Some Comments on Field Lines

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (August 15, 2024; updated August 29, 2024)

1 Overview

This note discusses several aspects of the concept of field lines (of a 3-vector field) that are perhaps not universally appreciated.

1. Field lines are not “physical”. They are mathematical constructs (like electromagnetic potentials) that are often useful. Of course, the fact that iron filings align themselves along the local direction of the magnetic field,^1 and that some grass seeds align themselves along the local direction of the electric field,^2 as sketched below, gives the impression that “lines of force” have some kind of existence.^3

2. In general, field lines cannot be described by a function whose argument is an arbitrary point (but see the beginning of Sec. 2 below). Rather, field lines must be constructed one by one, first choosing a point in space, at a particular time, and then defining a field line to extend continuously from that point in the direction of the local vector field (as well as in the opposite direction if the chosen point is not a source point).^4 In practice, only a finite number of field lines are so constructed, but in principle a countably infinite number of field lines could be constructed.^5 Not every conceivable vector field has field lines.

3. There is no general procedure to extrapolate the field lines identified at one time to those at a later time. In electromagnetism, in some cases one can assign a velocity to field lines of v = E×B/B^2 (in SI units) [56, 62, 65, 83, 85, 87, 88], which is proportional to the Poynting vector S = E × B/μ_0 where μ_0 is the permeability of the vacuum.

1See, for example, [20]. References [1]-[111] are listed in chronological order. 2See, for example, [57] and Chap. II of [73].

3Field lines are perhaps the “angels” of field theory, in the sense of the question: How many angels can dance on the head of a pin? https://en.wikipedia.org/wiki/How_many_angels_can_dance_on_the_head_of_a_pin%3F 4This construction cannot be made at so-called null points where the field is zero. However, if the field is nonzero in the neighborhood of a null point, it is considered that field lines can be extrapolated to the null point. See, for example, [80].

5Recall that a countable infinity is the lowest order of infinity, called ℵ_0 by Cantor [36]. See also the discussion of “surreal numbers” in [110].

This prescription is agreeable for a plane electromagnetic wave with E = cB × k̂ (in SI units) where c is the speed of light in vacuum and k̂ = k/ |k| is the unit wave vector. However, it fails for the T E_{10} mode of a rectangular waveguide whose pattern of field lines (sketched below, from [106]) moves down the guide, unchanged in the frame of the phase velocity of the wave, which velocity exceeds the speed of light. This reinforces item 1, that field lines are not “physical”. The Poynting vector in this case is not constant, and in general does not point down the guide.^6

4. Even for a field B that obeys ∇ · B = 0 everywhere, such as the magnetic field, its field lines are not necessarily closed, but can have infinite length. A field line of infinite length can extend to “infinity”, but infinite field lines can also be constructed that lie entirely within a sphere of finite radius.

An example of the latter is considered in Sec. 2 below.

5. A field line, even if infinite in length, has zero volume, and the (countably infinite) set of all field lines also has zero volume.

As such, field lines do not “densely” fill 3-space as claimed in [40, 82, 102].

6. By construction, different field lines never intersect at points where the field strength is nonzero and finite.^7 However, field lines can intersect at “null points” (and null lines and null surfaces) where the field strength is zero. An example of this is discussed in Sec. 3 below.

7. Field lines are represented in drawings that illustrate only a very few lines. A useful convention in such drawings is “that the number of lines per unit area at right angles to the lines is proportional to the field strength”, as noted by Feynman in Sec. 1-2 of [61]. This convention makes sense only when considering a finite number of field lines, since an infinite number of field lines could be constructed, in principle, through any unit area on which the field strength is nonzero.

6More details of this example are discussed in [104].

7Approximations to physical fields include nonphysical “singular” points where the field is infinite (such as at an idealized source point). Field lines can intersect at “singular” points.

A field line might pass many times through a small area, so the convention should be that a field line through a small area is only counted once in the relation that the (finite) number of different field lines through the small area is proportional to the local field strength.^8 Pedagogic discussions (with drawings) of field lines include [37, 39, 40, 45, 46, 47, 48, 51, 57, 61, 63, 64, 67, 75, 76, 77, 79, 85, 102, 108, 109].

8. A field line can be regarded as ending at any point along such a line, and another field line starting at that point, as noted by Slepian on p. 88 of [48]: “As we prolong the lines of force, we may at any point end the lines and start new ones with the same density, without in any way impairing the correspondence between the assemblage of lines of force and the vector field. The assemblage of broken lines serves just as well as the assemblage of continuous lines of force.”^9 In general, this concept of lines ending and starting at an arbitrary point has little impact on our physics understanding, but an example where it is helpful is considered in Sec. 2 below.

9. In plasma astrophysics the concept of “breaking and reconnecting” of field lines at null points^{10} (or null lines or null surfaces) has been greatly developed, starting with Giovanelli [42, 43], Hoyle [44], and Dungey [50], then elaborated upon by Sweet [52, 53] and Parker [54, 60].^{11} More recent reviews are given in [68, 80, 84, 92, 93, 100, 101]. The earliest example of “breaking and reconnecting of field lines” was given by Hertz in Fig. 4 of [35], without explicit recognition of this phenomenon. See also Sec. 3 below. Additional comments by the author on “breaking and reconnection” of field lines are given in [98].

The Appendix below reviews the history of field lines up to 1880.

2 Chaotic Field Lines

As reviewed by Maxwell in Art. 183 of [32], any analytic function f(z) = u(x, y) + i v(x, y) of a complex variable z = x + i y where i = √ −1 obeys

∂^2u ∂x^2 + ∂^2u ∂y^2

= 0 =

∂^2v ∂x^2 + ∂^2v ∂y^2

, (1)

away from possible poles and branch cuts. That is, the (conjugate) functions u and v obey Laplace’s equation for the potentials of two-dimensional static electric fields. Furthermore,

8This caveat was implied in item 2), Sec. IV of [102].

9Slepian’s statement would be better phrased as applying to any individual line. His implication that many different lines passes through a single “point” is misleading. He no doubt meant a small area rather than a mathematical point.

10An animation of “breaking and reconnection” of field lines is given at

https://en.wikipedia.org/wiki/Magnetic_reconnection

11It seems to me that the “three-dimensional magnetic reconnection without null points” considered in Fig. 9 of [78] occurs along a null line, which is a collection of null points.

equipotentials of u corresponds to lines of the electric field associated with potential v, and vice versa. This happy mathematics can give the impression that general methods also exist for finding the field lines of three-dimensional fields, but such optimism is misplaced.

One of the earliest discussions of the greater complexity of three-dimensional field lines was in the 1929 Russian edition of the electrodynamics textbook by Tamm [40]; see §34. Perhaps the earliest discussion in English was in the second [45] of a series of “electrical essays” by Slepian. This concerned the magnetic field (and field lines) of a long solenoid with a helical current winding. Slepian noted that this winding is equivalent to the sum of an axial current together with a set of circular loops of currents perpendicular to the solenoid axis.

In a subsequent essay, Slepian considered a single circular loop of current together with an axial current, as sketched below (from [46]^{12} ).^{13,14}

Slepian asked the reader whether this process “intensifies” the magnetic field, since the helical character of the field lines in the rightmost figure gives them a very high density. His answer (delayed by one issue of the journal) was no. We have argued in item 7 of Sec. 1 that a field line should be counted only once when relating the field strength to the (finite) number of (different) field lines that pass through a small area perpendicular to that line.

The closed, finite-length, magnetic-field lines of the left figure above morph into the infinite-length magnetic-field lines of the right figure above with even the slightest addition of the axial current shown in the middle figure. We can say that the field lines in this example are “chaotic”, meaning that small changes in one parameter of a system can lead to large changes in other parameters [95];^{15} see also, for example, [82, 89, 90, 91, 94, 97, 99].

For a closed field line to morph into an “unclosed” one of infinite length, the line must “break” at some point.^{16} However, there are no null points along a closed field line in Slepian’s example, so this cannot be a case of “breaking and reconnecting”. Rather, we consider it to be a case where Slepian’s comment in [48] is relevant, that any field line can be considered to be “broken” at any point along the line.

If the magnetic field in the left figure above is established before the field of the middle figure is turned on, then the transient fields due to the turn-on of the axial current i move

12The axial current i in Slepian’s figures should be “up”, not “down”.

13Slepian’s next essay [47] posed another “puzzler” arising from taking field lines too seriously. 14This example was considered by Tamm [40].

15Modern “chaos theory” was initiated by Lorenz [58], who popularized it as the “butterfly effect” [66]. 16Aug. 22, 2004. David Griffiths (private communication) suggests an alternative view that avoids use of Slepian’s notion by supposing that any ”closed” field line be regarded a involving an infinite number of turns of the line (which is not then “closed”). This infinite coil of lines could then later deform, without “breaking”, into an infinite helical field line. In this view (which would be excluded by Occam’s razor), there are no “closed” field lines of finite length. More extensive comments by Griffiths are at [111].

away from the axis at the speed of light^{17} and first encounter an originally closed field line (labeled B_0 in the left figure below) at the point on the closed line closest to the axis.

This point is where the originally closed field line of B_0 “breaks” and transforms (instantaneously) into an infinite-length helix (of total field B_{tot} = B_0 + B^′, with very long initial pitch). Such a transformation is mathematically possible, but could not occur for a “physical object”, which reinforces item 1 of Sec. 1.

The transformation is illustrated in the figures below; the left figure is “before”, and the right figure “after”, the turn-on of the axial current I^′. It is noteworthy that E × B_{tot} of the “after” fields points in the direction of the deflection of the “broken” end of an originally closed line of field B_0 due to current I_0 in the circular loop, as it becomes a helical field line of the total magnetic field B_{tot} = B_0 + B^′.

Similarly, we can consider the case where the axial current I^′_0 (and its magnetic field B^′_0) is established first, and the circular loop of current I (and its magnetic field B) is turned on at a later time. This is illustrated in the “before” and “after” figures below. We identify the relevant “break” point in a circular line of magnetic field B^′_0 due to axial current I^′_0 as the point closest to the feedpoint of the circular loop of current I. Again, E × B_{tot} of the “after” fields points in the direction of the deflection of the “broken” end of an originally closed line of field B^′_0, as it becomes a helical field line of B_{tot} = B + B^′_0.

Slepian’s example was mentioned, without figures, in [48, 49], and then with figures in [51, 86, 90, 94, 95, 102, 108, 109]. As with most discussions of field lines, not everything said in these papers is in agreement with the views expressed here.

17See [81] for a discussion of the fields of an axial current that rises linearly with time.

3 Electric Dipole Radiation

Hertz’ great paper of 1889 [35], in which he gave the first theoretical analysis of electric dipole radiation (after having previously demonstrated it experimentally; see Chaps. II-VIII of [38]), contains two features (not noted by him) of interest to the present discussion. His Fig. 4, shown below, has the first depiction of a null point where “breaking and reconnection” of an (electric) field line occurs. Also, some parts of the electric field lines in his Figs. 1-4 move outward faster than the speed of light, which illustrates that field lines are not “physical” objects.

Two null points are shown in Fig. 4 at the intersections of the dashed electric field lines. Here, an electric field line, that previously terminated on the positive and negative electric charges of the dipole, “pinches” together resulting in a closed field line which thereatfer propagates away from the dipole, as well as a shorter field line that remains connected to the two charges.

Figures 1-4 (arranged clockwise) are at times T , T/4, T/2 and 3T/4, where T = 2πλ/c is the period of oscillation of the system and λ is the wavelength of the radiation far from the dipole (taken to be in vacuum). “Breaking and reconnection” of electric field lines occurs throughout the interval T/4 < t < 3T/4 of each period. Meanwhile, magnetic field lines, which are circular closed loops perpendicular to, and centered on, the symmetry axis of the system, are being continually created at points along that axis, which is a null line of the magnetic field.^{18}

Just after time t = 0, as in Fig. 1, all of the electric field lines attached to the electric charges of the system lie within a small sphere contained the charges. In principle, the radius of this sphere can be arbitrarily small for a “point” electric dipole. By time t = 3T/4 = 3πλ/2c, as in Fig. 4, these field lines have moved outward, with some nearly touching the sphere shown in the figure, whose radius r is greater that the wavelength λ of the (far-field) radiation. As such, the (average) radial speed of the outermost field lines within the sphere of radius r at, say, its “equator” is r/t > λ/t = 2πc/3 > 2c. In other terms, the phase velocity of the electromagnetic waves exceeds the speed of light close to the oscillating dipole.

A Appendix: Some History of Field Lines from Perigrinus to Maxwell

A.1 Peregrinus

In 1269, Peregrinus [1] concluded from experiment that a (permanent) magnet has two “poles”, and that like poles of different magnets repel, while unlike poles attract. Peregrinus’ methods were later notably extended by Gilbert.

A.2 Gilbert

In 1600, Gilbert published a treatise [2], which included qualitative notions of magnetic energy and lines of force.^{19} These seem to have been inspired by experiments (suggested by Peregrinus [1]) in which magnetized needles (or steel filings, p. 162 of [2]) were used to probe the space around larger magnets, particularly spherical magnets called terrellas. The observed directions of the needle (or filings) suggested the existence of lines of force throughout space, and the ability of the magnet to deflect the needle into alignment with them suggested (to Gilbert) that some kind of magnetic energy existed outside the magnet itself.

The figures below are from pp. 122 and 247 of [2].

18Additional discussion of “breaking and reconnection” in electric dipole radiation is given is Sec. 20.5.2 of [96] and in [103].

19Then, as now, magnetism seems to have inspired claims of questionable merit, which led Gilbert to pronounce on p. 166: May the gods damn all such sham, pilfered, distorted works, which do but muddle the minds of students!

A.3 Descartes

In 1644, Descartes published a qualitative treatise on physical science [3]. Among its notable features is perhaps the earliest conception of momentum (mass times velocity, p. 59 ff), and that light could be due to static pressure in a kind of elastic medium that fills all space, later called the æther (pp. 94-104, part III). And, on p. 271, part IV, he presented a figure based on use of iron filings near a magnet, which illustrates Gilbert’s lines of magnetic force.

A.4 Aepinus

In 1759, Aepinus [4] published a long essay on electricity and magnetism that included a sketch (shown on the next page) of lines of iron filings on a plane above a horseshoe magnet. He speculated that these line formed circles, and that the magnetic force due to a single magnetic pole varied as 1/r^2.

A.5 Coulomb

In 1785, Coulomb confirmed (and made widely known) that the static force between pairs of electric charges q_1 and q_2 varies as q_1q_2/r^2 [6], and that the force between idealized magnetic poles p_1 and p_2 at the ends of long, thin magnets varies as p_1p_2/r^2 [7]. The electric and magnetic forces were considered to be unrelated, except that they obeyed the same functional form.

Coulomb also noted that magnetic poles appear not to be isolatable, conjecturing (p. 306 of [8]) that the fundamental constituent of magnetism, a molécule de fluide magnétique, is a dipole, such that effective poles appear at the ends of a long, thin magnet.

Coulomb’s argument is much superior to that by Gilbert, p. 247 of [2].

A.6 Faraday

A.6.1 Evolution of Electricity from Magnetism

Faraday’s first report, Arts. 27-28 of [11] (1831), of an effect of magnetic induction was via an iron ring with two coils wound upon it, as in Fig. 1 below. On connecting or disconnecting one coil to/from a battery, a transient current was observed in the other coil.

This was a “transformer” effect, and involved no motion of conductors relative to magnetic fields. In 1831, he gave no explanation of transformer action as an effect of timedependent magnetic flux (or number of magnetic field lines). Art. 1108 of [13] may be as close as Faraday came to relating electromagnetic induction in fixed circuits to a variation in the magnetic flux (number of magnetic field lines) through a circuit: From the facility of transference to neighbouring wires, and from the effects generally, the inductive forces appear to be lateral, i.e. exerted in a direction perpendicular to the direction of the originating and produced currents: and they also appear to be accurately represented by the magnetic curves, and closely related to, if not identical with, magnetic forces.

However, Art. 1114 of [13] indicates that Faraday’s views on this were not very clear.

A.6.2 Anticipation of the Biot-Savart/Lorentz Force Law

In Art. 99 of [11], Faraday gave a first interpretation of the behavior he had observed using a galvanometer connected to a rotating copper disk via sliding contacts:

The relation of the current of electricity produced, to the magnetic pole, to the direction of rotation of the plate, &c. &c., may be expressed by saying, that when the unmarked (south) pole is beneath the edge of the plate, and the latter revolves horizontally, screwfashion, the electricity which can be collected at the edge of the plate nearest to the pole is positive. As the pole of the earth may mentally be considered the unmarked pole, this relation of the rotation, the pole, and the electricity evolved, is not difficult to remember. Or if, in fig. 15 (above), the circle represent the copper disk revolving in the direction of the arrows, and a the outline of the unmarked pole placed beneath the plate, then the electricity collected at b and the neighbouring parts is positive, whilst that collected at the centre c and other parts is negative. The currents in the plate are therefore from the centre by the magnetic poles towards the circumference.

We recognize this as a version of the Biot-Savart-Lorentz law that the force d F on an electric current element I dl in a magnetic field B is given by vector relation,^{20}

d F = I dl × B. (2)

A.6.3 Magnetic Curves aka Field Lines

Faraday continued his discussion of the generation of electric currents in Arts. 114-116 of [11], referring to the magnetic curves in Fig. 25 above:

By magnetic curves, I mean the lines of magnetic forces, however modified by the juxtaposition of poles, which would be depicted by iron filings; or those to which a very small magnetic needle would form a tangent.

This is Faraday’s first representation of magnetic field lines.^{21} In Fig. 25, A is the north pole of the magnet, and B is the south. When, the tip of a knife blade is rotated up/out of the page, with its base remaining on the magnet, Faraday noted that an electric current flows from the tip to the base, i.e., from N to P , in agreement with eq. (2) and the verbal statement thereof in Art. 99.

A.6.4 Effect of “Cutting” the Magnetic Curves

In Art. 114 Faraday spoke of such action as involving a conductor cutting the magnetic curves, which notion has come to be regarded as a central feature of Faraday’s vision of magnetic induction of electric currents. Now, it seems better to de-emphasize the (appealing) notion of “cutting of field lines”, and rather to emphasize the interpretation of a motional EMF due to the Lorentz force on moving conduction electrons in a magnetic field.

That Faraday’s view was close to that of motional EMF is illustrated in Art. 3192 of [21]. In the case of a rectangular wire loop, c-d-e-f rotated about a median line a-b that is perpendicular to a uniform, constant magnetic field, as sketched in Fig. 3 above, Faraday remarked:

In the first 180^∘ of revolution round the axis a-b, the contrary direction in which the two parts c-d and e-f intersect the lines of magnetic force within the area c-e-d-f, will cause

20The “Biot-Savart-Lorentz” force law was first stated by Maxwell, in many different versions over the years, as reviewed in Appendix A.24 of [105].

21Faraday showed that the magnetic curves associated with a current-carrying wire are circles, Arts. 232- 233 of [12] and Fig. 40 on the previous page. In this, he was recalling his discussion of magnetic curves in [10] (1822), and Davy’s use of iron filings in studies of magnetic effects [9] (1820), following in the footsteps of Gilbert (1600), Appendix A.2, and Descartes (1644), Appendix A.3.

them to conspire in producing one current, tending to run round the rectangle. The parts c-e and d-f of the rectangle may be looked upon simply as conductors; for as they do not in their motion intersect any of the lines of force, so they do not tend to produce any current.

A delicacy is in the interpretation of the term intersect, as wire segments c-e and d-f do touch lines of force, and the number of lines they touch varies with time. One might well say that these moving wires do “cut” lines of force. However, the effect of the v × B is transverse to the wires, and does not drive any current. This was noted by Faraday, who must have had a good intuition as to the vector-cross-product character of the cause of the induced current.

Thus, Art. 3192 of [21] provided a clarification to earlier statements by Faraday, such as that in Art. 256 of [12]: If a terminated wire move so as to cut a magnetic curve, a power is called into action which tends to urge an electric current through it, which downplays the cross-product character of the “urge”.

A.6.5 Electric Lines of Force

The notion of electric lines of force, with tension along them and repulsion between them, appears in Art. 1297 of [14]:

The direct inductive force, which may be conceived to be exerted in lines between the two limiting and charged conducting surfaces, is accompanied by a lateral or transverse force equivalent to a dilatation or repulsion of these representative lines (Art. 122.); or the attractive force which exists amongst the particles of the dielectric in the direction of the induction is accompanied by a repulsive or a diverging force in the transverse direction (Art. 1304).

His summary in Art. 1304 of [14] includes the statements:

I have used the phrases lines of inductive force and curved lines of force (Arts. 1231, 1297, 1298, 1302) in a general sense only, just as we speak of the lines of magnetic-force. The lines are imaginary, and the force in any part of them is of course the resultant of compound forces, every molecule being related to every other molecule in all directions by the tension and reaction of those which are contiguous.

A.6.6 The Magnetic Field

We have already noted that Faraday used the term lines of magnetic force in a footnote to Art. 114 of [11] (1831).

In 1845, Art. 2247 of [16], the term magnetic field appears for the first time in print: The ends of these bars form the opposite poles of contrary name; the magnetic field between them can be made of greater or smaller extent, and the intensity of the lines of magnetic force be proportionately varied.

A.6.7 Magnetic Power

In 1850, Art. 2806 of [18], Faraday wrote:

Any portion of space traversed by lines of magnetic power, may be taken as such a (magnetic) field, and there is probably no space without them. The condition of the field may vary in intensity of power, from place to place, either along the lines or across them...

Art. 2807. When a paramagnetic conductor, as for instance, a sphere of oxygen, is introduced into such a magnetic field, considered previously as free from matter, it will cause a concentration of the lines of force on and through it, so that the space occupied by it transmits more magnetic power than before (fig. 1). If, on the other hand, a sphere of diamagnetic matter be placed in a similar field, it will cause a divergence or opening out of the lines in the equatorial direction (fig. 2); and less magnetic power will be transmitted through the space it occupies than if it were away.

Here, one can identify Faraday’s usage of the term magnetic power with the magnetic flux Φ_B = ∫ B · dArea.

A further consequence of his interaction with Thomson appears to be that in 1852, beginning in Art. 3070 of [19], Faraday wrote about lines of force more abstractly, but without full commitment to their physical existence independent of matter. Thus, in Art. 3075 he stated:

I desire to restrict the meaning of the term line of force, so that it shall imply no more than the condition of the force in any given place, as to strength and direction; and not to include (at present) any idea of the nature of the physical cause of the phenomena...

A few sentences later he continued:

...for my own part, considering the relation of a vacuum to the magnetic force and the general character of magnetic phenomena external to the magnet, I am more inclined to the notion that in the transmission of the force there is such an action, external to the magnet, than that the effects are merely attraction and repulsion at a distance. Such an action may be a function of the ether; for it is not at all unlikely that, if there be an ether, it should have other uses than simply the conveyance of radiations (Arts. 2591, 2787).

In Art. 3175, at the end of [19], he added:

...wherever the expression line of force is taken simply to represent the disposition of the forces, it shall have the fullness of that meaning; but that wherever it may seem to represent the idea of the physical mode of transmission of the force, it expresses in that respect the opinion to which I incline at present.

This has led many to infer that Faraday then believed in the physical existence of the lines of force even though he could not “prove” that.

Faraday’s famous notion, that induced electrical currents are associated with wires “cutting” lines of magnetic force, is presented in Art. 3104, and a version of what is now called Faraday’s law,

EMF = − d dt ∫ B · Area, (3)

is given verbally in Art. 3115,^{22}

22One should not infer from this that Faraday had an explicit notion of the magnetic field B as a measure

The quantity of electricity thrown into a current is directly as the amount of curves intersected.

In Art. 3117 Faraday noted that magnetic lines of force form closed circuits: Every line of force therefore, at whatever distance it may be taken from the magnet, must be considered as a closed circuit, passing in some part of its course through the magnet, and having an equal amount of force in every part of its course.

However, the last phrase indicates that Faraday did not have a clear view of what we call the strength of a magnetic field.

In Art. 3118 Faraday (re)affirmed that magnetic field lines do not rotate with a rotating magnet, and performs various experiments with what is now called a unipolar (or homopolar) generator to demonstrate this, which experiments are an early investigation of the relativity of rotating frames.

In 1852, Faraday also published a set of more speculative comments [20] in the Phil. Mag. (rather than Phil. Trans. Roy. Soc. London, the usual venue for his Experimental Researches), arguing more strongly for the physical reality of the lines of force.

In Art. 3258 of [20] he considered the effect of a magnet in vacuum, concluding (perhaps for the first time) that the lines of force have existence independent of a material medium: A magnet placed in the middle of the best vacuum we can produce...acts as well upon a needle as if it were surrounded by air, water or glass; and therefore these lines exist in such a vacuum as well as where there is matter.

Faraday used examples of magnets and iron filings in various configurations to reinforce

of the density of lines of magnetic force. Rather, he emphasized the total number of lines within some area (the magnetic flux) as the amount of magnetic force (Art. 3109).

his vision of a tension along the lines of forces, and in Art. 3295 added the insight that there is a lateral repulsion between adjacent lines, referring to Fig. 5 on the previous page.

Faraday’s last published comments on lines of force are in [23] (1854).^{23}

A.7 W. Thomson (Lord Kelvin)

In 1850, Thomson was the first to use the term “magnetic field” in the contemporary sense, on p. 179 of [17]:

Definition.—Any space at every point of which there is a finite magnetic force is called “a field of magnetic force”; or, magnetic being understood, simply “a field of force”; or, sometimes, “a magnetic field”.

Definition.—A “line of force” is a line drawn through a magnetic field in the direction of the force at each point through which it passes; or a line touched at each point of itself by the direction of the magnetic force.

However, Thomson made no drawings of field lines until 1872; see pp. 488-491 of [24].

A.8 Maxwell

Maxwell published his developments of the theory of electrodynamics in four steps: On Faraday’s Lines of Force [25] (read 1856), On Physical Lines of Force [26, 27, 28, 29] (1861- 62), A Dynamical Theory of the Electromagnetic Field [31] (1864), and in his Treatise on Electricity and Magnetism [32, 33] (1873). An Elementary Treatise on Electricity [34] was published posthumously (1881). While his dynamical theory was extrapolated from Faraday’s concept of field lines, Maxwell emphasized the electromagnetic fields rather than lines thereof.^{24} Drawings of static field lines appeared in [26, 27, 32, 33, 34], while Maxwell never discussed dynamical field lines.^{25}

In Art. 293 of his Treatise [32], Maxwell discussed lines and tubes of flow of a hydrodynamic velocity field, using the convention mentioned in item 7 of the Overview above.

A.9 Streamlines

Independent of the development of the concept of magnetic-field lines outlined above, the idea of “streamlines” emerged in fluid dynamics. In 1781, Lagrange [5] introduced the notion of a scalar “stream function” ψ, that can be regarded as a “velocity potential”, such that the velocity of a two-dimensional, planar, incompressible flow fluid is related by v = −∇ψ when also ∇ · v = 0. The concept of “streamlines” of the velocity field v was discussed by Stokes (1842) [15],^{26} who, like Lagrange, included no diagrams. The first published representation of streamlines in a figure may be due to Rankine (1863) [30], as shown below.

23van Rees [22] objected to Faraday’s concept of closed-loop magnetic field lines, arguing that all field lines must have a source.

24In downplaying field lines, Maxwell may have been acting on his statement, p. 47 of [34]: “Imaginary quantities, such as are mentioned in treatises on analytical geometry, have no place in physical science.”

25Maxwell’s famously arcane mechanical model of the magnetic field in [27] was not a model of field lines. 26Stokes also discussed two-dimensional, axisymmetric, incompressible flow via a stream function ψ(r, z) = ψ(r, θ) in cylindrical coordinates (r, ϕ, z) and spherical coordinates (r, θ, ϕ), where the z-axis is the symmetry axis. Here, the fluid velocity is related by v = ∇ × Ψ with Ψ = ψ ϕ̂/r sin θ. Again, ∇ · v = 0.

The lore of fluid streamlines is highly mathematical, and did not lead to an impression that the streamlines were “physical”. Indeed, visualizations of fluid flow variously involve “streamlines”, “streaklines” and “pathlines”, which differ in non-steady flow. See, for example, https://en.wikipedia.org/wiki/Streamlines,_streaklines,_and_pathlines.

References

[1] P. de Maricourt (Peregrinus), Epistola ad Sigerum (1269),

kirkmcd.princeton.edu/examples/EM/peregrinus_magnet.pdf

[2] W. Gilbert, De Magnete (1600), English translation (1893),

kirkmcd.princeton.edu/examples/EM/gilbert_de_magnete.pdf

[3] R. Descartes, Principia Philosophiæ (1644),

kirkmcd.princeton.edu/examples/EM/descartes_principia.pdf

[4] F.U.T. Aepinus, Tentamen Theoriae Electricitatus et Magnetismi (St. Petersburg, 1759), http://kirkmcd.princeton.edu/examples/EM/aepinus_em_59.pdf

http://kirkmcd.princeton.edu/examples/EM/aepinus_ch4_english.pdf

[5] J. Lagrange, Sur la Theorie du Mouvement des Fluides, Nouv, Mém. Acad. Roy. Berlin, 151-198 (1781),

https://books.google.fr/books?id=8f0NAAAAQAAJ&printsec=frontcover&hl=fr&source=gbs_ge_summary_r&cad=0#v=onepage&q&f=false

http://kirkmcd.princeton.edu/examples/fluids/lagrange_nmarb_151_81.pdf

[6] C.-A. de Coulomb, Premier Mémoire sur l’Électricité et le Magnétisme, Mém. Acad.

Roy. Sci., 569-577 (1785), kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_569_85.pdf Partial translation on p. 408 of [59]. Complete translation in [107].

[7] C.-A. de Coulomb, Second Mémoire sur l’Électricité et le Magnétisme, Mém. Acad. Roy.

Sci., 578-611 (1785), kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_578_85.pdf Partial translation on p. 417 of [59]. Complete translation in [107].

[8] C.-A. de Coulomb, Collection de Mémoires relatifs a la Physique (Gauthier-Villars, Paris, 1884), kirkmcd.princeton.edu/examples/EM/coulomb_memoires.pdf

[9] H. Davy, On the magnetic phenomena produced by Electricity, Phil. Trans. Roy. Soc.

London 111, 7-19 (1821), https://www.jstor.org/stable/107599

http://kirkmcd.princeton.edu/examples/EM/davy_ptrsl_111_7_21.pdf

[10] M. Faraday, On some new Electro-Magnetical Motions, and on the Theory of Magnetism, Quart. J. Sci. Lit. Arts 12, 74-96, 186-187 (1822),

http://kirkmcd.princeton.edu/examples/EM/faraday_qjla_12_74_22.pdf

Sur les Mouvemens électro-magnétiques et la théorie du magétisme, Ann. Chem. Phys. 18, 337-379 (1821), http://kirkmcd.princeton.edu/examples/EM/faraday_acp_18_337_21.pdf Ueber electrische-magnetische Bewegungen, und die Theorie des Magnetismus, Ann. d. Phys. 71, 124-171 (1822), https://doi.org/10.1002/andp.18220710603

http://kirkmcd.princeton.edu/examples/EM/faraday_ap_71_124_22.pdf

Nachtrag, Ann. d. Phys. 72, 113-129 (1822), https://doi.org/10.1002/andp.18220721002

http://kirkmcd.princeton.edu/examples/EM/faraday_ap_72_113_22.pdf

[11] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125-162 (1832). https://www.jstor.org/stable/107956

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[12] M. Faraday, Experimental Researches in Electricity—Second Series, Phil. Trans. Roy.

Soc. London 122, 163-194 (1832), https://www.jstor.org/stable/107957

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[13] M. Faraday, Experimental Researches in Electricity—Ninth Series, Phil. Trans. Roy.

Soc. London 125, 41-56 (1835), https://www.jstor.org/stable/108115

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_125_41_35.pdf

[14] M. Faraday, Experimental Researches in Electricity.—Eleventh Series, Phil. Trans. Roy.

Soc. London 128, 1-40 (1838), khttps://www.jstor.org/stable/108185

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_1_38.pdf

[15] G.G. Stokes, On the Steady Motion of Incompressible Fluids, Trans. Camb. Phil. Soc.

London 7, 439-453 (1842), http://kirkmcd.princeton.edu/examples/fluids/stokes_tcps_7_439_42.pdf

[16] M. Faraday, Experimental Researches in Electricity.—Twentieth Series, Phil. Trans.

Roy. Soc. London 136, 21-40 (1846), https://www.jstor.org/stable/108304

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_21_46.pdf

[17] W. Thomson, On the Theory of Magnetic Induction in Crystalline and Non-crystalline Substances, Phil. Mag. 1, 177-186 (1851), https://doi.org/10.1080/14786445108646716

kirkmcd.princeton.edu/examples/EM/thomson_pm_1_177_51.pdf

[18] M. Faraday, Experimental Researches in Electricity.—Twenty-sixth Series, Phil. Trans.

Roy. Soc. London 141, 29-84 (1851), https://www.jstor.org/stable/108389

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_141_21_51.pdf

[19] M. Faraday, Experimental Researches in Electricity—Twenty-eighth Series, Phil. Trans.

Roy. Soc. London 142, 25-56 (1852), https://www.jstor.org/stable/108532

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_142_25_52.pdf

[20] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401-428 (1852). https://doi.org/10.1080/14786445208647033

kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[21] M. Faraday, Experimental Researches in Electricity—Twenty-ninth Series, Phil. Trans.

Roy. Soc. London 142, 137-159 (1852), https://www.jstor.org/stable/108540

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_142_137_52.pdf

[22] R. van Rees, Ueber die Faraday’sche Theorie der magnetischen Kraftlinien, Ann. d.

Phys. 142, 415-436 (1853), https://doi.org/10.1002/andp.18531661104

http://kirkmcd.princeton.edu/examples/EM/vanrees_ap_90_415_53.pdf

[23] M. Faraday, On some Points of Magnetic Philosophy, Phil. Mag. 9, 81-113 (1855),

https://doi.org/10.1080/14786445508641834
kirkmcd.princeton.edu/examples/EM/faraday_pm_9_81_55.pdf

[24] W. Thomson, Reprint of Papers on Electrostatics and Magnetism, Macmillan, London, 1872), http://kirkmcd.princeton.edu/examples/EM/thomson_electrostatics_magnetism_72.pdf

[25] J.C. Maxwell, On Faraday’s Lines of Force, Trans. Camb. Phil. Soc. 10, 27-83 (1858),

https://ia802705.us.archive.org/19/items/transactionsofca10camb/transactionsofca10camb.pdf

kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_58.pdf

[26] J.C. Maxwell, On Physical Lines of Force. Part I.—The Theory of Molecular Vortices applied to Magnetic Phenomena, Phil. Mag. 21, 161-175 (1861),

https://doi.org/10.1080/14786446108643033
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_161_61.pdf

[27] J.C. Maxwell, On Physical Lines of Force. Part II.—The Theory of Molecular Vortices applied to Electric Currents, Phil. Mag. 21, 281-291, 338-348 (1861),

https://doi.org/10.1080/14786446108643056
https://doi.org/10.1080/14786446108643067
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_281_61.pdf
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_338_61.pdf

[28] J.C. Maxwell, On Physical Lines of Force. Part III.—The Theory of Molecular Vortices applied to Statical Electricity, Phil. Mag. 23, 12-24 (1862),

https://doi.org/10.1080/14786446208643207
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_23_12_62.pdf

[29] J.C. Maxwell, On Physical Lines of Force. Part IV.—The Theory of Molecular Vortices applied to the Action of Magnetism on Polarized Light, Phil. Mag. 23, 85-92 (1862),

https://doi.org/10.1080/14786446208643219
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_23_85_62.pdf

[30] W.J.M. Rankine, On Plane Water-Lines in two Dimensions, Phil. Trans. Roy. Soc.

London 154, 369-391 (1864), https://www.jstor.org/stable/108873

http://kirkmcd.princeton.edu/examples/fluids/rankine_ptrsl_154_369_64.pdf

[31] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459-512 (1865), doi/10.1098/rstl.1865.0008

kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[32] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 1 (Clarendon Press, Oxford, 1873), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_73.pdf

[33] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, Oxford, 1873), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

[34] J.C. Maxwell, An Elementary Treatise on Electricity (Clarendon Press, Oxford, 1881),

http://kirkmcd.princeton.edu/examples/EM/maxwell_elementary_treatise_81.pdf

[35] H. Hertz, Die Krafte electrischer Schwingungen, behandelt nach der Maxwell’schen Theorie, Ann. d. Phys. 36, 1-22 (1889),

https://doi.org/10.1002/andp.18882720102
http://kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf

A translation by O. Lodge appeared as The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402-404, 450-452, 547-548 (1889),

https://doi.org/10.1038/039402a0
https://doi.org/10.1038/039450b0
https://doi.org/10.1038/039547a0
http://kirkmcd.princeton.edu/examples/EM/hertz_nature_39_402_89.pdf

Reprinted as Chap. IX of [38].

[36] G. Cantor, Ueber eine elementare Frage der Mannigfaltigkeitslehre, Jahresb. Deutsch.

Math.Verein. 1, 75-78 (1891), http://kirkmcd.princeton.edu/examples/EM/cantor_jdmv_1_75_91.pdf

http://kirkmcd.princeton.edu/examples/EM/cantor_jdmv_1_75_91_english.pdf

[37] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge U. Press, 1895). See Chap. II.

http://kirkmcd.princeton.edu/examples/EM/thomson_EM_1st_ed_95.pdf

[38] H. Hertz, Electric Waves (Macmillan, London, 1900; Dover, New York, 1962),

http://kirkmcd.princeton.edu/examples/EM/hertz_electric_waves.pdf

[39] A.M. Liénard, Cours d’Électricité Industrielle (J. Thomas, St.-Étienne, 1904). See Chap.

II. https://babel.hathitrust.org/cgi/pt?id=wu.89102098894&seq=9

http://kirkmcd.princeton.edu/examples/EM/lienard_04.pdf

[40] I.E. Tamm, Fundamentals of the Theory of Electricity, First Russian edition 1929. See §34. http://kirkmcd.princeton.edu/examples/EM/tamm_29.pdf

http://kirkmcd.princeton.edu/examples/EM/tamm_29_sec34.pdf

English translation: (Mir, Moscow, 1979). See p. 265.

http://kirkmcd.princeton.edu/examples/EM/tamm_electricity.pdf

[41] R.G. Giovanelli, A Theory of Chromospheric Flares, Nature 158, 81-82 (1946),

https://doi.org/10.1038/158081a0
http://kirkmcd.princeton.edu/examples/astro/giovanelli_nature_158_81_46.pdf

[42] R.G. Giovanelli, Magnetic and Electric Phenomena in the Sun’s Atmosphere associated with Sunspots, Mon. Not. Royal Astro. Soc. 107, 338-342 (1947).

https://doi:10.1093/mnras/107.4.338
http://kirkmcd.princeton.edu/examples/EM/giovanelli_mnras_107_338_47.pdf

[43] R.G. Giovanelli, Chromospheric Flares, Mon. Not. Royal Astro. Soc. 108, 163-176 (1948). https://doi.org/10.1093/mnras/108.2.163

http://kirkmcd.princeton.edu/examples/EM/giovanelli_mnras_108_163_48.pdf

[44] F. Hoyle, Some Recent Researches in Solar Flares (Cambridge U. Press, 1949), p. 103,

http://kirkmcd.princeton.edu/examples/astro/hoyle_flares_49.pdf

[45] J. Slepian, Magnetic Field of a Solenoid, Elec. Eng. 67, 58, 187 (1948),

http://kirkmcd.princeton.edu/examples/EM/slepian_ee_67_58_48.pdf

[46] J. Slepian, Electromagnetic Induction Intensifier, Elec. Eng. 68, 677-678, 763-764 (1949), http://kirkmcd.princeton.edu/examples/EM/slepian_ee_68_677_49.pdf

[47] J. Slepian, Magnetic Control of Mutual Induction, Elec. Eng. 68, 762-763, 877 (1949),

http://kirkmcd.princeton.edu/examples/EM/slepian_ee_68_762_49.pdf

[48] J. Slepian, Lines of force in electric and magnetic fields, Am. J. Phys. 19, 87-90, (1951),

http://dx.doi.org/10.1119/1.1932718
http://kirkmcd.princeton.edu/examples/EM/slepian_ajp_19_87_51.pdf

[49] S.M. Ulam and J. Pasta, Magnetic Lines of Force, LA-1557 (1953), in S.M. Ulam et al., Analogies Between Analogies: The Mathematical Reports of S.M. Ulam and his Los Alamos Collaborators (U. Calif. Press, Berkeley, 1990).

http://ark.cdlib.org/ark:/13030/ft9g50091s/
http://kirkmcd.princeton.edu/examples/EM/ulam_la-1557_53.pdf

[50] J.W. Dungey, Conditions for the Occurrence of Electrical Discharges in Astrophysical Systems, Phil. Mag. 44, 725-738 (1953),

https://doi.org/10.1080/14786440708521050
http://kirkmcd.princeton.edu/examples/EM/dungey_pm_44_725_53.pdf

[51] K.L. McDonald, Topology of steady current magnetic fields, Am. J. Phys. 22, 586-596 (1954), http://dx.doi.org/10.1119/1.1933854

http://kirkmcd.princeton.edu/examples/EM/mcdonald_ajp_22_586_54.pdf

K.L. McDonald is of no relation to the present author.

[52] P.A. Sweet, The Neutral Point Theory of Solar Flares, pp. 123-134 of IAU Symposium 6, Electromagnetic Phenomena in Cosmical Physics, ed. B. Lehnert (Kluwer, 1958),

http://kirkmcd.princeton.edu/examples/EM/sweet_piua_6_123_56.pdf

[53] P.A. Sweet, The Production of High Energy Particles In Solar Flares, Nuovo Cim. Suppl.

8, 188-196 (1958), https://doi.org/10.1007/BF02962520

http://kirkmcd.princeton.edu/examples/EM/sweet_ncs_8_188_58.pdf

[54] E.N. Parker, Sweet’s Mechanism for Merging Magnetic Fields in Conducting Fluids, J.

Geophys. Res. 62, 509-520 (1957), https://doi.org/10.1029/JZ062i004p00509

http://kirkmcd.princeton.edu/examples/EM/parker_jgr_62_509_57.pdf

[55] C.L. Longmire, Plasma Physics (1957).

https://babel.hathitrust.org/cgi/pt?id=uc1.31822010739753&seq=1
http://kirkmcd.princeton.edu/examples/plasma/longmire_57.pdf

[56] W.A. Newcomb, Motion of Magnetic Lines of Force, Ann. Phys. 3, 347-385 (1958),

https://doi.org/10.1016/0003-4916(58)90024-1
http://kirkmcd.princeton.edu/examples/EM/newcomb_ap_3_347_58.pdf

[57] O. Jefimenko, Demonstration of the Electric Fields of Current-Carrying Conductors, Am. J. Phys. 30, 19-21 (1962), https://doi.org/10.1119/1.1941887

http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_30_19_62.pdf

[58] E.N. Lorenz, Determinisitc Nonperiodic Flow, J. Atmos. Sci. 20, 130-141 (1963),

https://doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://kirkmcd.princeton.edu/examples/fluids/lorenz_jas_20_130_63.pdf

[59] W.F. Magie, A Source Book in Physics (Harvard U. Press, Cambridge, MA, 1963),

http://kirkmcd.princeton.edu/examples/EM/magie_63.pdf

[60] E.N. Parker, The Solar Flare Phenomenon and the Theory of Reconnection and Annihilation of Magnetic Fields, Ap. J. Suppl. 8, 177-211 (1963),

http://kirkmcd.princeton.edu/examples/EM/parker_apjs_8_177_63.pdf

[61] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2, Chap. 1 (Addison-Wesley, Reading, 1964).

https://www.feynmanlectures.caltech.edu/II_01.htmll

Sec. 1-2: “We adopt the convention that the number of lines per unit area at right angles to the lines is proportional to the field strength. This is, of course, only an approximation, and it will require, in general, that new lines sometimes start up in order to keep the number up to the strength of the field.” Sec. 1-5: “The field lines, however, are only a crude way of describing a field, and it is very difficult to give the correct, quantitative laws directly in terms of field lines. Also, the ideas of the field lines do not contain the deepest principle of electrodynamics, which is the superposition principle. Even though we know how the field lines look for one set of charges and what the field lines look like for another set of charges, we don’t get any idea about what the field line patterns will look like when both sets are present together.” Also: “Not only is it not possible to say whether the field lines move or do not move with chargesthey may disappear completely in certain coordinate frames.”

[62] D.P. Stern, The Motion of Magnetic Field Lines, Space Sci. Rev. 6, 147-173 (1966),

https://doi.org/10.1007/BF00222592
http://kirkmcd.princeton.edu/examples/EM/stern_ssr_6_147_66.pdf

[63] J.C. Hamilton and J.L. Schwartz, Electric Fields of Moving Charges: A Series of Four Film Loops, Am. J. Phys. 39, 1540-1542 (1971),

https://doi.org/10.1119/1.1976715
http://kirkmcd.princeton.edu/examples/EM/hamilton_ajp_39_1540_71.pdf

[64] R.Y. Tsien, Pictures of Dynamic Electric Fields, Am. J. Phys. 40, 46-56 (1972),

https://doi.org/10.1119/1.1986445
http://kirkmcd.princeton.edu/examples/EM/tsien_ajp_40_46_72.pdf

[65] V.M. Vasyliunas, Non-uniqueness of magnetic field line motion, J. Geophys. Res. 77, 6271-6274 (1972). https://doi.org/10.1029/JA077i031p06271

http://kirkmcd.princeton.edu/examples/EM/vasyliunas_jgr_77_6271_72.pdf

[66] E.N. Lorenz, Predictability: Does the Flap of a Butterfly’s Wings in Brazil Set Off a Tornado in Texas? Am. Assoc. Advance. Sci. Meeting (Dec. 29, 1972).

https://mathsciencehistory.com/wp-content/uploads/2020/03/132_kap6_lorenz_artikel_the_butterfly_effect.pdf

http://kirkmcd.princeton.edu/examples/fluids/lorenz_721229.pdf

[67] P.M. Rinard et al., Plotting Field Intensity and Equipotential Lines, Am. J. Phys. 42, 792-793 (1974), https://doi.org/10.1119/1.1987846

http://kirkmcd.princeton.edu/examples/EM/rinard_ajp_42_792_74.pdf

[68] V.M. Vasyliunas, Theoretical Models of Magnetic Field Line Merging, 1, Rev. Geophys.

Space Phys. 13, 303-336 (1975), https://doi.org/10.1029/RG013i001p00303

http://kirkmcd.princeton.edu/examples/EM/vasyliunas_rgsp_13_303_75.pdf

[69] D.E. Kelly, Computing E-field lines, Phys. Teach. 18, 463 (1980).

https://doi.org/10.1119/1.2340571
http://kirkmcd.princeton.edu/examples/EM/kristjansson_pt_23_202_85.pdf

[70] M. Iona, Number of field lines, Phys. Teach. 19, 354 (1981).

https://doi.org/10.1119/1.2340808
http://kirkmcd.princeton.edu/examples/EM/iona_pt_19_354_81.pdf

[71] D.E. Kelly, A common misconception, Phys. Teach. 19, 354 (1981).

https://doi.org/10.1119/1.2340809
http://kirkmcd.princeton.edu/examples/EM/kelly_pt_19_354_81.pdf

[72] L. Kristjansson, On the drawing of lines of force and equipotentials, Phys. Teach. 23, 202-206 (1985). https://doi.org/10.1119/1.2341779

http://kirkmcd.princeton.edu/examples/EM/kristjansson_pt_23_202_85.pdf

[73] O.D. Jefimenko, Electricity and Magnetism, 2^{nd} ed. (Electret Scientific, Star City, 1989),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_em_89.pdf

[74] R.C. Cross, Magnetic lines of force and rubber bands, Am. J. Phys. 57, 722-725 (1989),

https://doi.org/10.1119/1.15928
http://kirkmcd.princeton.edu/examples/EM/cross_ajp_57_722_89.pdf

[75] H. Pfister and W. Gekelman, Demonstration of helicity conservation during magnetic reconnection using Christmas ribbons, Am. J. Phys. 59, 497-502 (1991),

https://doi.org/10.1119/1.16808
http://kirkmcd.princeton.edu/examples/EM/pfister_ajp_59_497_91.pdf

[76] S. Törnkvist, K.-A. Pettersson and G. Tranströmer, Confusion by representation: On student’s comprehension of the electric field concept, Am. J. Phys. 61, 335-338 (1993),

https://doi.org/10.1119/1.17265
http://kirkmcd.princeton.edu/examples/EM/tornkvist_ajp_61_335_93.pdf

[77] T.E. Freeman, One-, two-, or three-dimensional fields? Am. J. Phys. 63, 273-274 (1995),

https://doi.org/10.1119/1.17939
http://kirkmcd.princeton.edu/examples/EM/freeman_ajp_63_273_95.pdf

[78] E.R. Priest and P. Démoulin, Three-dimensional magnetic reconnection without null points 1. Basic theory of magnetic flipping, J. Geophys. Res. 100, 23443-23463 (1995),

https://doi.org/10.1029/95JA02740
http://kirkmcd.princeton.edu/examples/EM/priest_jgr_100_23,443_95.pdf

[79] A. Wolf, S.J. Van Hook and E.R. Weeks, Electric field line diagrams don’t work, Am.

J. Phys. 64, 714-724 (1996), https://doi.org/10.1119/1.18237

http://kirkmcd.princeton.edu/examples/EM/wolf_ajp_64_714_96.pdf

[80] C.E. Parnell et al., The structure of three-dimensional magnetic neutral points, Phys.

Plasmas 3, 759-770 (1996), https://doi.org/10.1063/1.871810

http://kirkmcd.princeton.edu/examples/EM/parnell_pp_3_759_96.pdf

[81] K.T. McDonald, The Electromagnetic Fields Outside a Wire That Carries a Linearly Rising Current (Nov. 28, 1996),

http://kirkmcd.princeton.edu/examples/wirefields.pdf

[82] P.J. Morrison, Magnetic field lines, Hamiltonian dynamics, and nontwist systems, Phys.

Plasmas 7, 2279-2289 (2000), https://doi.org/10.1063/1.874062

http://kirkmcd.princeton.edu/examples/EM/morrison_pp_7_2279_00.pdf

[83] J.W. Belcher and S. Olbert, Field line motion in classical electromagnetism, Am. J.

Phys. 71, 221-228 (2003), https://doi.org/10.1119/1.1531577

http://kirkmcd.princeton.edu/examples/EM/belcher_ajp_71_220_03.pdf

[84] D.W. Longcope, Topological methods for the analysis of solar magnetic fields, Living Rev. Sol. Phys. 2, 7 (2005). https://doi.org/10.12942/lrsp-2005-7

http://kirkmcd.princeton.edu/examples/EM/longcope_lrsp_2_7_05.pdf

[85] J.W. Belcher, Bringing Space Physics Concepts Into Introductory Electromagnetism, EOS 86, 201-203 (2005),

http://kirkmcd.princeton.edu/examples/EM/belcher_eos_86_201_05.pdf

[86] F.G. Gascon and D. Peralta-Salas, Some properties of the magnetic fields generated by symmetric configurations of wires, Physica D 206, 109-120 (2005).

https://doi:10.1016/j.physd.2005.04.021
http://kirkmcd.princeton.edu/examples/EM/gascon_physica_d206_109_05.pdf

[87] C.-G. Fälthammar, Comments on the motion of magnetic field lines, Am. J. Phys. 74, 454-455 (2006), https://doi.org/10.1119/1.2180285

http://kirkmcd.princeton.edu/examples/EM/falthammar_ajp_74_454_06.pdf

[88] C.-G. Fälthammar, On the Concept of Moving Magnetic Field Lines, EOS 88, 169-, 211 (2007)/ http://kirkmcd.princeton.edu/examples/EM/falthammar_eos_88_169_07.pdf

[89] J. Aguirre and D. Peralta-Salas, Realistic examples of chaotic magnetic fields created by wires, Europhys. Lett. 80, 60007 (2007), DOI:10.1209/0295-5075/80/60007

http://kirkmcd.princeton.edu/examples/EM/aguirre_epl_80_60007_07.pdf

[90] J. Aguirre, J. Giné and D. Peralta-Salas, Integrability of magnetic fields created by current distributions, Nonlinearilty 80, 60007 (2007),

http://dx.doi.org/10.1088/0951-7715/21/1/003
http://kirkmcd.princeton.edu/examples/EM/aguirre_nonlinearity_21_51_08.pdf

[91] M. Hosoda et al., Ubiquity of chaotic magnetic-field lines generated by threedimensionally crossed wires in modern electric circuits, Phys. Rev. E 80, 067202 (2009).

https://doi.org/10.1103/PhysRevE.80.067202
http://kirkmcd.princeton.edu/examples/EM/hosoda_pre_80_067202_09.pdf

[92] E.G. Zweibel and M. Yamada, Magnetic Reconnection in Astrophysical and Laboratory Plasmas, Ann. Rev. Astron. Astrop. 47, 291332 (2009).

https://doi.org/10.1146/annurev-astro-082708-101726
http://kirkmcd.princeton.edu/examples/EM/zweibel_araa_47_281_09.pdf

[93] F.S. Mozer and P.L. Pritchett, Magnetic field reconnection: A first-principles perspective, Phys. Today 63(6), 34-39 (2010). https://doi.org/10.1063/1.3455250

http://kirkmcd.princeton.edu/examples/EM/mozer_pt_63-6_34_10.pdf

[94] M. Lieberherr, The magnetic field lines of a helical coil are not simple loops, Am. J.

Phys. 78, 1117-1119 (2010). https://doi.org/10.1119/1.3471233

http://kirkmcd.princeton.edu/examples/EM/lieberherr_ajp_78_1117_10.pdf

[95] A.K. Ram and B. Dasgupta, Dynamics of charged particles in spatially chaotic magnetic fields, Phys. Plasmas 17, 122104 (2010). https://doi.org/10.1063/1.3529366

http://kirkmcd.princeton.edu/examples/EM/ram_pp_17_122104_10.pdf

[96] A. Zangwill, Modern Electrodynamics (Cambridge U. Press, 2012),

http://kirkmcd.princeton.edu/examples/EM/zangwill_em_12.pdf

[97] C. Valls, A note on the Stefanescu conjecture, Ann. Math. 193, 1249-1254 (2014).

https://doi.org/10.1007/s10231-013-0326-x
http://kirkmcd.princeton.edu/examples/EM/valls_am_193_1249_14.pdf

[98] K.T. McDonald, Can Magnetic Field Lines Break and Reconnect? (Dec. 29, 2015),

http://kirkmcd.princeton.edu/examples/reconnect.pdf

[99] I.S. Veselovskyand A.T. Lukashenko, Chaotic Behavior of Magnetic Field Lines near Simplest Current Systems, Geomag. Aeron. 56, 938-944 (2016).

https://doi.org/10.1134/S0016793216070161
http://kirkmcd.princeton.edu/examples/EM/veselovsky_ga_56_938_16.pdf

[100] J.F.Nye, Events in fields of optical vortices: rings and reconnection, J Opt. 18, 105602 (2016). https://doi.org/10.1088/2040-8978/18/10/105602

http://kirkmcd.princeton.edu/examples/optics/nye_jo_18_105602_16.pdf

[101] Y. Guo, X. Cheng and M.-Y. Ding, Origin and structures of solar eruptions II: Magnetic modeling, Sci. China Earth Sci. 60, 1408-1439 (2017).

https://doi.org/10.1007/s11430-017-9081-x
http://kirkmcd.princeton.edu/examples/EM/guo_sces_60_1408_17.pdf

[102] L. Zilberti, The Misconception of Closed Magnetic Flux Lines, IEEE Mag. Lett. 8, 1306005 (2017). https://doi.org/10.1109/LMAG.2017.2698038

http://kirkmcd.princeton.edu/examples/EM/zilberti_ieeeml_8_1306005_17.pdf

[103] J. Lekner, The birth of radiation, Eur. J. Phys. 40, 025201 (2019).

https://doi.org/10.1088/1361-6404/aafee9
http://kirkmcd.princeton.edu/examples/EM/lekner_ejp_40_025201_19.pdf

[104] K.T. McDonald, Slepian’s Faster-Than-Light Wave (June 23, 2017),

http://kirkmcd.princeton.edu/examples/ftl.pdf

[105] K.T. McDonald, Is Faraday’s Disk Dynamo a Flux-Rule Exception? (July 27, 2019),

http://kirkmcd.princeton.edu/examples/faradaydisk.pdf

[106] B. Schweber, What are RF waveguides? Part 1: context and principles (Aug. 14, 2019),

https://www.analogictips.com/what-are-rf-waveguides-part-1-context-and-principles/
http://kirkmcd.princeton.edu/examples/EM/schweber_190814.pdf

[107] A.K.T. Assis and L.L. Bucciarelli, Coulomb’s Memoirs on Torsion, Electricity, and Magnetism Translated into English (Apeiron, Montreal, 2023).

https://www.ifi.unicamp.br/~assis/Coulomb-in-English.pdf
http://kirkmcd.princeton.edu/examples/EM/assis_coulomb.pdf

[108] D.J. Griffiths, Introduction to Electrodynamics, 5^{th} ed. (Cambridge U. Press, 2023).

See Sec. 5.3.4. https://doi.org/10.1017/9781009397735

[109] J. Franklin, D. Griffiths and D. Schroeter, A taxonomy of magnetostatic field lines, Am. J. Phys. 92, 583-592 (2024). https://doi.org/10.1119/5.0186335

http://kirkmcd.princeton.edu/examples/EM/franklin_ajp_92_583_24.pdf

[110] M. Bischoff, Surreal Numbers Are a Real Thing. Here’s How to Make Them, Sci. Am.

(Feb. 14, 2024).

https://www.scientificamerican.com/article/surreal-numbers-are-a-real-thing-heres-how-to-make-them/

http://kirkmcd.princeton.edu/examples/mechanics/bischoff_230410.pdf

[111] D. Griffiths, McDonald’s Problem (Aug. 25, 2024).

http://kirkmcd.princeton.edu/examples/EM/griffiths_240825.pdf