Does the Moon Always Fall Towards the Sun?

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 9, 2010; updated December 21, 2014)

1 Problem

It is claimed in [1] that the Moon always falls towards the Sun? Can this be so?

It suffices to suppose that the Earth’s orbit about the Sun, and the Moon’s orbit about the Earth, are both circular.

2 Solution

The term “fall” apparently means different things to different people. The usual convention is that an object is “falling” (down) if its velocity is “downwards”. However, some people consider that an object is “falling” (down) if its acceleration is “downwards” even when its velocity is “upwards”.

In cylindrical coordinates (r, ϕ, z) the position vector r = r r̂ + z ẑ has velocity vector,

v = ṙ = ṙ r̂ + rϕ̇ ϕ̂ + ż ẑ, (1)

where ṙ = d r/d t, etc., and acceleration vector,

a = r̈ = (r̈ − rϕ̇^2) r̂ + (rϕ̈ + 2ṙϕ̇) ϕ̂ + z̈ ẑ, (2)

Taking the Earth’s and Moon’s orbits to be circular relative to the Sun and Earth, with angular velocities Ω and ω, respectively, the distance r from the Sun to the Moon obeys,

r^2 = r^2_1 + r^2 + 2r_1r_2 cos[(ω − Ω)t], (3)

where r_1 is the radius of the Earth’s orbit, r_2 < r_1 is the radius of the Moon’s orbit, and the Moon is at its maximal distance from the Sun at time t = 0. The time derivative of eq. (3) is, rṙ = −(ω − Ω)r_1r_2 sin[(ω − Ω)t]. (4)

Thus, the radial velocity ṙ r̂ oscillates in sign and by the usual convention the Moon does not always fall towards the Sun.

2.1 Radial Acceleration

The acceleration a of the Moon (whose position vector is r) follows from Newton’s law of gravitation (ignoring effects of other planets and stars) as,

a = −

GM_{Sun}

r^2 r̂ + GM_{Earth} r_{Earth} − r |r_{Earth} − r|^3

. (5)

Clearly the radial component of the acceleration is negative when the Moon is farthest from the Sun. When the Moon is closest to the Sun,

a_r = −

GM_{Sun} (r_1 − r_2)^2 + GM_{Earth} r^2 = − GM_{Sun} (r_1 − r^2 ( 1 − M_{Earth} M_{Sun}

(r_1 − r_2)^2

r^2 )

≈ − GM_{Sun} (r_1 − r_2)^2 ( 1 − 3 × 10^{−6} · (1.5 × 10^7)^2 (3.84 × 10^5)^2 ) ≈ −0.995

GM_{Sun} (r_1 − r_2)^2

< 0. (6)

Hence, the radial acceleration of the Moon is always negative, and some people [1] therefore characterize the Moon as always “falling” towards the Sun. Interpreted geometrically, the fact the a_r < 0 everywhere on the Moon’s orbit with respect to the Sun means that this orbit is everywhere concave inwards.

2.1.1 r̈

The time derivative of eq. (4) is, rr̈ + ṙ^2 = −(ω − Ω)^2r_1r_2 cos[(ω − Ω)t]. (7) Combining eqs. (4) and (7), we find,

r̈ = −(ω − Ω)^2 r_1r_2 r^3 { r^2 cos[(ω − Ω)t] + r_1r_2 sin^2[(ω − Ω)t] } . (8)

When the Moon is closest to the Sun, cos[(ω − Ω)t] = −1, sin[(ω − Ω)t] = 0, and,

r̈_{closest} = (ω − Ω)^2 r_1r_2 r_{closest}

= (ω − Ω)^2 r_1r_2 r_1 − r_2

> 0. (9)

That is, the second derivative r̈ of the Moon with respect to the Sun cannot always be negative for any values of r_1, r_2, Ω or ω. However, the radial acceleration a_r = r̈ − rϕ̇^2 happens to be always negative for the Moon (which is the only moon in the Solar system with this behavior).

2.1.2 Radius of Curvature (Apr. 3, (2021)

A separate but related issue is whether the center of curvature of a bound orbit about a single (central) force center can be outside the orbit at some points, as implied on the cover of a well-known textbook [2].

The answer is no for any attractive central force, as reviewed on p. 104 of [3]. See also [4].

References

[1] Kevin Brown, The Moon Always Falls Toward the Sun,

http://www.mathpages.com/home/kmath405/kmath405.htm

The mathpages website includes no contact information as to its author, who appears to desire to be effectively anonymous. The title of the above link now (Nov. 1, 2012) reads “The Moon Always Veers Toward the Sun”. It would be more straightforward to say “The Moon Always Accelerates Towards the Sun”, as the meaning of “veer”, like that of “fall”, is ambiguous. The change of direction (acceleration) of the Moon’s velocity is indeed always towards the Sun, as noted in eq. (6).

[2] H. Goldstein, C.P. Poole and H. Safko, Classical Mechanics, 3^{rd} ed. (Addison-Wesley, 2002), http://kirkmcd.princeton.edu/examples/mechanics/goldstein_3ed.pdf

[3] K.T. McDonald, Princeton U. Phy205, Lecture 10 (1980),

http://kirkmcd.princeton.edu/examples/Ph205/ph205l10.pdf

[4] M. Tiersten, Errors in Goldstein’s Classical Mechanics, Am. J. Phys. 71, 103 (2003),

http://kirkmcd.princeton.edu/examples/mechanics/tiersten_ajp_71_103_03.pdf