [83] that in a realistic analysis based on decay times recon-
structed with a silicon vertex detector there will be a loss of events for times ¢ less than some
small time ¢y, when the secondary vertex cannot be distinguished from the primary. In this
case the full time-dependent analysis proceeds as in sec. B.5, except that when estimating
sums by integrals we now use,

Sy~ /oo dtet(1 + Asinat) f(£), (146)

2
i) fo
which leads to,
1 X b9
— =~ N dte” " sin“ zt =
to

i

e—to N (1 N 2x sin 22ty — cos 2:1:t0) 7 (147)

2 1+ 422

using integral 2.663.1 of ref. [81]. As ¢7 ~ 320 pm is the B-decay length, and the typical
resolution of silicon vertex detector is less than 20 pum, the condition ¢y < 1 lifetime will
likely be satisfied. Then, for small = we can write,

1 202N (1 B @

o4 1+ 4a?

(1+ 4;1:2)) , (z < 1), (148)

which implies a very small correction. For large x we have,

1 N
— & —(1 —to), (x>1), (149)
oy 2

which indicates that the correction for the cut at small times is small but perhaps notable
in this case.

B.9 Simultaneous Analysis of Parameters A and z

In all of the proceeding we have tacitly assumed that the value of the mixing parameter x is
known from other studies. This might not be so for BY mesons (at the time of the writing
(1992) of this Appendix).

Here we consider the time-dependent likelihood function (133) to estimate the errors on
measurement of both A and x according to the procedure of eq. (122). The effect of time
resolution is included as the dilution factor D; to parameter A. With the same approximation
of sums as integrals we find,

1 222 77N 1 > Ae~*"7i N sin(2 tan ! 2
— R L, —— & Ae_mQ"?N/ dte”'tsin xt cos at = c sin( 2an x),
a5 1+ 422 T 0 2(1 + 422)
1 o w202 [ o o g2 cos(3tan~! 2x)
ol Ace " 7 /0 dte "t"cos“xt = A% " tN [ 1+ (1 + 422)372 (150)
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using integrals 3.944.5 and 3.944.6 of [81].
These complicated results are perhaps best illustrated by considering the limits of small
and large z. For small z,

1 1 1
— ~ 22°N, —— ~ 2AxN, — ~24°N, (small z). (151)
o o o

A Ax T

The result for o, suggests that surprisingly good resolution in z can be obtained even when
the mixing oscillations are almost indiscernible. However, one must note the correlation of
the errors in # and A. More properly, we should report the error in = as the extreme value
of the 1-0 error ellipse (from eq. (121)),

A? 2Ax 2P

St o t5=1 (152)

04 O Az 0%
On requiring dz/dA = 0 in this, we find that the extreme value satisfies * = Ac?,/d%.
Inserting this into eq. (150) we must evaluate to sixth order to find,

1

o, (effective) 8 —————. 153
( NI (153)
So indeed for small x it is very difficult to determine = from studies of C'P violation.
For large = eq. (150) becomes,
2 z202/2
om0t [ 2 O Ay — 00, O, ~ c (large z). (154)

pv> /4V/jy>

As xo; — 1, which may well hold for the B%-meson, the resolution in both A and z deteriorate
rapidly. It will be advantageous to have determined x in a separate measurement.

B.10 Analysis of B-B° Mixing

As it will be advantageous to deduce the mixing parameter z for the B%-meson from other
than C'P-violation data, we consider now the statistical power of such an analysis. This is
based on eq. (110), or eq. (113) when time resolution is included. We form the likelihood
function,

L= He_ti(l + acos zt;) He_tf(l — acosxtj), (155)
i j

where a = e=*°7¢/2 is the effect of time resolution, and subscript i(j) refers to events where

the B is born as a B® and decays as a B°(B°) (or where the B is born as a B? and decays
as a B(BY)).
Again approximating sums as integrals in the second derivative of In £, we find that,

1 [e.e]
— =N / dte”'t* = 2N, (156)
0% 0
so that,
! (157)
Op = —F—
V2N
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if xt < 1 so that time resolution may be ignored.
When time resolution is significant we find,

1 > dte '? sin® xt
— = Ne~=%t / ctom (158)
o 0 1—e % cos? xt

8N

This integral can be bounded by either considering the denominator to be 1 or sin? xt, leading
to,

—zQUf COS(3 tan_l 3.%) —zQUf 1 —zQUf
e N(l— 0+ 12772 ) e NSU—%S% N, (159)
using integral 3.944.6 of ref. [81], and the approximation holds for large x. This implies,
22022 2202/2
€ <o <C (160)

V2N © T VN

holds for any x and o,. Furthermore, when one is not restricted to the use of decay modes
leading to C'P eigenstates the total number of events N may be much larger than in (154).

The effect of a cut at a small time ¢, is readily considered, as in sec. B.8. For small =
the correction is fifth order in ¢y, while for large x it is third order. That is, the correction
is unimportant.

B.11 Analysis of C'P Violation at an e"e~ Collider

As discussed in sec. 2.3.4, when B’s are produced are part of a B°-B° pair with definite
charge conjugation, the analysis of C'P violation is more intricate. In particular, if the B’s
are produced in a C-odd state, as from Y(4S) decay, then a time-integrated asymmetry
vanishes. However, good statistical power can be recovered by an analysis of time-resolved
decay distributions.

Both B’s of a B-B pair must be observed in the C'P analysis.!” We label B; as the
(neutral) B that decays to the C' P-eigenstate f, and Bs as the (charged or neutral) B that
decays to a state g # g that permits us to determine whether B, was a particle or antiparticle
at the moment of its decay. We can accumulate four time distributions, where one B decays
at time t, and the other at time ¢, with ¢, <,

I: Tp—f(te)y—g(ta),
IT: T,y
IIT: T sty
IV . Tpf(ta)lp,—5(ts).

(161)

I71f the B’s were produced at a symmetric ete™ collider, particularly at the Y(4S5) resonance where the
rate is high, the latter is produced at rest and both B’s would decay so close to their common production
point that they could not be separately identified. This difficulty is avoided by use of an asymmetric eTe™
collider (suggested by Oddone [75]) in which the center of mass of the ete™ collision is moving in the lab
frame, such that in general the B and B° decay at locations sufficiently far apart that the two mesons can
be distinguished.
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The four distributions can be combined to form asymmetries in various ways:

relevant for C-odd states is,

IT+I1I1—-1-1V

A1 (ta, tb) =

most

(162)

For C-even states we should consider,

IIT+1v—-1-11

A2(ta7 tb)

T+ II+1II+1V’

(163)

I+ II+1II+1V’

The third variation of such asymmetries turns out to vanish and is not considered further,

I+ 11T—-11-1V

As(ta, ty) = . 164
sl bo) = T T v (164)
For the case that mesons 1 and 2 are of the same type the four time distributions take
the form,
Dy(ta,ty) oc e”Cet)[1 £ Asina(t, £ 1)),
Lir(te, ty) o e”tat)[1 4+ Asina(t ,
11(ta,ty) o [ (ta £ 1)) (165)
Tt (ta, tb) ox e~ (tatte) [1 F Asin .CE( b)],
(tas 1) [ (ta £ )]

Iyv(te,ty) o<e —(tatte)[] —

Asinx(t

+ )],

where A the C P-violating factor introduced in eq. (105), and the lower sign in the distribu-

tions holds for C-odd states | By)|Bs) — | B1)| Ba).

Inserting the time distributions into the forms for the asymmetries we have,

Asinz(t, — tp),

A =

0,

0,
Ay =

Asinz(t, + tp),
As =0.

Clearly the asymmetry A; will be useful at an ete

produced.

(166)

~ collider where only C-odd states are

We first present a time-integrated analysis of these asymmetries, as discussed in [78].
Because of the time ordering in the definition of the distributions I-I'V, the form of the

integrals is,

/ dt, / dtyDr(ta, t) =
:1(11/1
2 (1
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(1 A +x2) . C(odd),

2x
72)2) 5 O (even) .
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Thus we can write

T

A1 = Dl,t—intA with Dl,t—int = m O(Odd), (168)
. 2x
A2 = D2,t—intA with D2,t—int = m C(even). (169)

The above results can be improved upon with a maximum-likelihood analysis. We label
events in distributions I, II, III, and IV by indices 4, j, k, and [, respectively, to form the
likelihood function,

L= H Ly (tais toi) H Lrr(tajs thy) H Crrr(tak, tok) H v (tar, tw)- (170)
i j k 1
We again approximate the sums in the second derivative of In £ via, sums as
N o0 o0
> Fltainti) — 5 / dta/ Aty s (ta,to) f(ta,t),  etc., (171)
p 0 ta

for a total sample of N events, noting eq. (167). Ignoring the term in the denominator in
A? the integrals are similar to those encountered previously,

1 [e.e] [e.e] [e.e] [e.e]
— & QN/ dt,et / dtye™" sin® x(t,£tp) = QN/ dt et / dse™* sin® x(s+t,4t,),
A 0 ta 0 0

(172)
where s = t, —t;. We characterize the results of the time-dependent analysis via the dilution
factors,

2x2 V822 ¥ 622
Dl,t—dep = - . 5 O(Odd), and D2,t—dep = W

et ,  C(even). (173)

The dilution factors from the time-dependent maximum-likelihood analysis are larger than
those for the time-integrated analysis, and are the best possible. For large z, the time-
dependent analysis is particularly advantageous.

As was mentioned in sec. B.5, the dilution factors for the case of large asymmetry A can
be expressed as infinite series, the first terms of which are given in eq. (173). These series
have been given in notes by Frank Porter [84].

The effect of time resolution o, on the analysis can be calculated as in eq. (107), and can
be characterized (for small A) by the dilution factor,

1
Dy 2DV N

_ .2 2 . .
Dy =e "7 in the relation TA ., =

(174)

As both B’s must be time-resolved in this analysis, the dilution factor D, is the square of
that encountered in the single- B analysis. Viewed another way, since two times are measured
for each event at an ete™ collider the error on the sum or difference is v/207. Using this in
eq. (109) we also arrive at eq. (174).
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