Potentials of a Hertzian Dipole in the Gibbs Gauge

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (August 23, 2012; updated February 25, 2019)

1 Problem

In 1896, Lord Kelvin commented on the speed of propagation of electromagnetic fields when a spark discharges a pair of oppositely charge spheres [1], as in the famous studies of Hertz [2]. Kelvin noted that the speed in an incompressible solid is infinite, while that in an elastic solid is finite, and encouraged the reader to develop a theory of electromagnetism based on an elastic solid, apparently considering Maxwell’s theory to be insufficiently equivalent to that of an elastic solid (æther).

Shortly thereafter, Gibbs remarked on solutions to Maxwell’s equations via the vector potential A^{(G)}, assuming that the scalar potential V^{(G)} is set to zero [3].^1 Gibbs claimed that he followed Maxwell in this, although Maxwell worked in the Coulomb gauge,^2 where V^{(C)} is the instantaneous electrostatic potential and ∇ · A^{(C)} = 0. Rather, it appears that Gibbs made the first known use of what has come to be called the Hamiltonian, or temporal, or Weyl gauge,^3 in which V^{(G)} = 0 and the vector potential A^{(G)} is simply related to the electric field E by,

E = − 1 c ∂A^{(G)} ∂t , (1)

where c is the speed of light in vacuum.

Give an expression for A^{(G)} in the Gibbs gauge (as well as for E and the magnetic field B) for a time-dependent Hertzian electric dipole p(t).

2 Solution

As discussed in [8] (following [9]), the electric and magnetic fields of a “point” (Hertzian) electric dipole p at the origin can be written as,

E(r, t) =

([p̈] × r̂) × r̂ c^2r + 3([ṗ] · r̂)r̂ − [ṗ] cr^2 + 3([p] · r̂)r̂ − [p] r^3

, (2)

B(r, t) =

[p̈] × r̂

c^2r + [ṗ] × r̂

cr^2

, (3)

1Gibbs, like Kelvin, was undoubtedly extrapolating from Hertz’ famous discussion of the radiation of a small, oscillating electric dipole [2], in which Hertz employed so-called polarization potentials that are tacitly based on used of the Lorenz gauge [4] (as noted in sec. 6.13 of [5]. Thus, Gibbes demonstration of a vector potential A^{(G)} in his new gauge was perhaps the first example of a problem in which the electromagnetic fields were deduced from potentials in two different gauges.

2See, for example, sec. 617 of Maxwell’s Treatise [6].

3See, for example, sec. VIII of [7]. The author has been unable to determine why these names are given to the “Gibbs” gauge, nor when those names were first used.

where quantities within brackets are evaluated at the retarded time t^′ = t − r/c. Integrating eq. (1), we find,

A^{(G)}(r, t) = −c

∫_t

t_0

E(r, t^′) dt^′ + A^{(G)}_0 (r) = − ([ṗ] × r̂) × r̂ cr − 3([p] · r̂)r̂ − [p]

r^2 − c ∫_t

t_0

3(p(t^′ − r/c) · r̂)r̂ − p(t^′ − r/c) r^3 dt^′, (4)

choosing A^{(G)}_0 (r) to cancel the terms from the first 2 integrals at time t_0. The Gibbs-gauge vector potential (4) includes both retarded terms, and “instantaneous” terms, as was noted by Gibbs [3].

If the dipole moment is constant, p = p_0, the vector potential reduces to,^4

A^{(G)}(r, t) = −ctE_0(r), (5)

ignoring terms independent of t (whose curls are zero), where,

E_0(r) =

3(p_0 · r̂) r̂ − p_0 r^3

. (6)

If the dipole moment oscillates according to p = p_0 e^{−iωt}, the vector potential is,

A^{(G)}(r, t) = ik(p_0 × r̂) × r̂ e^{i(kr−ωt)} r − ( r + i k ) E_0(r) e^{i(kr−ωt)}, (7)

where k = ω/c, after absorbing a term in t_0 into A^{(G)}_0 (r).

Alternative forms for the vector potential in the Gibbs gauge can be given using eqs. (8.5) and (8.7) of [7], but these do not seem to have any crisper interpretations.

A Appendix: Potentials in the Lorenz Gauge

As noted in eqs. (9)-(10) of [9], the potentials in the Lorenz gauge, where ∇ · A^{(L)} = −∂V^{(L)}/∂ct, of a Hertzian (point) dipole with arbitrary time dependence are,

A^{(L)}(r, t) =

[ṗ] cr , V^{(L)}(r, t) =

[p] · r̂

r^2 + [ṗ] · r̂ cr . (8)

If the dipole moment oscillates according to p = p_0 e^{−iωt}, the potentials are,

A^{(L)}(r, t) = −ikp_0 e^{i(kr−ωt)} r , V^{(L)}(r, t) = p_0 · r̂ e^{i(kr−ωt)} r^2

− ikp_0 · r̂ e^{i(kr−ωt)} r . (9)

The potentials in both the Gibbs and Lorenz gauges propagate at speed c, but they have different forms.

4That the vector potential (5) is time-dependent in a static situation reinforces the general perception that the vector potential does not have direct physical significance. This conventional wisdom is not contradicted by the Aharonov-Bohm effect [10], which depends on differences in the vector potential (as do E and B) and not on its absolute value.

B Appendix: Potentials in the Coulomb Gauge

In the Coulomb gauge, where ∇·A^{(G)} = 0, the scalar potential is the instantaneous Coulomb potential, which for a Hertzian dipole with arbitrary time dependence is,

V^{(C)}(r, t) = p(r, t) · r̂ r^2

. (10)

If the dipole moment oscillates according to p = p_0 e^{−iωt}, the Coulomb-gauge scalar potential is, V^{(C)}(r, t) = p_0 · r̂ e^{−iωt} r^2

. (11)

To compute the vector potential in the Coulomb gauge, we relate it to the vector potential in the Gibbs gauge according to the prescription in eq. (23) of [11],

A^{(C)}(r, t) = A^{(G)}(r, t) − c∇

∫_t −∞ V^{(C)}(r, t^′) dt^′. (12)

If the dipole moment oscillates according to p = p_0 e^{−iωt}, c ∫_t −∞ V^{(C)}(r, t^′) dt^′ = c

(p_0 · r̂) r^2

∫_t −∞ e^{−iωt′} dt^′ = i k (p_0 · r̂)

r^2 e^{−iωt} = i k V^{(C)}(r, t), (13)

taking the scalar potential at t = −∞ to be its average value of zero at large negative times, such that the Coulomb-gauge vector potential is, recalling eq. (7),

A^{(C)}(r, t) = ik(p_0 × r̂) × r̂ e^{i(kr−ωt)} r − ( r + i k ) E_0 e^{i(kr−ωt)} − i k ∇V^{(C)}(r, t)

= ik(p_0 × r̂) × r̂ e^{i(kr−ωt)} r − ( r + i k ) E_0 e^{i(kr−ωt)} + i E_0 k e^{−iωt}. (14)

The first two terms of eq. (14) propagate at speed c = ω/k, while the third term is instantaneous.

Since ∇ × E_0 = 0, the magnetic field B = ∇ × A^{(C)} propagates at speed c. Likewise, the electric field E = −∇V^{(C)} − ∂A^{(C)}/∂ct = −∇V^{(C)} + ikA^{(C)} propagates at speed c, as the term −∇V^{(C)} is canceled by the third term in ikA^{(C)} according to the form (14).

That is, the Coulomb-gauge vector potential A^{(C)} always contains an instantaneous term whose time derivative cancels the instantaneous term −∇V^{(C)}, such that the electric field E propagates at speed c.

References

[1] Lord Kelvin, Velocity of Propagation of Electrostatic Forces, Nature 53, 316 (1896),

http://kirkmcd.princeton.edu/examples/EM/kelvin_nature_53_316_96.pdf

[2] H. Hertz, Die Kräfte electrischer Schwingungen, behandelt nach der Maxwell’schen Theorie, Ann. d. Phys. 36, 1 (1889), http://kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf reprinted in chap. 9 of H. Hertz, Electric Waves (Macmillan, 1900),

http://kirkmcd.princeton.edu/examples/EM/hertz_electric_waves.pdf

A translation by O. Lodge appeared as The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402 (1889),

http://kirkmcd.princeton.edu/examples/EM/hertz_nature_39_402_89.pdf

[3] J.W. Gibbs, Velocity of Propagation of Electrostatic Forces, Nature 53, 509 (1896),

http://kirkmcd.princeton.edu/examples/EM/gibbs_nature_53_509_96.pdf

[4] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[5] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[6] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[7] J.D. Jackson, From Lorenz to Coulomb and other explicit gauge transformations, Am.

J. Phys. 70, 917 (2002), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_70_917_02.pdf

[8] K.T. McDonald, The Fields of a Pulsed, Small Dipole Antenna (March 16, 2007),

http://kirkmcd.princeton.edu/examples/pulsed_dipole.pdf

[9] P.R. Berman, Dynamic creation of electrostatic fields, Am. J. Phys. 76, 48 (2008),

http://kirkmcd.princeton.edu/examples/EM/berman_ajp_76_48_08.pdf

[10] Y. Aharonov and D. Bohm, Significance of Electromagnetic Potentials in the Quantum Theory, Phys. Rev. 115, 485 (1959),

http://kirkmcd.princeton.edu/examples/QM/aharonov_pr_115_485_59.pdf

[11] K.-H. Yang and K.T. McDonald, Formal Expressions for the Electromagnetic Potentials in Any Gauge (Feb. 25, 2015), http://kirkmcd.princeton.edu/examples/gauge.pdf