Another Circuit Paradox of Hering

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (March 7, 2020)

1 Problem

In 1911, Hering [1] performed experiments, sketched below, in which a battery-driven circuit included a conducting arm that could rotate while maintaining electrical contact with a trough of mercury.^1 The observed directions of rotation of the movable conductors are indicated in the figures below.

Ampère’s famous analysis of the force between electrical currents (pp. 21-24 of [6]) indicated that parallel currents attract and opposite currents repel. This seems to imply that if an electric circuit could deform, it would expand, in contradiction to the results of Hering’s experiments.

From this, Hering inferred that a major revision of the laws of electrodynamics is required. Can this be so?

2 Solution

Hering seemed to be among those who are skeptical of the Biot-Savart force law, F = ∮ I dl × B, B = μ_0 4π ∮ I dl × r̂ r^2

, (1)

which readily predicts the observed directions of rotation of the movable conductors in the above figures, noting that the largest magnetic fields on these conductors (not due to the currents in themselves) is that due to the currents in the short arc closest to the tips of the moving conductors, which fields are out of the page in both cases.

An issue for people like Hering is that the Biot-Savart force law does not satisfy Newton’s 3^{rd} law of action and reaction for isolated current elements, although it does so for closed circuits.^2

2.1 Ampère

We recall that in 1822-1823 (pp. 21-24 of [6]), Ampère formulated a force between two circuits, carrying currents I_1 and I_2, in a manner that did obey Newton’s 3^{rd} law, written here in vector notation,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = μ_0 4π I_1I_2[3(r̂ · dl_1)(r̂ · dl_2) − 2 dl_1 · dl_2] r̂ r^2

= −d^2F_{on 2}, (2)

1See also Fig. 4 of [2]. Other discussions of Hering by the author are in [3]-[5]. 2Examples of related issues are cited on p. 5 of [3].

where r = l_1 − l_2 is the distance from a current element I_2 dl_2 at r_2 = l_2 to element I_1 dl_1 at r_1 = l_1.^3

It is perhaps less well known that around 1825, Ampère noted, p. 214 of [8], p. 29 of [6], p. 366 of the English translation in [7], that for a closed circuit, eq. (2) can be rewritten as,^4

F_{on 1} = μ_0 4π I_1I_2 ∮ 1 ∮ 2 (dl_1 · r̂) dl_2 − (dl_1 · dl_2) r̂ r^2 = μ_0 4π ∮ 1 ∮ 2 I_1dl_1 ×

I_2 dl_2 × r̂ r^2

, (7)

in vector notation (which, of course, Ampère did not use). Ampère made very little comment on this result,^5 and certainly did not factorize it into the forms now related to the Biot-Savart law(s) (1).

2.2 Electromagnetic Momentum

The reconciliation of the Biot-Savart force law with Newton’s 3^{rd} law is that the electromagnetic field can contain momentum, such that the 3^{rd} law for two current elements (moving charges) should be generalized to,

F_{on 1} + F_{on 2} + dP_{EM} dt = 0, P_{EM} = ∫ ϵ_0E × B dVol. (8)

However, the abstract character of the field momentum makes some people hesitant to accept its existence, and doubts as to the consistency of our understanding of electromagnetism persist.^6

3Ampère noted the equivalents to,

dl_1 = ∂r ∂l_1 dl_1, r · dl_1 = r · ∂r ∂l_1 dl_1 = 1 2 ∂r^2 ∂l_1 dl_1 = r ∂r ∂l_1 dl_1, dl_2 = − ∂r ∂l_2 dl_2, r · dl_2 = −r ∂r ∂l_2 dl_2, (3)

where l_1 and l_2 measure distance along the corresponding circuits in the directions of their currents. Then,

dl_1 · dl_2 = −dl_1 · ∂r ∂l_2 dl_2 = − ∂ ∂l_2

(r · dl_1) dl_2 = − ∂ ∂l_2 ( r ∂r ∂l_1 ) dl_1 dl_2 = − ( ∂r ∂l_1 ∂r ∂l_2 + r ∂^2r ∂l_1∂l_2 ) dl_1 dl_2, (4)

and eq. (2) can also be written in forms closer to those used by Ampère,

d^2F_{on 1} = μ_0 4π I_1I_2dl_1dl_2 [ 2r ∂^2r ∂l_1∂l_2 − ∂r ∂l_1 ∂r ∂l_2 ] r̂ r^2 = μ_0 4π 2I_1I_2dl_1dl_2

∂^2 √ r ∂l_1∂l_2 r̂ √ r = −d^2F_{on 2}. (5)

4Note that for a fixed point 2, dl_1 = dr, and dr = dr · r̂ = dl_1 · r̂. Then, for any function f(r), df = (df/dr) dr = (df/dr) dl_1 · r̂. In particular, for f = −1/r, df = dl_1 · r̂/r^2, so the first term of the first form of eq. (7) is a perfect differential with respect to l_1. Hence, when integrating around a closed loop 1, the first term does not contribute, and it is sufficient to write (as first noted by Neumann, p. 67 of [11]),

F_{on 1} = − μ_0 4π I_1I_2 ∮ 1 ∮ 2 dl_1 · dl_2 r^2 r̂ = −F_{on 2}. (6)

5As a consequence, the form (7) is generally attributed to Grassmann [9], as in [10], for example. 6Discussions of electromagnetism and the 3^{rd} law in the pedagogic literature of the 1930’s and 40’s include [12]-[33]. Discussions by the author include [34]-[44]. The subtle topic of “hidden” momentum is discussed in [45] and references therein.

2.2.1 Some History of Electromagnetic Field Momentum

Gaussian units are employed in this section.

Building on Faraday’s electrotonic state,^7 Maxwell had a conception of electromagnetic momentum, computed as [50, 51],

P^{(Maxwell)}

EM = ∫ ρA^{(C)} c dVol, (9)

where ρ is the electric charge density and A^{(C)} is the vector potential in the Coulomb gauge (that Maxwell used prior to the explicit recognition of gauge conditions [10]), but the form (9) seems to associate the momentum with charges rather than with fields.

In 1881, Thomson (as a 25-year-old graduate student) noted [52] that the magnetic field energy of a uniform sphere of radius a with electric charge q and velocity v ≪ c has the value,^{8,9,10}

U_M = 1 2c ∫ J · A dVol =

2q^2 15a v^2 c^2 = 2U_Ev^2 3c^2 ( = q^2 3a v^2 c^2 for a spherical shell ) , (10)

where U_E = ∫ (E^2/8π) dVol. Thomson then interpreted the coefficient of v^2/2 in the energy U_M as mass due to the electromagnetic field,

m_{EM} = 4 3 U_E c^2

, (11)

launching a debate as to how much of particle mass is due to fields that continues to this day.^{11,12}

In 1891, Thomson noted [76] that a sheet of electric displacement D (parallel to the surface) which moves perpendicular to its surface with velocity v must be accompanied by a sheet of magnetic field H = v/c × D according to the free-space Maxwell equation

7Mentions by Faraday of the electrotonic state include Art. 60 of [46], Art. 1661 of [47], Arts. 1729 and 1733 of [48], and Art. 3269 of [49].

8Thomson’s derivation involved setting ∇·A = 0 (i.e., use of the Coulomb gauge), as favored by Maxwell (sec. 98 of [50] and sec. 617 of [51]). Fitzgerald commented on this procedure in [53], and later came to favor the Lorenz gauge [54] in which the potentials do not have instantaneous components. See also pp. 115-118 of [55], and sec. IIC of [10].

9The result (10) is more readily obtained on noting that for v ≪ c the electric field E of the moving charge is the instantaneous static field, while (for any constant speed) the magnetic field is B = v/c × E (eq. (29) of [56]; see also p. 20 of [57]), such that U_M = ∫ (B^2/8π) dVol = (v^2/c^2) ∫ [E^2(1 − cos^2 θ)/8π] dVol = 2v^2U_E/3c^2.

10The result (10) was verified to hold for any v < c by Heaviside in 1889 [56], which analysis was subsequently noted as implying that the moving sphere is Fitzgerald-Lorentz contracted [58].

11In the author’s view, Thomson’s 1881 paper [52] marks the beginning of elementary-particle physics (at least in the English-speaking community), a topic avoided by the generations of Ampère and Maxwell (although kept alive in Germany by Weber and his followers, as reviewed, for example, in [59]). An early use of what is now called the Lorentz force law for a charged particle appears in sec. 5 of this paper (although this law was used in Weber’s electrodynamics, and appears heavily disguised in sec. 599 of Maxwell’s Treatise [51]; see also [60]).

12The discrepancy between eq. (11) and Einstein’s U = mc^2 [61] is called the “4/3 problem”. Some of the many commentaries on this “perpetual” problem include [62]-[67].

∇ × H = (1/c) ∂D/∂t.^{13} Then, the motion of the energy density of these sheets implies there is also a momentum density, eqs. (2) and (6) of [76],

p^{(Thomson)}

EM =

D × H 4πc . (12)

Also in 1891, Heaviside identified the momentum of the free ether in sec. 26 of [71] as,^{14}

p^{(Heaviside)}

EM =

D × B 4πc . (13)

This was a clarification of his discussion in 1886, eq. (7a) of [74], of a magnetoelectric force D/4πc × ∂B/∂t.^{15}

In 1893, Thomson transcribed much of his 1891 paper into the beginning of Recent Researches [77], adding the remark (p. 9) that the momentum density (12) is closely related to the Poynting vector [87, 88],^{16,17} S = c 4π E × H. (14)

The form (12) was also used by Poincaré in 1900 [83], following Lorentz’ convention [84] that the force on electric charge q be written q(D + v/c × H), and that the Poynting vector be (c/4π) D × H. In 1903 Abraham [85] argued for,

p^{(Abraham)}

EM =

E × H 4πc = S c^2

, (15)

and in 1908 Minkowski [86] advocated the form,^{18,19}

p^{(Minkowski)}

EM =

D × B 4πc . (16)

Thomson also gave an argument (p. 348 of [90]) that the forms (9) and (12) for field momentum are equivalent once the sources of the fields are taken into account.

13Variants of Thomson’s argument were given by Heaviside in 1891, sec. 45 of [68], and much later by Feynman in sec. 18-4 of [69], where it was noted that Faraday’s law, ∇ × E = −(1/c) ∂B/∂t, combined with the Maxwell equation for H implies that v = c in vacuum, which point seems to have been initially overlooked by Thomson, although noted by him in sec. 265 of [70].

14See also p. 557 of [72] and p. 495 of [73].

15Heaviside also mentioned this concept in 1889 on pp. 399-330 of [56].

16Thomson argued, in effect, that the field momentum density (12) is related by p_{EM} = S/c^2 = uv/c^2 [76, 77]. See also eq. (19), p. 79 of [78], and p. 6 of [79]. It turns out that the energy flow velocity defined by v = S/u can exceed c (see, for example, sec. 2.1.4 of [38] and sec. 4.3 of [80].

17The idea that an energy flux vector is the product of energy density and energy flow velocity seems to be due to Umov [81], based on Euler’s continuity equation [82] for mass flow, ∇ · (ρv) = −∂ρ/∂t.

18Minkowski, like Poynting [87], Heaviside [88] and Abraham [85], wrote the Poynting vector as E × H. See eq. (75) of [86].

19For some remarks on the “perpetual” Abraham-Minkowski debate, see [89].

2.3 Yet Another Circuit Puzzler of Hering

Written Sept. 12, 2020, following comments by N. Graneau.

In 1923, Hering experimented with the circuits sketched below [2], and argued that the observed behavior could not be explained by the Lorentz force law.

A horizontal wire W in Figs. 3 and 6, H in Fig. 9, was suspended from nonconducting strings, and it tips bent vertically downwards into cups of mercury, labeled M and O in Fig. 3. When a strong current flowed from right to left, via lead wires also dipped into the mercury cup, the central, horizontal wire was observed to move to the right.

This is explained by the Lorentz force on the short vertical segments of the center wire due to the horizontal currents in the mercury cups.

Hering dismissed this force as negligible, and insisted that there must be some other force involved.

In the experiment of Fig. 6, he moving the lead wire in the right mercury cup (now labeled M) close to the central wire. Then, the Lorentz force between the two vertical wire segments in this cup is repulsive, and tends to push the central wire to the left. However, the observed motion was still to the right, but less vigorously than in Fig. 3.

Hering again interpreted this as evidence that the Lorentz force does not exist, whereas I infer that the vertical wire segments were not close enough that their repulsive force was stronger than the force between the vertical segments and the horizontal current between them.

In the experiment of Fig. 9, Hering added a vertical wire V that made electrical contact with the horizontal wire (now labeled H) via a third mercury cup. Again, a strong electrical current flowed from right to left, with part of this flowing upwards in wire V.

Wire V was observed to move to the left, as predicted by the Lorentz force law, which Hering again denied to exist. He argued (like Ampère) that Newton’s 3^{rd} law must hold for electrical forces, so the current in the vertical wire V must exert and equal and opposite force on the current in the horizontal wire H. This would push the latter wire to the right, as was observed in the experiment (whether or not the vertical wire V was present).

However, the total Lorentz force of the vertical wire on the horizontal wire is zero (when the vertical wire is above the midpoint of the horizontal wire), although a clockwise torque is exerted about the midpoint of the horizontal wire. The effect of this torque was not observable in the experiment.

In sum, the Lorentz force provides a consistent explanation of the experiments, even if Hering refused to accept this.

References

[1] C. Hering, The Stretching of a Conductor by Its Current, J. Franklin Inst. 171, 73 (1911), kirkmcd.princeton.edu/examples/EM/hering_jfi_171_73_11.pdf

[2] C. Hering, Electromagnetic Forces; A Search for More Rational Fundamentals; a Proposed Revision of the Laws, Trans. Am. Inst. Elec. Eng. 42, 311 (1923),

kirkmcd.princeton.edu/examples/EM/hering_taiee_42_311_23.pdf

[3] K.T. McDonald, Capacitor-Driven Railgun: Magnetic Fields Doing Work (Dec. 28, 2015), http://kirkmcd.princeton.edu/examples/railgun.pdf

[4] K.T. McDonald, Hering’s Flux-Linkage Paradox (Feb. 25, 2019),

http://kirkmcd.princeton.edu/examples/hering.pdf

[5] K.T. McDonald, Is Faraday’s Disk Dynamo a Flux-Rule Exception? (July 27, 2019),

http://kirkmcd.princeton.edu/examples/faradaydisk.pdf

[6] A.M. Ampère, Théorie mathématique des Phénomènes électro-dynamiques uniquement déduite de l’Expérience, 2^{nd} ed. (Paris, 1883),

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

English translation in [7].

[7] A.K.T. Assis and J.P.M.C. Chaib, Ampère’s Electrodynamics (Aperion, 2015),

kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

[8] A.M. Ampère, Sur la théorie mathématique des phénomènes électro-dynamiques uniquement déduite de l’expérience, dans lequel se trouvent réunis les Mémoires que M. Ampère a communiqués à l’Académie royale des Sciences, dans les séances des 4 et 26 décembre 1820, 10 juin 1822, 22 décembre 1823, 12 septembre et 21 novembre 1825, Mém. Acad. Roy. Sci. 8 (1827), http://kirkmcd.princeton.edu/examples/EM/ampere_memoires_23-25.pdf

[9] H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),

kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[10] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[11] F.E. Neumann, Allgemeine Gesetze der inducirten elektrischen Ströme, Abh. König.

Akad. Wiss. Berlin 1, 45 (1845), kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_45.pdf

[12] F.W. Cleveland, Magnetic Forces in a Rectangular Circuit, Phil. Mag. 21, 416 (1936),

http://kirkmcd.princeton.edu/examples/EM/cleveland_pm_21_416_36.pdf

[13] W.F. Dunton; A.V. Clayton Validity of Laws of Electrodynamics, Nature 140, 245 (1937), http://kirkmcd.princeton.edu/examples/EM/dunton_nature_140_245_37.pdf [14] C.V. Drysdale A Comprehensive Fundamental Electrical Formula, Nature 142, 995 (1938), http://kirkmcd.princeton.edu/examples/EM/drysdale_nature_142_995_38.pdf [15] W.F. Dunton; C.V. Drysdale A Comprehensive Fundamental Electrical Formula, Nature 143, 601 (1939), http://kirkmcd.princeton.edu/examples/EM/dunton_nature_143_601_39.pdf [16] S.B.L. Mathur, Biot-Savart Law and Newton’s Third Law of Motion, Phil. Mag. 32, 171 (1941), http://kirkmcd.princeton.edu/examples/EM/mathur_pm_32_171_41.pdf [17] J.M. Keller, Newton’s Third Law and Electrodynamics, Am. J. Phys. 10, 302 (1942),

http://kirkmcd.princeton.edu/examples/EM/keller_ajp_10_302_42.pdf

[18] G.W.O. Howe, A Problem of Two Electrons and Newton’s Third Law, Wireless Eng.

21, 105 (1944), http://kirkmcd.princeton.edu/examples/EM/howe_we_21_105_44.pdf [19] I.A. Robertson, An Historical Note on a Paradox in Electrodynamics, Phil. Mag. 36, 32 (1945), http://kirkmcd.princeton.edu/examples/EM/robertson_pm_36_32_45.pdf [20] L. Page and N.I. Adams, Jr, Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), http://kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf [21] W.A. Tripp, An Analysis of Electromagnetic Forces, Elec. Eng. 64, 351 (1945),

http://kirkmcd.princeton.edu/examples/EM/tripp_ee_64_351_45.pdf

[22] G.W.O. Howe, The Application of Newton’s Third Law to an Electric Circuit, Wireless Eng. 22, 521 (1945), http://kirkmcd.princeton.edu/examples/EM/howe_we_22_521_45.pdf [23] R.D. Sard, The Forces Between Moving Charges, Elec. Eng. 66, 61 (1947),

http://kirkmcd.princeton.edu/examples/EM/sard_ee_66_61_47.pdf

[24] W.A. Tripp, A Paradox in Electrodynamics, Phil. Mag. 38, 149 (1947),

http://kirkmcd.princeton.edu/examples/EM/tripp_pm_38_149_47.pdf

[25] E.G. Cullwick, Forces Between Moving Charges, Elec. Eng. 66, 518 (1947),

http://kirkmcd.princeton.edu/examples/EM/cullwick_ee_66_518_47.pdf

[26] J. Slepian, Forces Between Moving Charges, Elec. Eng. 66, 741 (1947),

http://kirkmcd.princeton.edu/examples/EM/cullwick_ee_66_741_47.pdf

[27] W.A. Tripp, Forces Between Moving Charges, Elec. Eng. 66, 741 (1947),

http://kirkmcd.princeton.edu/examples/EM/cullwick_ee_66_741_47.pdf

[28] G.W.O. Howe, An Interesting Electromagnetic Problem, Wireless Eng. 24, 313 (1947),

http://kirkmcd.princeton.edu/examples/EM/howe_we_24_313_47.pdf

[29] E.G. Cullwick, An Anomoly in Electromagnetic Theory, Nature 161, 969 (1948),

http://kirkmcd.princeton.edu/examples/EM/cullwick_nature_161_969_48.pdf

[30] G.W.O. Howe, Cullwick’s Electromagnetic Problems, Wireless Eng. 25, 273 (1948),

http://kirkmcd.princeton.edu/examples/EM/howe_we_25_273_48.pdf

[31] E.G. Cullwick, Relatively Moving Charge and Coil, Wireless Eng. 25, 401 (1948),

http://kirkmcd.princeton.edu/examples/EM/cullwick_we_25_401_48.pdf

[32] I.A. Robertson, A Paradox in Electrodynamics, Phil. Mag. 39, 162 (1948),

http://kirkmcd.princeton.edu/examples/EM/robertson_pm_39_162_48.pdf

[33] J. Slepian, Electromagnetic Space-Ship, Electrical Engineering 68, 145 (1949),

http://kirkmcd.princeton.edu/examples/EM/slepian_ee_68_145_49

[34] K.T. McDonald, The Force on an Antenna Array (May 1, 1979),

http://kirkmcd.princeton.edu/examples/antenna_force.pdf

[35] K.T. McDonald, The Transverse Momentum of an Electron in a Wave (Nov. 15, 1998),

http://kirkmcd.princeton.edu/examples/transmom2.pdf

[36] K.T. McDonald, Onoochin’s Paradox (Jan. 1, 2006),

http://kirkmcd.princeton.edu/examples/onoochin.pdf

[37] K.T. McDonald, McKenna’s Paradox: Charged Particle Exiting the Side of a Solenoid Magnet (Apr. 12, 2006), http://kirkmcd.princeton.edu/examples/mckenna.pdf [38] K.T. McDonald, Momentum in a DC Circuit (May 26, 2006),

http://kirkmcd.princeton.edu/examples/loop.pdf

[39] K.T. McDonald, Cullwick’s Paradox: Charged Particle on the Axis of a Toroidal Magnet (June 4, 2006), http://kirkmcd.princeton.edu/examples/cullwick.pdf [40] K.T. McDonald, Slepian’s Electromagnetic Spaceship (June 18, 2006),

http://kirkmcd.princeton.edu/examples/slepian.pdf

[41] K.T. McDonald, Electromagnetic Momentum of a Capacitor in a Uniform Magnetic Field (June 18, 2006), http://kirkmcd.princeton.edu/examples/cap_momentum.pdf [42] K.T. McDonald, Electromagnetic Helicopter? (Jan. 25, 2016),

http://kirkmcd.princeton.edu/examples/helicopter.pdf

[43] K.T. McDonald, No Bootstrap Spaceships (Aug. 9, 2018),

http://kirkmcd.princeton.edu/examples/bootstrap.pdf

[44] K.T. McDonald, McClymer’s Electromagnetic Spaceship (Feb. 23, 2019),

http://kirkmcd.princeton.edu/examples/mcclymer.pdf

[45] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[46] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125 (1832), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[47] M. Faraday, Experimental Researches in Electricity.—Thirteenth Series, Phil. Trans.

Roy. Soc. London 128, 125 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_125_38.pdf

[48] M. Faraday, Experimental Researches in Electricity.—Fourteenth Series, Phil. Trans.

Roy. Soc. London 128, 265 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_265_38.pdf

[49] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401 (1852), kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[50] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[51] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), secs. 618 and 792, http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[52] J.J. Thomson, On the Electric and Magnetic Effects produced by the Motion of Electrified Bodies, Phil. Mag. 11, 229 (1881),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_11_229_81.pdf

[53] G.F. Fitzgerald, Note on Mr. J.J. Thomson’s Investigation of the Electromagnetic Action of a Moving Electrified Sphere, Phil. Mag. 13, 302 (1882),

http://kirkmcd.princeton.edu/examples/EM/fitzgerald_pm_13_302_82.pdf

[54] L. Lorenz, On the Identity of the Vibrations of Light with Electrical Currents, Phil.

Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[55] B.J. Hunt, The Maxwellians (Cornell U. Press, 1991).

[56] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[57] J.J. Thomson, Electricity and Matter (Charles Scribner’s Sons, 1904), pp. 25-35,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_04.pdf

[58] G.F. Fitzgerald, The Ether and the Earth’s Atmosphere, Science 13, 390 (1889),

http://kirkmcd.princeton.edu/examples/EM/fitzgerald_science_13_390_89.pdf

[59] A.K.T. Assis and J.A. Hernandes, The Electric Force of a Current (Apeiron, 2007),

http://kirkmcd.princeton.edu/examples/EM/assis_electric_force_07.pdf

[60] K.T. McDonald, Maxwell and Special Relativity (May 26, 2014),

http://kirkmcd.princeton.edu/examples/maxwell_rel.pdf

[61] A. Einstein, Ist die Trägheit eines Körpers von seinem Energieinhalt abhängig? Ann.

d. Phys. 18, 639 (1905), http://kirkmcd.princeton.edu/examples/EM/einstein_ap_18_639_05.pdf Translation: Does the Inertia of a Body Depend upon its Energy-Content?,

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_18_639_05_english.pdf

[62] H. Poincaré, Sur la Dynamique de l’Électron, Compte Rendus 140, 1504-1508 (1905);

Rendiconti del Circolo Matematico di Palermo 21, 129 (1906),

http://kirkmcd.princeton.edu/examples/EM/poincare_rcmp_21_129_06.pdf

for a translation, see H.M. Schwartz, Poincaré’s Rendiconti Paper on Relativity, Parts I-III, Am. J. Phys 39, 1287-1294 (1971); 40, 862-872, 1282-1287 (1972),

http://kirkmcd.princeton.edu/examples/EM/poincare_ajp_39_1287_71.pdf
http://kirkmcd.princeton.edu/examples/EM/poincare_ajp_40_862_72.pdf
http://kirkmcd.princeton.edu/examples/EM/poincare_ajp_40_1282_72.pdf

[63] E. Fermi, Über einem Widerspruch zwischen der elektrodynamischen und der relativistischen Theorie der elektromagnetischen Masse, Phys. Z. 23, 340 (1922),

http://kirkmcd.princeton.edu/examples/EM/fermi_pz_23_340_22.pdf

Correzione di una contraddizione tra la teoria elettrodinamica e quella relativisitica delle masse elettromagnetiche, Nuovo Cim. 25, 159 (1923),

http://kirkmcd.princeton.edu/examples/EM/fermi_nc_25_159_23.pdf

[64] M.H.L. Pryce, The electromagnetic energy of a point charge, Proc. Roy. Soc. A 168, 389-401 (1938), http://kirkmcd.princeton.edu/examples/EM/pryce_prsla_168_389_38.pdf

[65] J. Schwinger, Electromagnetic Mass Revisited, Found. Phys. 13, 373 (1983),

http://kirkmcd.princeton.edu/examples/EM/schwinger_fp_13_373_83.pdf

[66] P. Moylan, An Elementary Account of the Factor of 4/3 in the Electromagnetic Mass, Am. J. Phys. 63, 818 (1995), http://kirkmcd.princeton.edu/examples/EM/moylan_ajp_63_818_95.pdf

[67] F. Rohrlich, The Dynamics of a Charged Sphere and the Electron, Am. J. Phys. 65, 1051 (1997), http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_65_1051_97.pdf

[68] O. Heaviside, Electromagnetic Theory–VII, Electrician 26, 663 (1891),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_27_493_91.pdf

See also pp. 42-43 of [78].

[69] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2 (Addison-Wesley, 1963), http://www.feynmanlectures.caltech.edu/II_17.html#Ch17-S4

http://www.feynmanlectures.caltech.edu/II_18.html#Ch18-S2

[70] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge U. Press, 1895), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_2nd_ed_97.pdf

[71] O. Heaviside, On the Forces, Stresses and Fluxes of Energy in the Electromagnetic Field, Phil. Trans. Roy. Soc. London 183, 423 (1892),

http://kirkmcd.princeton.edu/examples/EM/heaviside_ptrsla_183_423_92.pdf

[72] O. Heaviside, Electrical Papers, Vol. 2 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf

[73] O. Heaviside, Electromagnetic Theory–XV, Electrician 27, 493 (1891),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_27_493_91.pdf

See also pp. 107-108 of [78].

[74] O. Heaviside, Electromagnetic Induction and Its Propagation, Electrician 16, 186 (1886), http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_16_186_86.pdf See also p. 545-548 of [75].

[75] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[76] J.J. Thomson, On the Illustration of the Properties of the Electric Field by Means of Tubes of Electrostatic Induction, Phil. Mag. 31, 149 (1891),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_31_149_91.pdf

[77] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893),

http://kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_in_electricity.pdf

[78] O. Heaviside, Electromagnetic Theory, Vol. 1 (Electrician Publishing Co., 1893),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[79] H. Bateman, The Mathematical Analysis of Electrical and Optical Wave Motion, (Cambridge U. Press, 1915), http://kirkmcd.princeton.edu/examples/EM/bateman_wave_motion_15.pdf

[80] K.T. McDonald, Flow of Energy and Momentum in the Near Zone of a Hertzian Dipole (Apr. 11, 2007), http://kirkmcd.princeton.edu/examples/hertzian_momentum.pdf

[81] N. Umow, Ableitung der Bewegungsgleichungen der Energie in continuirlichen Körpern, Zeit. Math. Phys. 19, 418 (1874),

http://kirkmcd.princeton.edu/examples/EM/umow_zmp_19_97,418_74.pdf
http://kirkmcd.princeton.edu/examples/EM/umov_theorem.pdf

[82] L. Euler, Principes généraux du mouvement des fluides, Acad. Roy. Sci. Belles-Lett.

Berlin (1755), http://kirkmcd.princeton.edu/examples/fluids/euler_fluids_55_english.pdf

[83] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[84] H.A. Lorentz, La Théorie Électromagnétique Maxwell et Son Application aux Corps Mouvants, (Brill, Leiden, 1892),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[85] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. d. Phys. 10, 105 (1903),

http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf
http://kirkmcd.princeton.edu/examples/EM/abraham_ap_10_105_03_english.pdf

[86] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53 (1908),

http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[87] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[88] O. Heaviside, Electromagnetic Induction and Its Propagation, Electrician 14, 178 (1885), http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_14_178_85.pdf See also p. 438 of [75].

[89] K.T. McDonald, Abraham, Minkowski and “Hidden” Mechanical Momentum (June 6, 2012), http://kirkmcd.princeton.edu/examples/abraham.pdf

[90] J.J. Thomson, On Momentum in the Electric Field, Phil. Mag. 8, 331 (1904),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_8_331_04.pdf