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1 Problem

A neutral, conducting sphere of radius R with permanent magnetization density My = M, z
parallel to its axis when at rest is rotated about that axis with angular velocity w = w z with
respect to the lab frame. Deduce the electric-charge distribution, the electric potential and
the electric field in the lab frame. Compare with the case that the sphere is nonconducting.

This configuration is a variant of unipolar induction, as discussed by Faraday in 1851 [1],
who also considered the case of the magnetized cylinder at rest while the voltmeter and
contact wires rotated around the axis of the cylinder.!

2 Solution

The case of a magnetized sphere was perhaps first considered by Swann [6]. See also, [7, 8, 9].
For the related cases of a rotating magnetized cylinder, and a conducting sphere rotating in
an external magnetic field, see [10, 11, 12].

A uniformly magnetized sphere of radius R that is at rest in an inertial frame is well
known to have electric fields E = 0 = D (and hence zero electric-polarization density P),

!See also, for example, [2]-[5].



while the magnetic fields are given (in Gaussian units) by,
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where the magnetic moment my is given by,?
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However, it is not self-evident that these forms hold in the lab frame of the present
problem.

2.1 Analysis Using a Comoving Inertial Frame

As discussed in [14, 15, 16, 17], the best approach to an understanding of lab-frame electro-
dynamics of a rotating system is via a comoving inertial frame corresponding to some point
in the rotating system.

We follow Minkowski [14] in arguing that the local magnetization at a point P in the
rotating sphere equals the rest value My according to an observer in the inertial frame that is
instantaneously comoving with point P. That is M* = M, where the superscript * indicates
quantities observed in the comoving inertial frame.

Similarly, we expect that the electric polarization P* near point P in the comoving inertial
frame equals that of the magnetized sphere in an inertial rest frame, namely P* = 0.

Writing v as the velocity of point P in the lab frame, the field transformations to the
comoving inertial frame are [18] (see also [19]), to order v/c where ¢ is the speed of light in
vacuum,

B =B-YxE, D'=D+<xH, EE—=E+YxB, H=H-YxD,
C C C C
M* = M+~ x P, P =P -~ x M, (3)
C C

and the inverse transformations are,

B=B"+YxE, D=D'—-2YxH", E-E-YxB*, H=H+2YxD"
C C C C
M=M—2xP",  P=P 4> xM. (4)
C C

We now find the lab-frame polarization and magnetization densities inside the rotating sphere
(at point P = rr = r in spherical coordinates in the lab frame) to be,

M, M, in 260 -
P(T<R):XXM0:werM0:w Orl:""w 0 Sin29f'+81n 0 s (5)
c c c c 2

M(r < R) = M. (6)

2See, for example, sec. 5.10 of [13].



Hence, there is a uniform bound volume-charge density inside the sphere given by,

2LUMO
pbound(r < R) =-V.P=- c . (7)
Likewise, there is a bound surface-charge density,
RMj sin”
O—bound(r - R) - P(R_) T = % ; (8)

where 6 is the polar angle with respect to the z-axis. The total bound charge is zero,

(1—cos? 0) d cos § = 0.
(9)
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2.2 Analysis in the Rotating Frame

The principles of electrodynamics in a rotating frame are summarized in the Appendix.

We cannot assume without question that the magnetization of the cylinder is M accord-
ing to an observer at rest in the rotating frame. The best strategy is to use the comoving
analysis of sec. 2.1 to identify the fields in the lab frame, and then use the transformations
(39)-(40) to find the fields in the rotating frame, which we designate with a ’,

B =4rM,, D'=0, E =0, H =0, P =0, M =M, (10)

As the rotating frame is the rest frame of the magnetized sphere, we might have naively
assumed these results to be obvious.

We can now consider Maxwell’s equations (45)-(48) for D’ and H’ in the rotating frame.
In the present example there are no free sources for D’ or H', and also no “other” sources
according to eqs. (49)-(50). Thus, it is consistent with Maxwell’s equations in the rotating
frame that D’ = 0 = H'. Then, using P’ = 0 and M’ = M, we have that E' = 0 and
B = 4’/TMO.

Alternatively, we can consider Maxwell’s equations (51)-(52) for E" and B’. On examining
the extensive list (53)-(56) of possible sources in the rotating frame, we see that the egs. (51)-
(52) reduce to,

V' E =0, V' x B'= V' x 4rM,, (11)

so that we again find E' = 0 and B’ = 47M,.

Transforming the fields from the rotating frame back to the lab frame we again obtain
the results of eqgs. (5)-(6).%

Although the electric polarization, P’ = 0, vanishes in the rotating frame (since this
could only be due to a moving magnetization in this example), the bound charge density
(41) is nonzero,

2w-M v 2w My

p{)ound:_vl'P/_ _+—'V/><M/:—
C C

= Pbound s (12)

3In particular, we find it completely consistent to use the transformation P = P’ + v /c x M’ from the
rotating frame to the lab frame, despite a claim to the contrary in [23].



recalling eqs. (7)-(8). Similarly, there is a bound surface charge density on the outer circum-
ference of the sphere in the rotating frame given by,

, wRM'  wRM

Obound — c = - = Obound » (13)

also recalling eq. (8).

Thus, investigations of electromagnetism on the Earth’s surface are not subject to “fic-
titious” charge and current densities (55)-(55) as can occur in some examples of physics in
a rotating frame.

2.3 Nonconducting Sphere

If the sphere is nonconducting there are no free charges or currents.*
The electric field E can be deduced from a scalar potential V',

E=-VV=-VV,-VV,, (14)

where the potential V, (continuous at » = R) due to the bound volume-charge density (7)

is,
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and the potential V, (also continuous at 7 = R, and which obeys V*V, = 0 except at r = R)
due to the bound surface-charge density (8) can be written in the form,

Vir < B)= —— V@R %), V(> R)= -

Rn+1
(r < R) ZA (cos@),  V,(r>R)= ZAnmPn(COS 0), (16)

where P, is the Legendre polynomial of order n. Noting that,

3cos?l —1 _1 3sin? 6

=1 Py = =1- 17
0 =1, and ) 5 5 (17)
the bound surface-charge density (8) is related to the potential V, by,
wRMysin?0  2wRM,
Obound = (; = 3c ’ (PO - P2)
B, (RY) = E,,(R7) 1 oV, (R™) - IV, (R™)
B 4 Arw or or
= ) (2n+1) An (18)
~ 4R
Hence, the Fourier coefficients A,, are all zero except that,
87TR2LUM0 87TR2LUM0
Ag= — 77 d Ay= ——T /. 19
0 3¢ 2 15¢ (19)

4This case has been discussed in [24, 25].
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and the total electric potential is,
ArR*wM,  AmrlwM, ) 41 RSw M, )
V(ir<R)=-— ” + o (2 —cos”0), V(r>R)= —W(Z’)COS 0—1).

(21)
The difference AV in potential between points on the equator and on the “north” pole of
the sphere is,
. 47TR2LUM0
B S5¢

Note also that inside the sphere, V(r < R) # Vo + Vir?sin®0 = VO + Vir? | so that the
electric field is not in the r; direction, E(r < R) # —2Vir, r).
The radial electric field is,

AV = V(0 = 90°) — V(6 = 0) (22)

8mrwMy
5c
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E, —
(r<R) 5cr4

(2 — cos? ), E.(r>R)=— (3cos?f —1),  (23)

which obeys opound = [Er-(RY) — E.(R7)] /4w, and the 6-field is,

4 M, A1 RSw M,
E@(T < R) = —% sin 20, EH(T > R) — _ amit wio

- sin 26. (24)
c cr

The electric-displacement field is D = E + 47 P, so outside the sphere
D(r > R) = E(r > R), while inside it,’

dmrw M, M,

D, -
(r <R) . .

sin 26. (25)
The radial component of D is continuous at » = R, as expected.

The rotating bound-charge densities (which are proportional to w/c) generate current
densities proportional to w?/c, which generate magnetic fields proportional to w?R?/c*. We
neglect these tiny magnetic fields as this analysis is accurate only to order v/c ~ wR/ec.
In this approximation, the lab-frame magnetic fields are entirely due to the magnetization
M =~ My, so the magnetic fields are given by eq. (1).

2.4 Conducting Sphere

As for the nonconducting sphere, any currents in/on a conducting sphere, other than those
directly associated with the magnetization density M ~ Mj, are of order w?R?/c?, and we
neglect the magnetic field which they generate. Then, the magnetic field in the lab frame is
again given by eq. (1).

5This case of a nonconducting, rotating sphere is an example where the free charge density is zero but
the electric-displacement field D is nonzero.



The bound-charge distributions are the same for a conducting and a nonconducting
sphere, so the electric field has contributions (17)-(24) in both cases. These contributions
appear to have been ignored in all previous analyses, such as [6, 7, 8, 9]. However, as discussed
further below, once it is established that the magnetic field inside the sphere in the lab frame
is uniform (and parallel to the axis of rotation) the total electric-charge distribution and the
electric field E are the same as for a conducting sphere, with zero magnetization, that rotates
in a uniform, external magnetic field [12].

The free charges inside the sphere must be at rest relative to the rotating sphere. That
is, the electric field in the comoving frame must be zero at points inside the sphere; E* =
0 = E + v/c x B, recalling eq. (3), so the lab-frame electric field for » < R is given by,

v wxr 8tM, 8mrwMy

E(r<R)=—-——xB=-— =— . 26
(r ) c 8 c g 3 3¢ L (26)

The total electric-charge density inside the sphere is therefore,

V- -E 4LUMO
Ptotal = ? - - 3¢ = Pbound + Ptrees (27)
and hence the free-charge density is, recalling eq. (7),
2LUMO

= . 28
Prrec 3c ( )

From eq. (26) we deduce that the electric potential inside the sphere has the form,

47er0 2 4 4’/TQJMO 87TT2LUM0

r?sin®0 = Vy +
9c

V(ir<R)=Vo+

[1— Ps(cosB)], (29)

recalling eq. (17). Asin eq. (16) the electric potential outside the sphere can be written as,
Rn+1
V(’I" > R) = Z An/rnTPn(COS 0), (30)

The potential is continuous at » = R, so we learn that all A,, vanish except Ay and A, and
that,
87TR2LUM0
9c '
Assuming that the sphere is electrically neutral, coefficient Ay = 0. Hence the electric
potential outside the sphere is,

87TR5LUM0
V(?" > R) = —WPQ(COS 6‘), (32)
and the electric field outside the sphere is,
87TR5LUM0 47TR5LUM0 .
Er(’l" > R) = —WPQ(COS 0), E@(T > R) = —W sin 26. (33)



The difference AV in the external potential between points on the equator and on the “north”
pole of the sphere is,

. 47TR2LUM0

AV = V(0 =90°) — V(0 = 0) St

(34)
which is slightly larger that the result (22) for a nonconducting sphere.% This is the open-
circuit voltage difference between the equator and the “north” pole. It is also the difference
in the interior potential (29), such that for any closed loop that includes both the “north”
pole and a point on the equation, we have that floop E-dl=0"

For completeness, we note that the surface-charge density is given by,

E.(R")—E.(R™) wRMy5cos?6 —2 2w R M, cos® 0
= O—free - 5 _ -

A c 3 ’ - 3¢ (35)

Ototal =—
recalling the bound surface charge of eq. (8). Finally, the electric-displacement field D inside

the conducting, magnetized sphere is,

4w
3¢

D(r < R) =E + 47P = r. (36)

2.5 Comments

In the above analysis we have ignored the correction to the magnetic field due to the rotating
charge distributions, as this is of order w?R?/c*. We also ignore the effect of centrifugal forces
on the charge distributions. Furthermore, if the material is paramagnetic rather then having
strictly fixed magnetization, there results a small electric field even if the magnetization is
zero when at rest [20]. Some additional remarks on these topics appear at the end of [12)].
If the conductor (and magnetization, if any) has axial symmetry, and the magnetic field
is uniform and parallel to the axis of rotation, the internal electric field will be in the r -
direction. Then for a neutral conductor, the electric-dipole moment is zero, and the lowest
nonzero moment of the charge distribution is the quadrupole. Hence, the electric field falls off
as 1/r* at large distances, no matter what is the shape of the axially symmetric conductor.®

A Summary of the Principles of Electrodynamics in a
Rotating Frame

For reference, we reproduce the principles of electrodynamics in the frame of a slowly rotating
medium where € and p differ from unity.% 1

50f course, a rotating nonconducting sphere could not be used as a unipolar generator.

"It remains disconcerting to some people that nonetheless the rotating, conducting, magnetized sphere
could be used as a homopolar generator, driving a current through a load connected to the “north” pole and
the equator via sliding contacts.

8The case of a right-circular-cylinder conductor is reviewed in [10].

9This Appendix is from sec. 2.2.5 of [17].

10This case is discussed most thoroughly by Ridgely [21, 22], but primarily for the interesting limit of
steady charge and current distributions.



The (cylindrical) coordinate transformation is,
r =, ¢ = ¢ — wt, 7 =z, t'=t, (37)

where quantities in observed in the rotating frame are labeled with a’. The transformations
of charge and current density are,

P =p, J=J-pv, (38)

where v (v < ¢) is the velocity with respect to the lab frame of the observer in the rotating
frame. The transformations of the electromagnetic fields are,

B — B, D’:D+%><H, E’:E+%><B, H =H. (39)
The transformations of the electric and magnetic polarizations are,
P’:P—%xl\/[, M’ = M, (40)
if we regard these polarizations as defined by D’ = E' + 47P’ and, B’ = H' + 47M’.

The lab-frame bound charge and current densities, pyoung = — VP and Jpouna = 0P /0t +
¢V x M transform to

2w - M
p{)ound = -V .P - “ + X -V’ x Ml? (41)
C
OP’ oM
bt = o + ¢V XM (VP 4 M S+ (P Vv - (v- V)P (42)
C

Force F is invariant under the transformation (37). In particular, a charge ¢ with velocity
v, in the lab frame experiences a Lorentz force in the rotating frame given by,

!/

Vv
F':q(E'+—q><B'):q<E+ﬁxB)=F, (43)
C C

where v; = v, —v. Similarly, the Lorentz force density f on charge and current densities in
the rotating frame is,

J/ !/ _"_ J/

f/ = plE/ + DN >< B/ = (p;ree + pi)ound) E/ + free bound >< B/' (44)

c c

Maxwell’s equations in the rotating frame can be written as,
V' -B' =0, (45)
V/ ' D/ = 47Tp;ree,total = 4m (p;ree + p:)ther) ) (46)

0B’
V' x E =0 47
+ oct! ' (47)
oD’ 4x 4

V/ X H/ o oct! = 7Jgree,total = 7 ( ;ree + J:)ther) ) (48)



where pfee = Prree A0 Jioo = Jiree — PrecV are the free charge and current densities, and the
“other” charge and current densities that appear to an observer in the rotating frame are,

v-J! +w-H’ v 0D/

/ free
_ v 49
Pother c? 2me dre  Oct’’ (49)
D’ D’ v oH’
L = P — . V)v-(v- V)= - — . 50
other PtreeV + (47T ) v (V )47T dre X ot ( )

The “other” charge and current distributions are sometimes called “fictitious” [26], but we
find this term ambiguous. For an example with an “other” charge density w - H'/27c¢ in the
rotating frame, see [27].

Maxwell’s equations can also be expressed only in terms of the fields E' and B’ and
charge and current densities associated with free charges as well as with electric and magnetic
polarization,

V' -E = 47Tpfcotal7 (51)
and,
OE" Ar
V' x B’ - oct! = 7 fcotaul? (52)
where,
, , v, , o w-H v 0D
_ _ 2. _V'.P _ .
Ptotal Ptree 2 free + o2me drwe  Oct!
= p;ree,total -V . P
= p;ree + p{)ound + p;nore ’ (53)
, v , opP’ , , w- B’ v OF
_ Y. o LV xM - 54
Pmore c? ( free © g 7€ T ore T dme oa (54)

oP’ D’ D’ oH’
fcotaul = ;ree+—+cvl X M/—i_p;reev—i_ (_ V) A (VV)__ L X

ot 4 47 4me ot
!
!

oP
- free,total + a5t V' x M

ot’
= ;ree + J{)ound + J;nore ) (55)
X !
J;nore =V (p;ree - V/ P — 2w M + X . V/ X M/)
C C
E E A 0B’
= V)v-(v-V)— - . 56
+(47r )V v )47T dne ot (56)

The contribution of the polarization densities to the source terms in Maxwell’s equations
in much more complex in the rotating frame than in the lab frame.Because of the “other”
source terms that depend on the fields in the rotating frame, Maxwell’s equations cannot be
solved directly in this frame. Rather, an iterative approach is required in general.

The constitutive equations for linear isotropic media at rest in the rotating frame are,

D' =¢E, B =l —(eu—1)>xE, (57)
C



in the rotating frame, and,
v v
D=¢E+ (e —1)— x H, B=uH—(ex—1)— x E, (58)
c c

in the lab frame. The lab-frame constitutive equations (58) are the same as for a nonrotating
medium that moves with constant velocity v with respect to the lab frame.

We can also write the constitutive equations (57) for a linear isotropic medium in terms
of the fields B’, E/, P’ and M’ by noting that D’ = E' + 47P’ and H' = B’ — 47M’, so that,

po- Ty
7
1\ B 1 E 1\ B —1
M = (1-— )= (e ) ¥x (1) - LY up. (59
W) 4m W) ¢ 4w w)dr ule—1)c
Similarly, the constitutive equations (58) in the lab frame can be written to order v/c as,
e—1 1\ v B e—1 epn—1v
P = E —— ] =% -— = E —xM
47 +(6 ,u)c 47 47 +,u—1c ’

1\ B 1 E 1\ B —1
M = (1--) = (e )IxZ=(1-2) 2L Yup (60
W) 4m w) ¢ Am w)dr ule—1)c
Ohm’s law for the conduction current Jo has the same form for a medium with velocity

u’ relative to the rotating frame as it does for a medium with velocity u relative to the lab
frame,

/ / u/ / u
c=0o|(E+—-xB :U<E+EXB):JC’ (61)

where o is the electric conductivity of a medium at rest.
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