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1 Problem

What is the force per unit length on a wire of radius a and (relative) permeability ;' when it
carries uniform current density J = I z/ma? and is placed along the z axis in a magnetic field
whose form is B; = By x+ Bi[(z/a) X — (y/a) y] before the wire is placed in that field? The
medium surrounding the wire is a nonconducting liquid with relative permeability p # 1,
and the wire is held at rest by “mechanical” forces.

The form of the initial magnetic field has been chosen so that there will be both a J x B
force associated with the uniform field By = By x, as well as a force due to the interaction
of the induced magnetization with the nonuniform field By = B;[(z/a) X — (y/a) y].

2 Solution

This old problem [1]' was recently reconsidered by Casperson [3],> who reported an exper-
imental result that appears to disagree with the theory he presented. The impression was
given that no straightforward theory exists for this problem, which this note hopes to cor-
rect by presenting three “standard” solutions that are in agreement. We also explore use of
the somewhat hybrid methods for calculating forces on magnetic media advocated by the
so-called Coulomb Committee [9, 10, 11, 12] and obtain success only if those methods are
revised in an important way. An overall perspective on these issues is given in [13].

A variant on this problem has practical import to high-energy physicists such as the
present author, who consider it to be experimentally confirmed (and continually reconfirmed)
for over 50 years [14] that high-energy particles of charge ¢ and velocity v obey the Lorentz
force law of the form,

F=q¢E+v/cxB), (1)

(in Gaussian units) even when in a permeable medium where the magnetic fields are related
by B = yH > H . The problem concerns macroscopic version of the above microscopic
force law.

If magnetic charges (monopoles) existed, the case of a magnetic-current-carrying “wire”
embedded in a dielectric medium would be the dual of the present example. One could then
ask whether the force density on a magnetic current density J,, in the wire is —J,, x D (the
canonical expression) or —J,, x E? See, [15, 16].

LA closely related problem is discussed at the end of chap. 7 of [2].
2In 1908-10 Einstein [4, 5, 6, 7] advocated that the force on free electrical currents is Jgee x H, rather
than Jgee X B, which may have prolonged confusion on this issue. See [8] for additional discussion.



A suggestive principle is that no object with steady motion in vacuum can exert a net
force on itself (Newton’s first law).®> In particular, the fields that are set up or modified
when the wire, with a steady current, is added to the problem cannot result in a net force
on the wire. Hence, the force on a permeable wire in vacuum can be calculated via the
interaction of the current and magnetization in the wire with only the fields present before
the wire was added to the problem, as emphasized in sec. 35 of [18] and also in [19].* This
important result is explicitly contained in the original formulation of the Biot-Savart force
law (for media of unit permeability), that the magnetic force on circuit a is due to effects
caused by some other circuit b,

1,1 dly X ¥op I, I, [dl,xr,
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Thus, we expect the simple result that the force per unit length on the wire due to the initial
uniform field B; = By (in vacuum) is,

I
F = - x By, (3)
C

where I = 1a?J, which is the macroscopic equivalent of the Lorentz force law (1).5

3 Accelerated charges can be subject to the so-called radiation-reaction force, which is a self force (first
noted by Lorentz [17], and so should be considered as part of the “Lorentz force law”). Not all accelerated
charges are subject to the radiation reaction force, since interference of the fields of the various charges may
cancel the total radiation, as for steady current loops. Also, a uniformly accelerated charge (which is a kind
of steady motion) famously experiences no self/radiation-reaction force.

4If the wire is not in vacuum this prescription does not hold in general. For example, a current-carrying
wire is repelled from a perfectly conducting plane although that plane has no magnetic field in the absence
of the wire. See also the problem in sec. 35 of [18], which is discussed further in [20].

°Biot and Savart [21, 22] had no concept of a magnetic field B due to an electric current I, and discussed
only the force on a magnetic pole p as p § Idl x t/cr?, although not, of course, in vector form. The form (2)
can be traced to Grassmann (1845) [24], still not in vector form. The vector relation (3) appears without
attribution as eq. (11) of Art. 603 of Maxwell’s Treatise [25], while Einstein may have been the first to call
this the Biot-Savart law, in sec. 2 of [26].

6The transverse force (3) acts most directly on the conduction electrons, but in the steady state there
cannot be a transverse component to the conduction current. However, it might be that the current density
is displaced transversely, which would manifest itself as a change in the electrical resistance of the wire.
This possibility was investigated by Hall in 1879 [27], who, on finding no change in the resistance, had the
important inside that a charge separation arises when the wire first experiences the external magnetic, which
field leads to a transverse electric field E inside the wire such that the combined electric and magnetic force
on the conduction electrons is zero. However, this electric field then acts on the positive charges of the lattice
of the wire, exerting an equal and opposite force on them, which therefore equals the original force (3) on
the conduction electrons. If the lattice of the wire is to remain at rest (or in a state of uniform motion),
there must be a “mechanical” force on the wire equal and opposite to the force on the lattice, i.e., to the
force of eq. (3). See [28] for further discussion.

If the wire of radius a is free to move through the surrounding liquid it reaches a tranverse terminal velocity
v, and experiences a drag force per unit length in a liquid with viscosity 7 given by,

Fdrag = —K(CL, b)UV, (4)

where K(a,b) ~ 2 when the fluid lies between walls with separation b large (but not too large) compared to
a. No simple expression for the drag force, i.e., for the dimensionless function K (a,b), exists, as anticipated



The initial magnetic field B; also induces magnetization M in the wire, and an additional
force results if the magnetic field is nonuniform at the position of the wire. According to the
preceding argument, it should be possible to calculate this force as an interaction between
the initial magnetic field and some representation of the induced magnetization in terms of
bound currents or effective magnetic poles.

Nonetheless, it is also desirable to have a method for calculating the magnetic force that
uses the total fields in the problem, including those generated by the wire. Two successful
approaches are to use the Maxwell stress tensor (sec. 2.2), and the bulk force density of
Helmholtz (sec. 2.3), both of which confirm the result (3). A third popular method based
on the concept of virtual work [32] is not reviewed here.

In sec. 3 we calculate the force on a permeable, current-carrying wire by combining the
Biot-Savart force law force the volume force density f,

f=dod g, (6)
c
with terms due to either magnetization currents or effective magnetic pole densities. As
expected from the preceding argument, this approach is successful if only the initial magnetic
fields are used in the force law. However, it turns out that when using the method of
magnetization currents, the initial magnetic field to be used in the Biot-Savart law is H;
rather than B;. For these calculations, the total magnetic fields B and H and the induced
magnetization density M in the permeable media will first be deduced in sec. 2.1.
It is important to note that one cannot, in general, compute magnetic forces correctly
using the form,
f— Jtotal

== - X Btotal; (7)

as discussed in sec. 4. This is unfortunate, as many text recommend use of this form.

2.1 The Fields B, H and M

We adopt a coordinate system in which the axis of the wire is the z axis with the conduction
current density being,

I
i (8)

Jcond -
ma

inside the wire of radius a.
Because we are dealing with magnetic media with nonzero magnetization M, both the
magnetic fields H and B = H 4+ 47M = pH are of utility. The initial external field is,
Yy .

N xr .
H; = Hy x+ H; <a X — p Y) ) B; = uH,, By = pHo, By = pH, (9)

by Stokes [29]. An approximate theory and numerical results are presented, for example, in Fig. 4 of [30].
This drag force is balanced by the force (3) on the wire, and that force does work per unit length at the rate,
F? F?
~—. (5)
K(a,b)n 27

P=F v=

This is another example in which the magnetic force on a macroscopic system does work [31].



where p is the permeability of the medium surrounding the wire. When the wire is placed
into this medium, we expect a force in the +y direction according to the Biot-Savart law (6),
and a magnetization force in the +x direction due to the nonuniform field H; that increases
with x.

In addition to the rectangular coordinate system (z,y, z), we will work in a cylindrical
coordinate system (r, 6, z). The usual transformation of the units vectors between these two
coordinate systems are,

X = cosf T —sind 0, v =sinf ¢+ cos6 0, (10)

and, R
r=cosf x+sinfy, 0 = —sinf x+cosfy. (11)

c
The current density (8) causes magnetic field Heona according to Ampere’s law, V x H =
(4’/T/C) Jcond>

oI . L (r<a),

Heona = 0 (12)

N LS

¢ (r > a).
The part of the field H not due to Jeong we label as Hing (for induced), which then obeys
V x Hi,q = 0. Hence, we may deduce this part of the field as Hi,qg = —V®;,q from a scalar
potential ®;,q that obeys Laplace’s equation, V2®;q = 0.
The external field (9) can be regarded as due to the scalar potential,
Hy 2? —? Hyr?

®; = —Hyx — R —Hgyrcos ) — 713 cos 20. (13)

The external field induces additional terms in the scalar potential that also vary as cos# or
cos 20, since these are two of the set of orthogonal functions in which the scalar potential
®ipq(r, 0) can be expanded. In particular, we can write,

—Horcos6 — %
(bind = I
—Horcos) — =+

%COSQ@ + Ao~ cos ) + %2—2 cos20 (r < a), (14)
%COSQ@ + Ag% cos 0 + %‘;—i cos20 (r > a),

which is continuous at » = a. The induced fields obey the additional matching condition
that the radial component B, = pH, of the magnetic field is continuous at r = a (since
V -B = 0). As we have different permeabilities y/ for » < a and u for r > a, the condition
is that,

OPipa(r =a™) ,0Pina(r =a™)
= 1

and hence,

A A
1 (—H() cos — Hy cos 20 — 20 cosh — 71 COSQQ)
a

A A
= i (—HOCOSG—Hl 008294——00089—1—71(:0829) . (16)
a



The equality holds separately for the coefficients of the orthogonal functions cos # and cos 26,
so that,

/

@ =g
Aot = aHyn, 17
1= L, (17)
HTCOS@—l—H” cosQ@) r<a),
Ding i (11 / . e (18)
—H, <7~ — Z;Z%) cos ) — 71 <% — 5/;5‘;—2) cos20 (r > a),
and,
a(I>ind ~ 1 a(I>ind P
Hin = - - - 0
d 07" ' r 00
( u+u (Hocose—i—Hl—cosQ@) s ( 0s1n9+H1—81n29) 0 (r <a),
= [HO <1+Z+Z‘;—2) cosf + H, <£—|— +Z“—3) COSQ@}
\ - [H()( e H%)sm@ <£— %) sm29} 0 (r > a),
u?ﬁu (Ho + Hi%) x H+“H1% y (r <a),
= [HO < Z+Z ‘;2 cos 29) + H, <§ i ‘;d cos 39)} p'e (19)
[Z+ZHOTQ sin 26 + H,; < Y+ Z:LZ 5 sin39)} y (r>a).

The total magnetic field is the sum of egs. (12) and (19),

u?ﬁu (HO cos@—i—ngcosQ@)f'—i— [ié;" + (Hosm@—i-Hl—st@)} 0 (r <a),
H = [H0<1+“ “G)COSO—i—Hl( —i—“ gy )COSQ@} (20)
\ + [;—H()( Hﬂaz)sm@ H1< u/+ua_3) sm29}0 (r > a),
( [iﬁ“ (Ho + Hi% cosf) — 2z sin 9} X+ <2IT ~ sin 9) y (r<a),
= [HO < “/;Z‘;—; coS 29) + H; < cos O + “/+“ ‘;d cos 39) sin 9} X (21)
\ + [Z:ZHO% sin 20 + H, <—£ sin 6 + 5/ %  sin 39) + 2 cos@} (r > a).

Of course,

B_ WH (r <a), (22)
pH  (r >a).

These forms obey the matching conditions that B, and Hy are continuous at the boundary
r = a. Similarly, the magnetization is given by,

“;;1H (r <a),
ELH (r > a).

M = (23)



2.2 Calculation of the Force via the Maxwell Stress Tensor

We calculate the force on unit length of the wire by integrating the Maxwell stress tensor
over a cylindrical surface of radius r > a, so that any effects at the surface » = a (both
the outer surface of the wire at 7 = @~ and the inner surface of the liquid at r = a™) are
included. The surface element at radius r is,

dS=rdit=rdf (cosf x+sinf y). (24)
In rectangular coordinates, and for » > a where the permeability is p, the Maxwell stress
tensor for the magnetic fields (ignoring magnetostriction) is,”
5

diig. H) S (HH] - %m) (25)

1
T,; = — | BiH; —
! 47r( 72 4 2

We first calculate the  component of the force which is not expected to depend on the
current I, so we drop terms in I and IH that would eventually integrate to zero. Then,

27
F, = /(des 4T, dS,) = ’8“"/ (Hi—Hi)cos@d@JrZ—T/ H,H,sin0 df
T T Jo

21 o 2 ! 3 2
= BT Hy 1—1—’“ ’ua—cos% + H; —cos@—i—'u 'ua—cos?)@
87 Jo W pr? a w3

2
{,u _MHO—st@—i—Hl (——sm@—i—’u _'u—sm?)@)] }cos@ do
a

Wt ot WA
o ;2 / 3
+ ﬂ H, 1—1—’“ ’ua—cos% + Hy —cos@—i—'u 'ua—cos?)@
4 W pr? a w3
W= MHO—st@—i—Hl ——s1n9—|—’u _'u—sm39 sin df
W +,u 72 a W+ prd
2
= BT {Hg + 2H0Hlf cosf + Hfr—2 cos? f
8 a a
2 3
+ 2,u K (HOng cos + (HF + H12)OL—2 cos 260 + H()Hla—3 cos 39)
Ja ] r r r

— )\ 2 4 5 6
+ ('Z, T Z) (HS% cos 40 + 2Holthjf—5 cos bl + Hfa—(). Ccos 69)] cos 0 df
r

27 2
nr / —2H H, - sinf — H?Z sin?0
87 Jo a a?

o 9 3
+ QZ/ . Z (HOH1% sin + (HZ + H)" sin20 + HoH, = sin 39)
r T

r 2 4 5 6
+ (Z+Z) (Hg%sin40+2H0H1j—581n59+H12a—6sin60)] sin 6 df
r

"This form differs slightly from that discussed by Maxwell in secs. 639-459 of his Treatise [25], and
corresponds to the stress tensor for linear magnetic media, as apparently first deduced by Lorentz [33],
starting from the (Lorentz) force density f = pE + J/c x B.

6



' — upuH H 2m HyHyr? [*" '— waByH
= H—HATO 1a/ d@—l-i'u il / cos 20 = 1L —HAP0HL (26)
U N I ) dra o Wt 2

We now calculate the y component of the force, which is expected to exhibit the J x B
force (3) proportional to I Hy, so we drop terms in I? and H? that eventually would integrate
to zero. Then,

ur 27 wr 2 ) )
F, = /(Tyz dSy +1T,, dS,) = —/ H,H,cosf df + —/ (H, — H;)sin6 db
/ 2 / 3

2w o o 2]
= Hr H 1—1—“ B2 os26 + M —cos@—i—'u PO 0s30) — 2 sing| -
47 W+ pr? a WA prd cr

- — 21
{,u MHO—st@ + H, (——sm@ + W 'u—sm?)e) + —Cos@] cos 6 df
r? a

W+ w3 cr
’ 2 I 3 27 2
+ uill i MHO—st@—i—Hl —isine—l—'u 'ua—sm?)@ + —cosf
87 Jo W r? a w3 cr
2 —pa 21 ?
— | Hy 1—|—'u M—COSQ@ + Hy —cos@'u 'u—cos?)@ — —sin# sin 6 df
’—l—,ur a w3 cr
I 3
= (:0829—1—'u 'qua—cos?)@cosz@
27rc ,ur2 WA
_ 2 _
- — W MHl—sm?)@sm@cos@] do
2 W +u W +u
I H, a’
+ ,u_ | How — 'u—s 229+ 'qu—smS@sm@cose
2mc 2 +,u7"2 w3
+ Hy —|— —cosQ@ sin?6 — 'qu—cos?)@cos 0| do
,ur2 w3

IH — IH IB
- K 0/ (1+“ pe )d9:“ 0_ 220 (27)
2e  J, W pr? c c

The force is independent of the choice of the radius r, so long as r > a, is independent of
the permeability i/ of the wire, and agrees with the simple expectation (3).

For the record, if we had integrated the stress tensor over a cylinder of radius r < a
the result would be F = 24/ Bor? y/a*(i// + ). Since the limit of this as r — a does not
equal the result for » > a, we infer that there are important effects at the interface r = a.
The permeable liquid is presumably contained in a tank of some characteristic radial scale
b > a, at whose surface additional magnetization forces will arise. We consider these forces
as distinct from those at the interface r = a, and that only the latter are part of the forces
on the wire.

Equation (27) was deduced in a similar manner in ref. [1].

2.3 Calculation Using the Bulk Force Density

An expression for a bulk force density fin magnetic media can be obtained by transformation
of the surface integral of the stress tensor into a volume integral. See, for example, secs. 15

7



and 35 of [18]. The result, again ignoring magnetostriction, is,

2

Jcond H
B-—V 28
x o Vi (28)

C

f:

which is due to Helmholtz [34].

In the present problem, V. = 0 except across the surface r = a that separates the wire of
permeability x4 from the surrounding medium of permeability ;. Hence, the Vi term of the
volume integral of eq. (28) becomes a surface integral on the cylinder r = a. However, care
is required in this procedure when H? is not continuous across this surface. Recalling that
the tangential component H; and the normal component B, = uH, of the magnetic fields
are continuous across a boundary, it is preferable to write H?> = H? + H? = H? + B2 /u>.
Then,®

/HQVM dVol:/(H2+—) % h dS = /(H2g“ B? %7/1“)) s, (29)

n dS + (— — —,) /Bg n ds. (30)

In contrast to the simple prescription given at the beginning of sec. 2, in this integral the
magnetic field B is the field on the current element J.,nq dVol from all sources, including
those in element dVol. For the second and third terms of eq. (30) where n = r, we recall
eq. (11) that for the z and y components we need only the parts of Hy and B? that vary as
cosf and sin 6, respectively. From eq. (21) we find,

and,

F:/f dVol:/Jcond x B dVol —

C

8§ IB
Hi = 4BOH1%COSQ— - ~—sinf+ ..., (31)
(' + 1) W ca
2
B? = 4ByH,——"——cosf + ... 32
RZEME )

Thus,

F 1/7"0[7" d@—zx
C Jo 0

2 21 21 2
w <Bo+Bl—COSQ)——TSH16' r T y
W+ ca? ca? wWHp oa

/

27
= p 1 .
— adf |(4BogH;—————cos0 ) cosf x
8 /0 ( O+ ) )
! 2 IB
_ K ,u/ ad@( 8 0 si )sin@jl
8t Jo W+ poca

I 27 2
+ a 'lf / a do (4BOH1L2 CoS 9) cosf x
8w’ Jo (' + )

8Thanks to J. Castro for pointing out this trick. It appears in eq. (7-21) of [35] when evaluating the
electric integral [ E?VedVol, and in Ex. 13.5 of [36] for the magnetic case.
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2u' IBy . aByH, 1 . pu—u IBy . aBoH, 1/

= ——— ¥ —(p—p) s X+ y—(n—p) v
Wtpoc 2 (W+p) pWtp e 2 (W+p)
"—pnwaBoH, . 1B .

_ M/ Habo L st oy. (33)
WA 2 c

This agrees with the calculation of the previous section via the stress tensor.

3 Use of Magnetization Currents or Effective
Magnetic Poles

We now take a different approach to the calculation of the force on the wire, whereby
the effects due to magnetization are included via either the magnetization current density
Ju = ¢V x M (and the associated surface current K, = ¢ M x n) or via the effective pole
density pys g = —V - M (and the associated surface pole density opseq = M - n).? The wire
is considered to consist of filaments along the z axis, and the total force is calculated as an
integral over the force on the filaments in the spirit of the Biot-Savart force law.

The hope is that this approach would provide more intuitive explanations for the term
—(H?*/87)Vu in the bulk force expression (28). However, we achieve success only with
prescriptions that differ in an important way from those advocated by Brown [11] on behalf
of the Coulomb Committee.

3.1 Calculation Using Magnetization Currents

In the first version of this calculation, we include the so-called bound current density due to
the bulk magnetization M,

p—=1

Juy=cV XM=
M=V A /c

V x H = () — 1)Jeona, (34)

since the magnetic field H is related to the conduction current density Jconq by Ampere’s
law, V x H = 41J.ona/c in magnetostatics. Thus, the total current in the interior of the
wire is,
Jtotal - JM + Jcond - M/Jcond- (35)
The current density Jiota is the one that should be used in the microscopic version of
Ampere’s law V x B = (47 /c) Jioral, which leads to B(I) = 2u/'Ir 6/ca® = (/H(I) inside
the wire. Since eq. (35) by itself also implies that B(I) = 2u'I 8/cr outside the wire, we
see that in addition to the volume magnetization current density J,;, there must be surface
currents at » = a. On the outer surface of the wire the current density is given by,

/
-1 .
Ky(r=a")=cM(r=a")xt = C'u4 Hy(r=a7) 6 x1 (36)
7r
F—1 21 2
_ _H Z_ ek c(Hpsin@ + H; sin 20) | z,
47 a WHp

9The effective magnetic poles are a representation of effects of Amperian currents, and are distinct from
possible “true” (Gilbertian) magnetic poles that apparently do not exist in Nature.



while surface current density on the inner surface of the medium surrounding the wire is,

—1 (2] 2
Ky(r=a")=cM(r=a") x (-t) = :“47T {E _ M/ _/:MC(HO sinf + H; sin29)] z. (37)

The total surface current density is thus,
p— {21 2p

Ky =
M 4T a p+p

c(Hpsin® + H; sin 29)] Z. (38)

By adding the surface current (38) to the microscopic form of Ampere’s law, we should
be able to deduce that part of the magnetic field B not initially present. The first term of
eq. (38) has no effect on B for r < a, while for r > «a it adds a piece 2(u—p’)I /cr, so the total
magnetic field outside the wire due to current I is B(I) = 2uI 8/cr = pH(I), as expected.
The second term of eq. (38) contributes to the magnetic field both inside and outside the
wire, and in principle provides an alternative method of calculating the fields summarized
in eq. (19).

The force on a current-carrying filament is now to be calculated using an appropriate
version of the Biot-Savart law. Having tried numerous possible variations, we only find
agreement with eqs. (26) and (27) if the magnetic field we use is H; and not B;, where ¢
means the initial fields before the wire was introduced into the permeable liquid. See sec. 3.3
for additional discussion. Apparently, this prescription was the one advocated by Lorentz
[33]. However, Brown, in his eq. (1.3-4") of [11], advocated the use of the initial field B; (as
also advocated in [37].)

It is also important to use the initial field as given by eq. (9), and not the field that would
hold if a cylindrical cavity of radius a were introduced into the permeable liquid.

The magnetic force per unit length on the volume currents and surface currents is to be

calculated as,

1 1
F=- / Jiotal x H; dVol + = / K, x Hi(r = a) ds, (39)
C C

where Jiotar is given by egs. (8) and (35), and the surface current K, is given by eq. (38).
Then,

F o= /rdr/ a0 L x| (Ho+ Hi cos0) % — Hi = sin 0y |
a
21 2
+—/ ady L i { K c(Hosine—l—HlsinQ@)]ix
cJo 4T a p+p
[((Ho + Hycosf) x — Hysin 6 y]
IHO N ,u —,uaHOHl N IHO N ,u’—,uaHOH1 N /LIHO N
= = y+ X+ = %+
W YT (= p)— PR A Y
"—pnaBoH, . IBp .
_ KT Rrabo Lgt oy7 (40)
Wtp 2 c

in agreement with eqs. (26) and (27). If we had used the field B;, the result would be
times the above.

Another variant is to use only the surface current (36) on the wire and not that, eq. (37),
on the inner surface of the surrounding medium, but this fails badly. See sec. 4 for a variant
in which the total magnetic field is used, rather than the initial field.
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3.2 Calculation Using Effective Magnetic Poles

The forces on the magnetization of the media might also considered as due to a density
of effective magnetic poles, rather than being due to currents Jj; and Kj,;. Some care is
required to use this approach, since a true magnetic pole density p,, would imply V - B =
47 p,s, and the bulk force density on these poles would be F = p,,H.!° However, in reality
0=V -B=V.(H+47M), so we can write,

V . H - _47TV . M - 47TpM,eff7 (41)

and we identify p,; . = —V - M as the volume density of effective magnetic poles. Inside
linear magnetic media, such as those considered here, B = p/H and V - B = 0 together
imply that p,, .z = 0. However, a surface density oy e of effective poles can exist on an
interface between two media, and we see that Gauss’ law for the field H implies that,

(H,—H;)-n

41 ' (42)

O Meff =

where unit normal n points across the interface from medium 1 to medium 2. The surface
pole density can also be written in terms of the magnetization M = (B — H) /47 as,

O M,eff = (Ml - M2) : ﬁ> (43)

since V - B = 0 insures that the normal component of B is continuous at the interface.
In the present problem, the density of effective magnetic poles on the surface r = a is
given by,

H.(r=at)— H.(r=a" 1y —
(r=a") (r=a7) _1lmp M(HOCOS(9+H1COS26‘)' (44)
Ar 2m ' + p

OM,eff =

The force on the surface density of effective magnetic poles is,
F = O—M7eﬁ‘B(7ﬂ = a), (45)

noting that the effective (amperian) poles couple to B rather than to H.!1+12

10See [16] for additional discussion of true and effective magnetic charges.

"Poisson [38] worked exclusively with the magnetic field H, but realized that the effective force on a
true (Gilbertian) magnetic pole p is not necessarily F = pH if the pole is at rest inside a bulk medium,
which results in an altered force on the pole depending on the assumed shape of the surrounding cavity.
W. Thomson (Lord Kelvin) noted in 1850 [39] that for a pole in a disk-shaped cavity with axis parallel to
the magnetization M of the medium, the force would be F = p(H + 47M), and therefore he introduced
the magnetic field B = H + 47M “according to the electromagnetic definition” (in Gaussian units). In
sec. 400 of his Treatise [25], Maxwell follows Thomson in stating that the effective force on a true magnetic
pole is usefully considered to be F = pB (Gaussian units). This convention for the effective force on a true
(Gilbertian) magnetic pole is the same as the “true” force on an effective (Ampérian) magnetic pole, which
latter is the topic of the sec. 3.2 of this note.

12We note that Brown in his eq. (1.3-3) of [11] recommends that the initial field H; be used rather than
B; when using the method of effective magnetic poles. However, this would imply a force 1/u times that of

eq. (45).
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The total force on the medium in this view is the sum of the force on the conduction
current plus the force on the effective surface poles, where to avoid calculating a spurious
force of the wire on itself we use the initial magnetic field B;,

1
F=- /Jcond x B; dVol + /UM@HBZ‘(T = a) ds. (46)
C

Then,

F = /Td?”/ d9—2z><Box
Ta

™ 1 .
+ / adf — W 'u(HO cosf + Hycos260) - [(By + Bycosf) x — Bysinf y]
0

2m ' +
"—waHyB, . 1By .
_ M/ M altio L st oy7 (47)
wH+poo 2 c

in agreement with eqs. (26) and (27), since HyB; = BoH.

3.3 The Biot-Savart Force Law in a Permeable Medium

The results of secs. 3.1 and 3.2 show that care is needed when using the Biot-Savart force
law in permeable media. We review this issue by starting with the simpler case that the
wire and the surrounding liquid both have the same permeability p # 1. Then, there is
neither a surface current nor an effective pole density at the interface between the wire and
the liquid. However, there remains the volume current density Jys = (i — 1)Jcond, so that
the total current is still Jiota1 = pJcona- Since the force on the wire is correctly calculated
via the force law,

1
F=- /Jcond x B; dVol, (48)
c
using the conduction current, we see that if we wish to use the total current we must write,
1 [ Jiota 1
F=-" / wtal B, dVol = - / Jiota X H; dVol. (49)
c 1 c

The other aspect of the analysis of Biot and Savart is the calculation of the magnetic
field from the current density. The microscopic version of Ampere’s law,

4
V x B = =T, (50)
c
corresponds to the prescription that,
1 [ Jiotm X T Jeong X T
Bz—/#d\fol:ﬁ/#d\/olz,uﬂ (51)
c r c r
Hence, the macroscopic version of Ampere’s law,
4
V xH="Jm (52)
c

12



corresponds to the prescription that,
1 [ Jeona X T
15 Y R AT (53)
c r?

independent of the permeability.
The form of the eq. (2) for the force on circuit a due to circuit b supposing the wires and
the surrounding media all have permeability pu is therefore,

I Ll dly X T4
Faz—fdlabizu Qb}{dlaqu{#, (54)
C Ja c a b /rab

where [, and [, are the conduction currents in the circuits. We also see that eq. (54) holds
even if the wires have permeabilities p, and p, that differ from the permeability p of the
surrounding medium, since the magnetic field due to wire b at the position of wire a before
wire a was introduced is given by B, = puH;, which depends on neither p, nor p,,.

An extensive bibliography on conceptual issues in magnetism is at [40)].

4 There is No (General Macroscopic Version of the Lorentz
Force Law Using Total Fields

The Lorentz Force law for a moving electric charge ¢ in microscopic electrodynamics has the
well-known form,?

F=gq <E + 2 x B) (microscopic). (55)
c

This suggests that in macroscopic electrodynamics the force density on charge and currents
densities p and J might be written as,

. J
F = pE+ —x B (macroscopic), (56)
c

where here the total fields E and B are the macroscopic averages of the corresponding
microscopic fields, and the charge and current densities might be either the “free” or “total”,

oP
Ptotal = Ptrec + Pbound = Ptree — V. P> Jtotal - Jfree + Jbound = Jfree + a + cV X M(57)

However, the present example shows that the supposed macroscopic form (56) is not
generally valid if the total fields E and B are used.'*

131t is generally considered that Heaviside first gave the Lorentz force law (28) for electric charges in
[42], but the key insight is already visible for the electric case in [41] (and for the magnetic case in [43]).
Lorentz himself seems to have advocated the form ¢v x pgH in eq. (V), sec. 12 of [33]. See also eq. (23)
of [44]. Maxwell gave a version of the Lorentz force law in eq. (10), Art. 599 of [25], where he wrote
F/q=v xB—V¢— 0A/0t, but he made little use of this elsewhere.

14 Another example of the delicacy in the use of a macroscopic Lorentz force law concerns the torque on
a magnetized object that is immersed in a permeable liquid, all in a magnetic field [45].
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To see this, it suffices to consider only the case where the external field, in the medium
with relative permeability u, has the form,

Then, from eq. (20) with By = pHy and H; = 0 the total magnetic field inside the wire (of
relative permeability p) is,

24/ . 20 I 20 . A
Biotal(r < a) = p'Higa(r < a) = a MBO cosOtr + ( 5@2 — i MBO sin 0) 0
24’ 2u'ly\ . 2ulx . 2u'lr 24’ .
= (M' n MBO e + iz YT Toa 0 + o MBO X. (59)
Thus,

Jiree I . 2" IBy . 20

/ free s Byogar dVol = 2L/szmWJWﬂ= PP . (60)
r<a € masc WA pc Wt

Hence, the candidate macroscopic force law,

free

F = PrrecEtotal + X Biotal (macroscopic), (61)

is not valid for the present example if either p or y' differ from unity or from each other.
To consider the candidate macroscopic force law,

? Jtotal

F = ptotalEtOtal +

X Biotal (macroscopic), (62)

we note that the magnetization inside the wire is given by,

"1 -1
Mwire(T < a) - M47T Htotal(r < a) - /Z,/TTBtotal(T < a)
_ =1 Bocosef_+ E_Bosine 0 7 (63)
27 w4 p ca®> ' +p

and since V x B; = 0 inside the wire the bound current density associated with the wire is,

p =1 Wi

2 Ii; S0 Jtotal = Jfree + Jbound = 5 Z = M/Jfree- (64)
ma

Jbound(r < a) =cV XM=

wa

In addition, there is a bound current density on the surface of the wire,!®

H1:0,

as in eq. (36) with

-1 Bysinf 1
Khoumd(r=a")=cM(r=a") xt = ,u27r (CM,O_T_H; - a) Z. (65)

When evaluating the force on the surface current Ky ounq we should not use the magnetic
field Biotal(r = a~), since in the microscopic view the magnetic field varies continuously

5There is also a bound surface current density on the inner surface of the medium at r > a.
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(and approximately linearly) with 7 across the surface current layer, which has a small but
finite thickness. Considering a loop in a plane of constant z, with azimuthal length dl and
infinitesimal thickness in r from r = a~ to r = a, which surrounds an element of the surface
current on the wire, we have that,

4 4
il /Kbound(r =a ) -dArea = %Kbound(r =a")dl (66)
c

- thotal ~dl = [Bﬂ,total(r - a) - Bﬂ,total(r = a_)] dl?

such that,

4
Bﬂ,total(r - a) - Bﬂ,total(r - a_) + 7Kbound(r - a_)- (67)

Of course, B; total(r = @) = By total(r = a7), so the effective magnetic field which acts on the
surface current is,

Boa r=a +Boa r=a _ 9 _
Bualr =a7) = Dol =0 EBeal =20 g 0) b P il = a)6

2u'By . 20’1 Bysinf I

_ I 0X+ I +(M/_1) 0 b 0
I ca Wpoo oca
2'B / 1T " _ 1)Bnsin

_ °§<+((“+ )L, (W~ 1)Bosin )0. (68)
Wt ca .

Then, the candidate force on the total currents at r < a is,

Jt tal Ktotal
/ - X Biotal dVol + X Btotal,eff dArea
r<a c r=a— c

& r—a— &
_2u” IBOy_Qu’Q—M’—llBojl_,u’—l—lIBoy
WHp o oc W c WHp oc

/J Tee K oun
— / lfree o Byogar dVol + / bound s Biotalerr dAre
r<a

(69)

recalling eq. (60).

It is also reasonable to suppose that the total current should include the surface current
at 7 = a™ on the inner surface of the permeable liquid that surrounds the wire. From eq. (37)
with H 1 = 0,

oy 4 . =11 cBysinf| .
Kiomd(r=a") =cM(r=a") x (-1) = o {a - m Z. (70)
An argument similar to that which led to eq. (67) indicates that,
4y Ar +
Bﬂ,total(r - a) - Bﬂ,total(r =a ) - 7Kbound(r =a ) (71)
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Of course, B, total(r = @) = By total(r = a7), so the effective magnetic field which acts on the
surface current is,

B ota. =a* B ota =
Btotal,eff(?" = a+) = tot I(T a ); tot I(T a)
i 2 N
= Btotal(T’ = Q ) — 7Kbound(7" = )07 (72)
- 1)1 —1)Bysin
Biotaletta(r =a") = DBo(1+ Pl os20) — 1) + (i = DBosin sin 6.
W p ca W

The force on the surface current Kpouna(r = a™t) has only a y-component, given by,

K ota. K ound\” = a+
/ total X Btotal,eff dArea’ = a/ b d( )Btotal,eff,z(r + a+) d@
r=at Y r=a+t &

c
1 I By
=(p—1) {1+ —. 73
e 73)
Adding this to the result of eq. (69), the candidate force on the total current is,
IB, .
K . 0y (74)

Hence, the candidate form (62) is also not valid for the present example if p differs from
unity. 1617

We have seen in previous sections that the magnetic force on a wire of relative perme-
ability i/ can be written as,

ree J ota.
F = / Joce B, qvol — / “rotal o H, dVol, (75)
C C

where B; = 1/H; are the fields that would exist at the location of the wire in its absence. It
is clear from the results in this section that the force on such a wire cannot be written as,

J ree J ota. J ree
/ free Hi a1 dVol, nor as / total Hi,.1 dVol, nor as / free H, dVol,
c c c

ree J ota.
nor as / Ji X Biota1 dVol, nor as / total . B, dVol. (76)
c c

16Tf the medium surrounding the wire has unit relative permeability, u = 1, then the form (62) is still valid.
This has given validation to that form for the unwary, as in [5] and prob. 13.14 of [36]. This reinforces the
theme of [3] that one must consider examples with two different, nonunit relative permeabilities to confront
the full subtlety of magnetic force calculations.

1"The Einstein-Laub force density [5] appears to be derived from the force law (62) according to Appendix
B of [46], and hence is not valid in general.
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4.1 Radial Gap between the Wire and the Surrounding Permeable
Medium

To illustrate further the possible applicability of the candidate force density (62) when per-
meable media are present, we consider the case of a wire of relative permeability p' and
radius a along the z-axis, surrounded by a medium of relative permeability 4 in the region
r > b. The region a < r < b is vacuum. The initial/external magnetic field B;, in the
absence of the wire is Byx for » < b, so we might again expect the force on the wire to be
given by eq. (3) when it carries current I.

At large r the initial/external field has the form,

B, = B X, H, = &fc =-V (—&x) =-V (—&T cos 9) ; (77)
H H H

where the relation between B., and By is to be determined such that as b — a the fields

become those of eq. (59).

To use the candidate force density (62) we need to know Byt when the wire is present
and carrying current /. We begin by computing the magnetic fields B; and H; when the
wire is present but with zero current.

When the free current in the wire is zero, V. x H; = 0 (except at the distant location of
the sources of the initial field), so we can write H; = —V®,,, where ®); is a (continuous)
magnetic scalar potential of the form,

Op(r<a) = AL cos b, (78)
a
Opyla<r<b) = BZCOSQ—FCECOS@, (79)
a r
Bo
Oy (r>0) = D% cosf — 22y cos. (80)
r 1
Continuity of ®; at » = a and b implies that,
b b’ B,
A=DB+C, and D=—-B+C+ : (81)
a pa
Continuity of the radial component of B; at = a and b implies that,
OPpy(r=a") O0Py(r=a") OPp(r=107) 0Py (r =b7)
/ —= d = 82
,u 87" a/’n Y al a/’n Iu a/’n Y ( )
and hence,
a’ a’
wWA=B-C, and  B-— 6_20 = _'ub_QD — aBwo. (83)
After some algebra,
"+1 -1 A
=" ; A, c=-Fa D= S - ) 40+ el
A 4b B, B 4b B, (84)
a ()0 +a?) + L+ )02 —a?) (WD) 02— (0 = 1) (p — Da?
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As b — a the magnetic field at » < a with the wire present but with zero current is,

WAD —a) . 2u'Bw .
B.(r<a)=uH:r <a)=— = X. 85
(< @) = WH,(r < a) " )

For this limit to agree with eq. (59) we simply take B,, = By, and the magnetic field for
b > a with the wire present but with zero current is,'

WA 4p' By )
X = X

a (W +D(p+1) = (W = 1)(p—1)a?/b?

The expression for the magnetic field due to the current I in the wire is the same for r < a

in the present case and in eq. (59), so formally the total field B for » < a in the present case
differs from the previous case only by an additional factor (which goes to 1 as b — a),

B(r<a)=pH;(r <a)=-— (86)

2(p" + )
(W +D(p+1) = (0 = 1)(p—1)a?/b?’
that multiplies terms in By (in B and in Kpouna). As such, we can immediately transcribe

the result (69) for the force per unit length on the wire (but not on the medium outside the
wire) computed with the candidate force density (62) as,

(87)

i +11Byy 2(0 + p)
Win o (DD - (0~ Dl - Da/P
_ 2(p + 1) IByy (88)
(W+D(p+1) = (0 =1)(p—Da*/b? ¢

For confirmation of eq. (88), we consider the force per unit length on the wire as deduced
from the Maxwell stress tensor just outside the surface of the wire, where r = a™. The total
field here can be obtained from the total field just inside the wire, at = a™, by recalling
that the radial component of B and the tangential component of H are continuous across
the surface of the wire. Hence,

Fwire -

/

A 21 -
Afcos@—i-éOsin@—l——O (89)

Br=a")=H(r=a")=—
a a ca

A 21 A 21
= — (—[M/ + 14 (p' —1)cos20] + — sin@) X + (—(,u’ —1)—sin26 + —Cos@) y
2a ca 2a ca

We expect only a nonzero y-component to the force on the wire, which is computed at r = a™
via the Maxwell stress tensor as in eq. (27),

F, = /(Tyz dSy + T, dSy) / H,H,cosf d@—i——/ — H?)sinf df
a [[A 21

- = 1+ (i — 1) cos 2] + =i
I, {2a[u + 1+ (¢ — 1) cos26] + o sm@}

I81f 1/ = 1 then eq. (86) becomes the initial field in the absence of the wire, B;(r < a) = 2By x/(u + 1),
whose strength differs from the initial field By when the permeability is p in the absence of the wire.
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A 21
{—(,u’ - 1)% sin 260 + — cos 9] cos 0 df

ca
a [*7 A 21 ?
— —(u' —1)=—sin20 + — cos @
i 8m Jo {{ G )Qa v ca ” }
A 21 ?
_ {%[M/—i—l—l—(//_1)c0829]+£sin9] }sin@ do (90)
Al(f +1) [ Al +1) 21/ + 1) 1By
= — cos” 0 db = = :
2mca 0 2ca (W+1D(p+1)— (W —=1)(up—1)a?/b?> ¢

which agrees with the candidate expression (88) for the force on the wire.'”

However, the force (88) and (90) is not of the form I x B;/c, as the initial field in the
absence of the wire is B;(r < a) = 2Byx/(pn + 1). Thus it appears that the prescription (3)
is not true in general, as anticipated in footnote 3.

While the macroscopic Lorentz force “law” (62) does not hold in general, the present
considerations do not exclude that this form is valid for computation of the force on charges
and currents that are surrounded by vacuum.

References

[1] See, for example, secs. 4.20-21 of J.A. Stratton, Electromagnetic Theory (McGraw-Hill,

194 1) , http://kirkmcd.princeton.edu/examples/EM/stratton_electromagnetic_theory.pdf

[2] F.N.H. Robinson, FElectromagnetism (Clarendon Press, 1973),
http://kirkmcd.princeton.edu/examples/EM/robinson_chap7.pdf

[3] L.W. Casperson, Forces on permeable conductors in magnetic fields, Am. J. Phys. 70,
163 (2002), http://kirkmcd.princeton.edu/examples/EM/casperson_ajp_70_163_02.pdf

[4] A. Einstein and J. Laub, Uber die elektromagnetishen Grundgleichungen fiir bewegte
Képer, Ann. Phys. 26, 532 (1908),
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08.pdf

[5] A. Einstein and J. Laub, Uber die im elektromagnetishen Felde auf ruhende Képer
ausgeiibten ponderomotorishen Kréfte, Ann. Phys. 26, 541 (1908),
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf

[6] FEinstein and Laub on the Electrodynamics of Moving Media, in The Collected Papers
of Albert Finstein, vol. 2, ed. J. Stachel (Princeton U. Press, 1989), p. 503,
http://kirkmcd.princeton.edu/examples/EM/einstein_laub_08_commentary.pdf

[7] A. Einstein, Sur les force pondéromotrices qui agissent sur des conducteurs ferro-
magnétique disposés un champ magnétique et parcourus par un courant, Arch. Sci.

9Computation of the force on the wire via the Helmholtz bulk-force density (28) also gives the same
result [47].

19



[15]

[16]

[17]

[18]

[19]

PhyS Nat. 30, 323 (1910), http://kirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10_english.pdf

K.T. McDonald, Biot-Savart vs. Einstein-Laub Force Law (May 21, 2013),
http://kirkmcd.princeton.edu/examples/laub.pdf

W.F. Brown, Jr. et al., The teaching of electricity and magnetism at the college level.
I. Logical standards and critical issues, Am. J. Phys. 18, 1 (1950),
http://kirkmcd.princeton.edu/examples/EM/brown_ajp_18_1_50.pdf

W.F. Brown, Jr. et al., The teaching of electricity and magnetism at the college level.
II. Two outlines for teachers, Am. J. Phys. 18, 69 (1950),
http://kirkmcd.princeton.edu/examples/EM/brown_ajp_18_69_50.pdf

W.F. Brown, Jr., Electric and magnetic forces: A direct calculation. I, Am. J. Phys.
]_97 290 (1951), http://kirkmcd.princeton.edu/examples/EM/brown_ajp_19_290_51.pdf

W.F. Brown, Jr., Electric and magnetic forces: A direct calculation. II, Am. J. Phys.
]_97 333 (1951), http://kirkmcd.princeton.edu/examples/EM/brown_ajp_19_333_51.pdf

K.T. McDonald, Methods of Calculating Forces on Rigid, Linear Magnetic Media
(hdarch 18,2002),http://kirkmcd.princeton.edu/examples/magnetic_force.pdf

F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),
http://kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf
This paper mentions the earlier history of erratic results on this topic.

X. Artru and D. Fayolle, Dynamics of a Magnetic Monopole in Matter, Maxwell Equa-
tions in Dyonic Matter and Detection of Electric Dipole Moments, Prob. Atom. Sci.
Tech. 6, 110 (2001), http://kirkmcd.princeton.edu/examples/EM/artru_past_6_110_01.pdf

K.T. McDonald, Poynting’s Theorem with Magnetic Monopoles (March 23, 2013),
http://kirkmcd.princeton.edu/examples/poynting.pdf

H.A. Lorentz, La Théorie Electromagnétique de Maxwell et son Application aux Corps
Mouvants, Arch. Neérl. 25, 363 (1892),
http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

Reprinted in Collected Papers (Martinus Nijhoff, The Hague, 1936), Vol. II, pp. 64-343.

L.D. Landau, E.M. Lifshitz and L.P. Pitaevskii, Electrodynamics of Continuous Media,
2nd ed. (Butterworth-Heinemann, 1984), http://kirkmcd.princeton.edu/examples/EM/landau_ecm2.pdf

F.J. Lowes, Force on a Wire in a Magnetic Field, Nature 246, 208 (1973),
http://kirkmcd.princeton.edu/examples/EM/lowes_nature_246_208_73.pdf

Related papers by this author include: The torque on a magnet, Proc. Roy. Soc. London
A 337, 555 (1974), nttp://xirkncd.princeton. edu/examples/EM/lowes_prsla_337_555_74.pdf

Do Magnetometers Measure B or H?, Geophys. J. Roy. Astro. Soc. 37, 151 (1974),
http://kirkmcd.princeton.edu/examples/EM/lowes_gjras_37_151_74.pdf

20



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

A. Engel and R. Friedrichs, On the electromagnetic force on a polarizable body, Am.
J. PhyS 70, 428 (2002), http://kirkmcd.princeton.edu/examples/EM/engel _ajp_70_428_02.pdf

J.-B. Biot and F. Savart, Note sur la Magnétisme de la pile de Volta, Ann. Chem. Phys.
]_57 222 (1820), http://kirkmcd.princeton.edu/examples/EM/biot_acp_15_222_20.pdf
English translation on p. 118 of [23].

J.-B. Biot, Précis Elémentaire de Physique Expérimentale, 3rd ed., vol. 2 (Paris, 1820),
pp. 704-774, http://kirkmcd.princeton.edu/examples/EM/biot_precis_24_v2.pdf
English translation on p. 119 of [23].

R.A.R. Tricker, Farly Electrodynamics, the First Law of Circulation (Pergamon, 1965),
http://kirkmcd.princeton.edu/examples/EM/tricker_early_em.pdf

H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),
http://kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
http://kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

J.C. Maxwell, A Treatise on Electricity and Magnetism, 3'¢ ed. (Clarendon Press, 1892),

http://kirkmcd.princeton.edu/examples/EM/maxwell _treatise_v2_92.pdf
p p p p

A. Einstein and J. Laub, Uber die im elektromagnetishen Felde auf ruhende Koper
ausgeiibten ponderomotorishen Kréfte, Ann. Phys. 26, 541 (1908),
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf http://kirkmcd.
princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

E. Hall, On a New Action of the Magnet on an Electric Current, Am. J. Math. 2, 287
(1879),http://kirkmcd.princeton.edu/examples/EM/hall_ajm_2_287_79.pdf

W.R. McKinnon, S.P. McAlister and C.M. Hurd, Origin of the force on a current-
carrying wire in a magnetic field, Am. J. Phys. 49, 493 (1981),
http://kirkmcd.princeton.edu/examples/EM/mckinnon_ajp_49_493_81.pdf

G.G. Stokes, On the Effect of the Internal Friction of Fluids on the Motion of Pendulums,
Trans. Camb. Phil. Soc. 9, 8 (1850); see p. 65 of

http://kirkmcd.princeton.edu/examples/fluids/stokes_mathematical_and_physical_papers_v3.pdf

E.Y. Harper and 1.-D. Chang, Drag on a Cylinder between parallel Walls in Stokes’
Flow, Phys. Fluids 10, 83 (1967),
http://kirkmcd.princeton.edu/examples/fluids/harper_pf_10_83_67.pdf

K.T. McDonald, Magnetic Forces Can Do Work (Apr. 10, 2011),
http://kirkmcd.princeton.edu/examples/disk.pdf

L.H. De Medeiros, G. Reyne and G. Meunier, Comparison of Global Force Calculations
on Permanent Magnets, IEEE Trans. Mag. 34, 3560 (1998),
http://kirkmcd.princeton.edu/examples/EM/demedeiros_ieeetm_34_3560_98.pdf

21



[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

H.A. Lorentz, Versuch einer Theorie der electrischen und optischen Ersheinungen in
bewegten Kérpern (E.J. Brill, Leiden, 1895), Art. 12,

http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95.pdf
p p p y p

http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95_english.pdf

H. von Helmholtz, Uber die auf das Innere magnetisch order dielectrisch polarisirter
Kérper wirkenden Kréfte, Ann. d. Phys. 13, 385 (1881),
http://kirkmcd.princeton.edu/examples/EM/helmholtz_ap_13_385_81.pdf

W. Greiner, Classical Electrodynamics (Springer, 1998),
http://kirkmcd.princeton.edu/examples/EM/greiner_em_98.pdf

A. Zangwill, Modern Electrodynamics (Cambridge U. Press, 2012),
http://kirkmcd.princeton.edu/examples/EM/zangwill_em_12.pdf

G. Henneberger, P.I. Sattler and D. Shen, Nature of the Equivalent Magnetizing Current
for the Force Calculation, IEEE Trans. Mag. 28, 1068 (1992),
http://kirkmcd.princeton.edu/examples/EM/henneberger_ieeetm_28_1068_92.pdf

S.-D. Poisson, Mem. d. I’Acad. V, 247 (1824),
http://kirkmcd.princeton.edu/examples/EM/poisson_24.pdf

See p. 499 of W. Thomson, Papers on Electrostatics and Magnetism (Macmillan, 1884),
http://kirkmcd.princeton.edu/examples/EM/thomson_electrostatics_magnetism.pdf

http://www.aw-verlag.ch/Ref/Ref _Elektrodynamik.htm

O. Heaviside, Electromagnetic Induction and Its Propagation, sec. IV, The Electrician
(Feb. 21, 1885), p. 306; in Electrical Papers, vol. 1, p. 447,
http://kirkmcd.princeton.edu/examples/EM/heaviside_epl_pp429-476.pdf

O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification
through a Dielectric, Phil. Mag. 27, 324 (1889),
http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

O. Heaviside, Electromagnetic Induction and Its Propagation, sec. XXII, The Electrician
(Jan. 15, 1886), p. 186; in Electrical Papers, vol. 1, p. 542,
http://kirkmcd.princeton.edu/examples/EM/heaviside_epl_pp542-548.pdf

H.A. Lorentz, The Theory of Electrons (B.G. Teubner, 1909),
http://kirkmcd.princeton.edu/examples/EM/lorentz_theory_of _electrons_09.pdf

I. Brevik, Torque and energy considerations for a magnet in a magnetic liquid, J. Phys.
Cond. Matt. 7, 8065 (1985),
http://kirkmcd.princeton.edu/examples/EM/brevik_jpcm_7_8065_85.pdf

M. Mansuripur, Resolution of the Abraham-Minkowski controversy, Opt. Comm. 283,
1997 (2010), http://kirkmcd.princeton.edu/examples/EM/mansuripur_oc_283_1997_10.pdf

22



[47] G. Gold, Force on a Current Carrying Wire Surrounded by a Permeable Media and
Separated by a Radial Vacuum Gap (July 12, 2013),
http://kirkmcd.princeton.edu/examples/EM/gold_071213.pdf

23



