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1. Spinning Basketballs.

The Harlem Globetrotters can balance a basketball stably on a finger by spinning the
ball. That stability is possible if the basketball acts like a gyroscope and precesses,
rather than falling off the finger.

Consider a sphere, of mass m and radius a with moment of inertia I about its center,
that rolls without slipping on a fixed sphere of radius b. Derive, and decompose into
components, the (vector) equations of motion.

Show that the total angular velocity w obeys w - di/dt =0= i~dw/dt, where 1 points
outward along the line of centers of the two spheres and makes angle 6 to the vertical,
z, and hence,

. b, dl
w:w11+a: 1XE’

(1)

where w; = w - 1 = constant, and that,

a+b. d1 di .
1x —+Tw— 2=0. 2
. X 72 + 1wy It + mga ( )

(I + maz)

Note that 1 rotates about # at rate ¢ and about 2 = 1 x z at rate 6 (be careful with
signs).

After obtaining the 3 component equations of motion, first consider steady motion,
0 =0, ¢ = = constant, to show that w; must satisfy,

wy > g\/mg(a +b) (I +ma?) cos b, (3)

for steady motion.

The spinning sphere will fall off the fixed sphere if the force of contact between them
vanishes. Show that this happens (during steady motion) if,

9 g cos by
(a+b)sin®fy

(4)

Use the relation between {2 and w; to show this indicates that too much spin is bad,
as well as too little.
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Consider nutations about steady precession,
0 = 6y + esinat, = O+ dsinat, (5)

for small constants € and § to show that o > 0 for large enough w;, in which case the
nutations are stable.

For a basketball of radius @ = 12 cm, which is a hollow sphere with I = 2mg?/3,
balanced vertically on a finger of radius of curvature b ~ 1 c¢m, the spin required for
gyroscopic stability is greater than 6 revolutions per second, which seems higher than
in videos of “balanced”, spinning basketballs. That is, their stability is due to active
stabilization by horizontal motion of the support finger rather than gyroscopic effects.

One of many YouTube videos on how to spin a basketball,
https://www.youtube. com/watch?v=1LxUq6nhkb4
in which the spin seems to be only 1-2 revolutions per second.
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2. The Golfer’s Nemesis.
Can a golf ball roll into the cup, roll around on its vertical wall and pop back out?!

Consider a sphere of radius a that rolls without slipping inside a vertical cylinder of
radius b > a.

20
b

2/

ig
b
If O = ¢ = angular velocity of the point of contact about the vertical, 1 points from

the center of the sphere to the point of contact, z is vertical, and 2 = z x 1, show that
the component equations of motion are,

zZ: O =0, (6)
1: aw; = Oz, (7)
2 (I + ma2) 5= —ma’g — law; Q. (8)

Show that z of the center of mass executes simple harmonic motion, and if at ¢ = 0,
z =0, 2 = %y, and w; = wqg, then,

) 100 . I
L= Y —]FQS all (cosat — 1) + %sin at, where @ = Q\/%' (9)

With what velocity and angular velocity must the ball arrive at the rim of the cup to
fall in and execute the above oscillatory motion, and possibly pop back out?

!This behavior is distinct from the possibility that the ball bounces off the flagpole in the hole, or the
plastic insert therein, as occurs from time to time.
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3. Off the Rim.

A frequent occurrence in basketball or golf is that the ball rolls around in the rim of
the hoop/cup for a while, then sometimes goes in, sometimes not...

Consider a sphere of radius a that rolls without slipping on a horizontal hoop of radius
b > a. An equilibrium of steady rolling exist with zero “spin” component, wy = w-1 =
0, where w is the total angular velocity of the sphere and 1 is directed from the point
of contact with the hoop to the center of the sphere. Show that in the case the angular
velocity of the point of contact about the vertical is,

3g tan 6,
Q= —F——— 1
\/5(6 —asinfy)’ (10)

for a spherical shell, where 6 is the angle of 1 to the vertical.

For a basketball of radius 12 cm and a hoop of radius 24 c¢m, €2y ~ 0.6 revolution per
second at 0y = 45°.

Show that this equilibrium is unstable (for b/a = 2). That is, for Q greater/less than
wo, the sphere rises/falls, and only in the latter case does it pass through the hoop as
desired.
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4. A circular hoop of radius a rotates constant angular velocity €2 in a horizontal plane

about a fixed point on the hoop. A bead of mass m slides freely on the hoop.
m

LS

(a) Use 6 as shown in the figure as the coordinate with Lagrange’s method to deduce
the equation of motion.

(b) Show that the Hamiltonian is,

2

2
H = 8729012 —pgQcosh — % 02 sin 26, (11)

and that Hamilton’s equations lead to the equation of motion found in part (a).

(c¢) Deduce the equation of motion via an analysis in the rotating frame of the hoop.
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5. The Piano.

A piano wire is struck by a sharp blow from a hammer, and a fairly pure note is
produced.? This is perhaps surprising in view of the analysis on p. 229 of
http://kirkmcd.princeton.edu/examples/Ph205/ph205121.pdf of the effect of an impulse.
Helmholtz® has suggested that a better approximation to the effect of the hammer is
that it exerts a force,

Fo(x—b)sin2 (0<t<T/2),
F(z,t) = (r = b)sin 2) (12)
0 (otherwise).

That is, the force goes through one half period of s sinusoidal oscillation.

The force is applied at distance b from one end of a wire of length [ and mass density
p per unit length, which is fixed at both end and subject to a tension that makes the
transverse wave velocity equal to c.

Consider a Fourier analysis of the vibrations, s(x,t) = >, ¢,,(t)sin(nmx/l), and use
Green’s method? to solve the differential equations for the ¢, to show that,

2FT 3 1 . nmb nwcT | nmx . nme(t —T/4) (13)
sin cos sin sin :
m2ep G n(l — (=L)2) l 41 l l

n

s(x,t) =

If we take b = 1/2, the midpoint, and 7" = 2[/¢, the fundamental period, then,

Fl i c(t—=T/4
s(x,t) = T zn: n(sin_n;) sinnmz sin M , (14)
so all harmonics vanish except n = 1, since lim,,_,; S’fﬂzg = T = 7.

2 Awaiting the sensation of a short sharp shock, from a cheap and chippy chopper on a big black block!
— The Mikado, Act 1, Gilbert & Sullivan (1885).

SH.L.F. Helmholtz, On the Sensations of Tone, 2! English ed. (Longmans, Green, 1885), pp. 380-
394, http://kirkmcd.princeton.edu/examples/mechanics/helmholtz_85.pdf. See also, pp. 74-80 (and
pp. 545-546), particularly the footnotes, which recount interest in England in Helmholtz’ theories of the
piano in the years 1883-1885.

4p. 145 of http://kirkmcd.princeton.edu/examples/Ph205/ph205113. pdf
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6. The Violin.

From experiments, Helmholtz deduced that the action of the bow of a violin is to force
the string of length [ into a transverse vibration at x(, the point of application of the
bow (0 < x¢ < 1), with the approximate form,

(% 1)
/\
% t
\
175 |

So*—
| h =

which is periodic with the period of the fundamental, free oscillation, t; = 2[/c, where
¢ is the velocity of transverse waves on the stretched string. The rising motion occupies
time to < t; related by x¢/l = to/t;.

Make a Fourier analysis in time of the motion of the point of contact to show that,

2s0t? 1 2nmt
0% Z — sin 77//7;60 sin nr ) (15)

)= gt
S(-To ) 7T2t0(t1—t0) n 77,2

In general, we expect the motion of the entire string to the analyzable as,

2nmt 2nmt
s(x,t) =) sin nlﬂ (An cos Zm + By, sin o > , (16)
n 1 1
so it follows from eq. (15) that A, =0 and,
250t? 1 . nmx . 2nmt
l)= ———= ) —sin—- . 17
s(x,t) ot — To) zn: = sin l sin : (17)

On p. 228 of http://kirkmcd.princeton.edu/examples/Ph205/ph205121.pdf, we saw that a
string plucked at x = b at time ¢ = 0 has the Fourier analysis,

2500? 1 b
%0 > Sin o gin (18)

@)= = 2 I I

Hence, at any time ¢ the violin string looks like the initial form of a string plucked at
position b = 2lt/t;.

The crest of the wave motion moves along the string with velocity ¢ = 2{/t;. The
“vibration” is better described as a traveling wave than a standing wave.
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7. A string of length [ is fixed at both ends and stretched with tension 7'

(a)

A mass M is attached to the midpoint of the string.

Ignoring the mass of the string, show that transverse oscillations of mass M have
angular frequency Qg = 24/T/IM.

Suppose mass M attached at distance b < [ from one end of the string (of mass
m).

Consider the intervals [0, b] and [b, [] to show that the normal (angular) frequencies
Q) obey the transcendental equation,

O . I-b ot

(2sin — sin 2 — sin — 19
sin — sin 3— e SR (19)

where ¢ = \/T'l/m is the velocity of waves on the string.
Consider again the case where mass M is attached at b = [/2, but don’t neglect
the mass m of the string.
Show that there are two classes of solutions, for which the angular frequency 2
obeys:

i. Mass M does not move, and Q2 = 2nmc/l.

ii. Mass M moves, and,

Ql Ql m
Mont_m 9
9c G = g (20)

If M < m, show that the lowest frequency is,

M
Qzﬂ—l(l——>, (21)
C m

which implies that Q = 7e/l when M = 0.
If m < M, keep enough higher-order terms to show that the lowest frequency is,

m T

QR R (L [P Jy S S—
0( 6M> (M +m/3)’

(22)

so that (for this mode) the mass of the string appears as a correction m/3 to mass
M.
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8. A uniform bar of mass m has rest length [,. One end is fixed and the other end is
attached to a mass M.

Set up the boundary conditions, and solve the wave equation for longitudinal (spring-
like) oscillations, ignoring gravity.

Show that,

M
cot(Qy) = EQZO’ where 0= %\/%, (23)

k is the spring constant of the bar, and w is the angular frequency of the oscillations.

By suitable approximation, show that the angular frequency of the lowest mode is,

k
wz,/m, (24)

as found in Prob. 5, Set 1, http://kirkmcd.princeton.edu/examples/ph205setl.pdf.
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Solutions

1. Spinning Basketballs.

This problem is the Example on p. 354, §415 of E.A. Milne, Vectorial Mechanics
(Metheun; Interscience Publishers, 1948),

http://kirkmcd.princeton.edu/examples/mechanics/milne_mechanics.pdf

We consider a sphere, of mass m and radius a with moment of inertia I about its center,
that rolls without slipping on a fixed sphere of radius b. We use a set of principal axes
(but not body axes) about the center of the sphere of radius a, where 1 points outward
along the line of centers of the two spheres and makes angle 6 to the vertical, z. Also,
2 =1 x 2/sinf (which is always horizontal), and 3 = 1 x 2 (which lies in the vertical
plane of 1 and 2).

The center of the sphere of radius a is at position r = (a 4 b) 1 with respect to the
center of the fixed sphere of radius b, which we take as the origin of coordinates in the
lab frame. Then, the velocity of the center of the sphere of radius a is,

dr dl
v o (a+b) 7 (25)

The (nonholonomic) constraint of rolling without slipping is that the point of contact
on the spinning sphere of radius a with the sphere of radius b is instantaneously at rest
in the lab frame,

dl .
Vcontact:0:V+w><a:(a‘i‘b)a—awx1, (26)

where w is the total angular velocity of the sphere radius a in the lab frame, and
a = —al is the vector from the center of the sphere of radius a to the point of
contact.?

5At this point in the analysis we could also note that v = —(a + b)¢sin 0 2 + § 3 where ¢ is the angular

velocity of the center of the spinning sphere about the z-axis. Then (25) implies eq. (47) below. We could
also use eq. (26) to find,

ix(wxa)=—aw-—wa=—-1xv=_(a+b)02+ (a+b)psind3, w:wli—aT92—

where w; = w - 1, in agreement with eq. (45) below.
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The force and torque equations of motion of (center of) the sphere of radius a are,

d d’1 d’1 .
md—: :m(a—i—b)ﬁ =F —mgz, F :m(a—l—b)ﬁ—i—mgz, (28)
dL d . d’1 .
E:Id—c::T:axF:—ma(a—i—b)lxﬁ—mgalxi. (29)

From eq. (26) we have that,

dl
=0 30
w T, (30)
while from eq. (29) we have that,
. dw
1-— =0. 31
o (31)
Hence,
d ~ dw1
—(w-1)= — =0 32
Cw-iy=Trog (32)
and w; = w - 1 is constant.
Also, we can multiply eq. (26) by 1 to find that,
. a+b. dl dw al  a+b. d1
— i P e e ix-c 33
Wzt W @ Y ar T e (33)
and then rewrite the equation of motion (29) as,
b. d’1 1 5
(I+ma2)a—ai_ 1xﬁ+lwla+mga1xi:(} (34)

For steady motion, with 6 = 6, = constant, the spinning sphere, and the triad of
principal axes, precess about the vertical at constant angular velocity 2 = w3 = Q2 2,

and hence,
1 . . .
dd—t:w123X1:QX1:QiX1, (35)
2 di A L
E:QXE:QX(Qxl):(Q-l)Q—Q1=Q(cos€0z—1). (36)
. d?1 .
1><%:S22c05901><2. (37)

Then, all terms in the equation of motion (34) are proportional to 1 x z, and we have,
b
(I + maz) 007 cos Op — Tw1 Q+mga=0, (38
a

Twiy +4/12w2 —4(1 +ma?) (a + b)mgcos b w :t\/wQ—wzummw
Q: 1 \/ 1 ( )( ) g 0 _ 1 1 17 (39)

2 (I +ma?) “ cos o Iw} e /2mga

a
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where for steady precession at rate ) to exist, we must have,

2
W1 > W1, smin® = Y\/mg(a +b) (I + ma?) cos by, (40)

which (not surprisingly) limits steady motion to angle 6y < 90°.

For a basketball of radius @ = 12 c¢m, which is a hollow sphere with I = 2ma?/3
(k = 2/3), balanced vertically (fp = 0) on a finger of radius of curvature b ~ 1 cm
< a, the minimum w; required for gyroscopic stability is about 6 revolutions per
second.’ This seems higher that the rotation rates of spinning basketballs in online
videos,” so it seems likely that their apparent stability is due to active stabilization by
horizontal motion of the supporting finger, rather than gyroscopic stabilization.

The spinning sphere remains in contact with the fixed sphere only if the outward force
of contact, F - 1, is positive. From eqs. (28) and (36), we have for steady motion,
1

d .
F =m(a+ b)ﬁ +mgz=m(a+b)Q*(coshyz— 1), +mg2z, (41)

F -1 =mgcosly +m(a+ b)Q*(cos? Oy — 1) = mgcosfy — m(a+ b)Q*sin .  (42)
Hence, the spinning sphere flies off the fixed sphere if

9 gcost

. 43
(a+ b)sin® 6, (43)
In particular, if wq is w1 «min» Of eq. (40), the spinning sphere flies of when,
2 a2 0
ma* sin® 6y >0, (44)

(I + ma?) cos? by

so only at fp = 0 can there be steady motion with w; = wi «pin».

That is, the true minimum of w; for steady motion in contact with the fixed sphere is
the root of the quartic equation obtained by combining eqs. (39) and (43). A numerical
study” indicates that spinning sphere always flies off for Q with the positive root in
eq. (39), while for the negative root, steady motion in contact with the fixed sphere is
possible for any 6, < 90° for large enough w; (much larger than wy «pin» of eq. (40) as
6y approaches 90°).

To discuss nutation about steady motion, we note that the angular velocity w3 of the
principal axes consists of the term —6 2, together with their rotation ¢z = ¢(cosf1 —

6The Q corresponding to this minimum w; is 3wy /4, which describes the rotation of the mathematical
triad 1-2-3. However, w; describes the rotation of the physical sphere, as visible to observers of spinning
basketballs.

"Many videos include remarks that higher spin makes the ball more stable.

8For 0y = 0, the spinning sphere will never fly off.

http://kirkmcd.princeton.edu/examples/basketball.xlsx
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sin@f’;).lo Also, the total angular velocity w of the sphere of radius a consists of the
“spin” angular velocity w, of the sphere about axis 1 relative to the principal axes,
together with (a + b)/a times the angular velocity wia3 of the principal axes relative
to the lab frame (which subtle relation is inferred from eqs. (33) and (46)). Hence,

. . A . . . b, - “ A . ~
wio3 = ¢cosfl —02 — ¢psinh 3, w=ws1+ % (¢cos€1 —92—¢sin93) .(45)

The time rate of change of the principal axes is related by,

%=w123><i> (46)
E:(¢c0891—92—¢sm93)><1:—¢sm92+93, (47)
2 : o . : . R
Z—t:((bcos€1—02—¢sin03)><2:—¢sin91+¢cos€3, (48)
Z—?z(éCOS@i—@Q—ésineé)xéz—éi—dSCOSGQ. (49)
d2j_ . N AN "2 9 -2 N NN .. ~
ﬁ:(—¢81n9—¢9c080)2+93+¢ sin“01— ¢ sinflcos03 -0 1 —0¢pcosh2
= (¢2 sin? § — 92) 1— (¢sinf+20pcosh) 2+ (6 — ¢2 sin @ cos ) 3, (50)
0
A 1 . A . .. .
1><Z?:(¢2sin90089—9)2—(¢sin0+29¢cos€)3. (51)

Using eqs. (47) and (51), and recalling that 1 x z = sin 2, we see that the equation
of motion (34) has nonzero 2- and 3- components,

(I + ma2) aT—i—b (¢2 sin @ cos @ — 0) — Twy¢sinf + mgasind = 0, (52)

(I + ma2) a——i_b(qﬁ sin @ + 260 ¢ cos 0) — I w10 = 0. (53)
a

For steady motion, § = 0y = constant, § = 0, ¢ = Q = constant, eq. (53) is trivial,
while eq. (52) leads to eq. (38).

We also digress to consider a use of Lagrange’s method, with coordinates 0, ¢ = angle
of 2 to the x-axis, and 1 = angle of rotation of the sphere about the 1 axis.

The center of the sphere of radius a is at distance a + b from the origin = center
of fixed sphere of radius b, and hence the velocity of its center can be written as
v=(a+0)(03 — ¢sinf2). The kinetic energy of the center-of-mass motion is,!

2

mv?  ma*(a+b)? (.2, 2
Tem = S = (9 + sin 9¢>. (54)

10We could continue using the triad 1, z, 1 x z as in eq. (34), but since 1 and z are not orthogonal, the
algebra is somewhat more intricate.

11 As a check, we note that the rolling constraint (26) can be written as v = a x w = —a 1 x w, and hence
the kinetic energy of the motion of the center of mass is e, = mv? /2 = ma?(w? —w?)/2. Using eq. (45) we
again obtain eq. (54).
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The kinetic energy of rotation is, recalling eq. (45) and noting that wy = 0,

Tw? I1/. . g
Trot=i=—<w+“+b¢cose> A )i (9 + ¢ sin e) (55)
2 2 a 2  a?

and the potential energy is V' = mg(a + b) cos. The Lagrangian is,
AC:Tcm"i_Trot_V:
I (- a+
2 (w *

)2 (I +ma?) (a+ b)?

- 2
2 a

The Lagrangian does not depend on 1, so 0L/ = I [zp — ((a+b)/a)pcos 9} =lw

is a conserved generalized momentum, and wy is constant, as found above.

(92 +sin® § ¢2> —mg(a+b)cosf. (56)

The equation of motion for coordinate 6 is,

oL a-+ o (a+b)% .2 . ,
50 =—lw (I—i—ma)Tqﬁ sin @ cos @ + mg(a + b) sin 6
d L (a+b)?
= " = (I 2
Ty, ( —i—ma) e 9, (57)
(I—i— )a—i— (qﬁ sin 6 cos  — 9>—Iw1¢sin9+mgasin9:0 (58)

in agreement with eq. (52).

The equation of motion for coordinate ¢ is, recalling that w, is constant,

oL dOoL d [a+1b N (a+0)? ., -
= — I I
96 0= dta¢ dtl wwos@—i—( —l—ma) " sin“ 6 ¢
= 0sin 6 + (I—i—ma2) (aai(qﬁsm 0+20¢sm90080) (59)
(I—i—maQ)aT—i_b(éﬁsin@—i—%écos@)—leéz(), (60)

as found above in eq. (53).

The difficult step in the Lagrangian method is arriving at eq. (45) for the total angular
velocity w, for which the vectorial method, and awareness of the rolling constraint, is
helpful.

We now consider nutations of the form,

0 =0y + esinat, ¢ =Q+ dsinat, (61)

sinf ~ sin 6y + € cos 6 sin at, cosf = cos g — esinfysin at, (62)
for small constants € and §. Then, to first order in € and 0, eq. (53) becomes,

a+b

(I + ma2) (awdsinfgcosat + 2aedcosbycosat) — ael wycosat =0,  (63)
Tw 2e Q2 cos b

(I +ma?) “sing,  sind,

a

0=c¢€
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and eq. (52) becomes, recalling eq. (38) for the 0**-order terms,

b
ato [(Q% + 294 sin at) (sin O + € cos O sin at)(cos g — esin Oy sin at) + ea’ sin at]

(I + maz)
—Twy (24 dsinat)(sin by + € cos g sin at) + mga(sin by + € cosfgsinat) = 0, (65)

b
(I + ma2) i(eQ2 cos 20 + 20 Qsin O cos Oy + ea®)
a

—Twy (eQ2cos By + dsinby) + e mga cos By = 0, (66)
1
C¥2 = —Q2 CcOS 2(90 — 20 cos eom + 4Q2 COS2 00
I w; I w; mga cos 6
—— [ Qcosly + ————— — 2Qcosby| - ————— 67
+(I—|—ma2)a7+b< COS00 T maz) a8 — 8 0) (I + ma?) = (67)
I? W2 3wy Qcosb 0

= Q%(1 4 2cos? ) + Y1 _ Do WidiC0sYo | Mgacosto (68)

(I +ma2)? (aT—f—b)2 (I +ma?) =L (I 4 ma?) 2t
For sufficiently large wi, a® > 0, and the nutations exist as ongoing, small oscillations.
However, the condition for this is not simple.

We can extract a somewhat simpler condition if we restrict our attention to the “min-
imum” w; for steady motion, as found in eq. (40) above. For this case, the associated
2 is given by eq. (39), and is called Qi here,

11w min®
Qin = : . 69
2 (I +ma?) “*2 cos b, (69)
Using this in eq. (68), we have (after some algebra),
I2 2 [ 3 ”
C¥2 _ wl, min . mga cos 00 (70)

2 a+b *
4 (I 4+ ma?)? (“T“Lb) cos? 0, (I +ma?) e
Since cos #y < 1, this condition for stable nutations is slightly weaker than the condition

(40) for the existence of steady motion. That is, whenever steady motion is possible,
nutations about this motion are stable.

It was noted in sec. 41, p. 101 of H. Lamb, Higher Mechanics (Cambridge U. Press,
1920), http://kirkmcd.princeton.edu/examples/mechanics/lamb_higher_mechanics.pdf
that if we restrict our attention to motion in which angle 6 is very small (as for balanced,
spinning basketballs), we can give an analysis using only x-y-z coordinates.

The center of the spinning sphere is at v = (z,y,2) where r = a +b. The rolling
constraint (26) can then be written as,

v=r= (1% =axXxw= (Zwy — YW, Tw, — 2Wy, YWy — TWy), (71)

a
a+b

noting that a = —ar/(a + b) and w = (Wg, wy, w;).
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The general equations of motion are, taking the torque about the center of the sphere,

mr¥ =F —mgz, Ilw=axF=— r x F. (72)

a
a-+b
For motion with small 6, we have that z ~ a + b, I, =~ mg, and w, ~ constant. The
constraint relation (71) reduces to,

aw, aw,

izawy—my, y:—awz+m$, (73)
and the equations of motion (72) reduce to mi = F,, miyj = F,, and,
, mga . mga , mga . mga
Iw, =aF, — +by:may— a—l—by’ Tw,=—aF, + a—l—blE: —mai + a+b:1:.(74)
Using eq. (74) in the time derivative of eq. (73), we find,
i} . aw, | ma® N mga® aw, . (75)
I=aw,— ——y=— Z T —
vt I " Iarn)  axrp”
b
(I + maz) Ct0: 4 I w.1y — magx = 0, (76)
2
. . aw, . ma .. mga aw, |
L L , 77
Y e T T T T Tarn) T A (77)
b
(I +ma?) O T — magy = 0. (78)
a

Lamb noted that it is clever to introduce the complex variable ( = x + iy where
i = +/—1 here. Then, eqs. (76) and (78) combine into the form,

a+bé—ilwzé—magg“:0. (79)

(I + maz)

We seek oscillatory behavior with ¢ o< e, which implies that,

b
(I—l—maz)iof—lwza—l—mag:(), (80)
a
Iw. £/ w? — 4(I + ma?) (a + b)mg o
“= 2(I +ma?) “t2 ' (81)
This oscillatory behavior (nutation) exists for,
b
(I+ma2)a+ o’ —Tw,a+mag =0, (82)
a
2
w, > ﬁ([ + ma?) (a + b)mg, (83)

which is the same condition found in eq. (40) for 6y = 0, where wi = w..
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Lamb noted that if the real values of eq. (81) are ay, then the trajectory of the center
of the spinning sphere has the form,

r=Ajcos(agpt +3,)+ A_cos(a_t+B_), y=Arsin(art+B)+ A_sin(a_t+ [5_),(84)

which describe an epicyclic curve.

He also considered a velocity-dependent friction somehow acting only on the center of
the sphere, for which the mathematics is analytically tractable and implies that one of
the oscillations, with angular frequency o or «_, is exponentially damped, while the
other grows exponentially until the spinning sphere flies off the fixed one.
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2. The Golfer’s Nemesis.

This problem is discussed in §421, p. 357 of E.A. Milne, Vectorial Mechanics (Metheun;
Interscience Publishers, 1948),

http://kirkmcd.princeton.edu/examples/mechanics/milne_mechanics.pdf

i
L
F/;,KJ

We consider a sphere, of mass m and radius a with moment of inertia I about its
center, that rolls without slipping on a fixed, vertical cylinder of radius b > a. We use
a set of principal axes (but not body axes) about the center of the sphere of radius a,
where 1 points outward along the horizontal line from the center of the spheres to the
point of contact with the cylinder. Axis 3 is vertical (parallel to 2), and axis 2 = z x 1
is also horizontal).

The center of the sphere of radius a is at position r = (b — a) 1 + 2z with respect to
the origin at the bottom center of the cylinder. Then, the velocity of the center of the
sphere of radius a is,

dr di
V= = (b— G)E +2z. (85)

The (nonholonomic) constraint of rolling without slipping is that the point of contact
of the sphere of radius with the cylinder is instantaneously at rest in the lab frame,

di
Vcontact—O—V+wxa—(b—a)a‘i‘ZZ‘i‘awx1 (86)

where w is the total angular velocity of the sphere radius a in the lab frame, and
a = a1 is the vector from the center of the sphere of radius a to the point of contact.

The force and torque equations of motion for (the center of) the sphere are,

d a1 d*1

md—::m(b— a) oy +miz=F—mgs,  F=mb—a)—+mlg+2)z (87)
L d 21 .
E:IOZ—‘:—T_MF ma(b—a)ix “o —m(g+2)a2, (88)

where [ is the moment of inertia of the sphere about its center.

We define © = 2z as the angular velocity of the center of the sphere (and also of the
point of contact, as well as of the triad 1-2-3) about the vertical axis, such that,
d1 . d1 . a1

. — — =024+ 00x2=-0’1+02. 1x - O3,
o Qx1=02, o + X + 02, 7 z. (89)
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The velocity (85) of the center of the sphere can now be written as,
v=-—Q0b—a)2+ 237, (90)

so the 2-component of the total angular velocity w of the sphere about its center
(and also that about the point of contact) is v,/a = Z/a, and the z-component is
ve/a = —(b—a)/a. Thus,

b—a . dw

Z, —:1]A_+leé+ié——1—9
a dt a a

Q% . -b—a .

2-Q z, (91)

w:wli—i—

ISINIRSS

With these, the equation of motion (88) becomes,

Qi b . )
I[(wl——z>1+(9w1+z>2—9 aai]:ma(b—a)ﬁi—m(g—i—é)al (92)
a a

The components of the equation of motion imply,

Z: Q=0, () = constant, (93)

. Qz Qz

1: wp = —, w1 = — + wio, (94)
a a

2: (I + ma2) 54+ 1Q% = —ma’qg — I Qu. (95)

The center of the sphere executes simple harmonic motion in z,'? and if at time ¢ = 0,
z =0, 2 = 2y, w1 = wio, then,

) 100 . I
) —]FQS 10 (cosat — 1) + %sin at, where @ = Q\/%' (96)

We now consider under what conditions a golf ball could roll into a cup/vertical cylinder
such that at time ¢t = 0 the motion is described by eq. (96).

According to egs. (90) and (91), the velocity vy and the angular velocity wq at this
time must be,

. . 50 b—
vo=-Q(b—a)2+ iz, w0:w101+%2—9 a“z. (97)
2 o 2271
N a \ B a
| ig
|
b |

12This motion can be regarded as a nutation about steady motion with angular velocity € in a horizontal
circle at z = —(ma?g + Ia Qw10) /I Q2.
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The figure above shows side and top views of the ball as it enters the cup, after rolling
into it from the left while on the horizontal surface. At time ¢t = 0, the ball has fallen
through height a, so 2p = —y/2ag. If the ball arrived at the top of the cup with
horizontal velocity vy (in the -2 direction), then this is also the horizontal velocity
when the center of the ball has fallen to z = 0, and so = vy/(b — a). The angular
velocity of the ball did not change while it fell into the cup, so the angular velocity at
the time of arrival was,

« 12q ~ N
Warrival = Wo = W10 1- —2 - @ 27 Vo = _Q(b - a) 2. (98)
a a

If the ball had been simply rolling without slipping prior to arrival at the cup, then
w1p = vp/a and the 2- and z-components of w,iva1 would be zero. Hence, only under
special conditions of rolling with slipping at the moment of arrival at the cup could
the ball roll into it and pop back out after following motion of the form )96.

For a golf ball of uniform mass density, I = 2ma?/5, and o = WQ = /1.87. If the
golf ball does pop out of the hole, it does so in somewhat less than one period of the
vertical oscillation, i.e., in less the 1.87 revolutions of the ball around the vertical axis
of the cup.
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3. Off the Rim.

We consider a sphere of radius a that rolls without slipping on a horizontal hoop of
radius b > a.

Before treating the general motion, we consider the special case of steady motion with
no “spin” about the line, 1, between the point of contact of the sphere with the hoop
and the center of the sphere (in the lab frame).'?

no "spin"
z,Q
-asin®
0

In this case, the angle 6, between the vertical, z, and 1 is constant, and the center
of the sphere moves in a horizontal circle of radius b — asinfy with constant angular
velocity €.

The rolling constraint for the velocity of the point of contact on the ball (not on the
rim) is,

Veontact = VW X a= 07 (99)

where v is the velocity of the center of the sphere, w is its total angular velocity, and
a = —a 1 points from the center of the sphere to the point of contact.

To evaluate the rolling constraint, it may be helpful to consider the general case when
6 and ¢ = Q vary with time. For this, we introduce the principal axes (not body axes)
1,2,3, with origin at the center of the sphere. 1 points from the point of contact with
the hoop to the center of the sphere, 2 = z X i/sin@ is horizontal, and 3 = 1 x 2
is in the vertical plane containing the centers of the hoop and the sphere. Also, z =
cosf1+sinf 3.

The velocity of the center of the sphere is,
v=—¢(b—asinh)2—ah3. (100)

where Q = ¢ is the angular velocity of the sphere about the center of the hoop.

3The problem of steady motion was posed in Prob. 9.21 of D. Morin, Introduction to Classical Mechanics
(Cambridge U. Press, 2008), http://kirkmcd.princeton.edu/examples/mechanics/morin_mechanics_07.pdf
There it was stated “A basketball rolls without slipping around a basketball rim in such a way that the
contact points trace out a great circle on the ball”. This implies that there is no “spin” about direction 1
in the rotating frame where the center of the ball is at rest. It’s best to start the analysis in the rotating (')
frame to find that w’ = Qb3/a, and then transform to the lab frame via w = w’ + Q2 to perform the torque
analysis (thereby avoiding the need to consider the torque due to the “fictitious” azimuthal, centrifugal and
Coriolis forces in the rotating frame). A different value for € is obtained than in our eq. (106).
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~

From the rolling constraint (99) we have, recalling that a = —a 1,
1x(wxa)=—-aw—-wa=-1xv=—a02+¢0b—asinb)3, (101)
R .. .b—asinf -
w=wl+02— 273 (102)
a

For steady motion, with of no “spin” about 1, ¢ = Qand § = 0, the total angular
velocity w is

wo otz asinf s (103)
a

Then, the rolling constraint (99) implies,
Q(b—asinby) = —wa. (104)

The torque equation of (steady) motion about the point of contact is,

Tcontact — —aA X Mg = —magi X 7= mag sin 0 Q
:mzl d—w:(I+ma2)Qi><w:—(I—l—maQ)chos@OQ (105)
dt contact dt )
mag sin 6 9 ma®gtan 6,
O=— 0% = 106
(I +ma?)w cosby’ (I +ma?)(b—asinby)’ (106)

using eq. (104), and defining 2 = 2 x 1/sinf, which is into the page in the figure
above.

For a spherical shell of radius @ = 12 ¢cm, I = 2ma?/3, with b = 2a and 6§y = 45°,
the frequency of revolution of the sphere about the center of the hoop is 27/ =

2my/5a(4 — v/2) /69 ~ 0.6 Hz.
Also, there is a formal equilibrium with #y, = 0 = €2, at which the sphere is perched

on a point on the rim. For “spin” w; = 0 this equilibrium is unstable, but we need to
consider whether it might be stable for large enough wj.

The angular velocity of the triad 1,2,3 is,
Wizg =02+ ¢z =ccosO1+02+ psind 3. (107)

The time rate of change of the principal axes is related by,

di .
% = Wio3 X1, (108)
E:(¢c0591+92+¢8m93)><1:¢Ssm92—93, (109)
) . . . . .
Z—t:(qﬁcos€1+92+¢sin93)><2=¢sin91+¢cos€3, (110)
Z—?z(éﬁcos@i—i—@é—i—ésin@é)xézéi—écoséé. (111)
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The force and torque equations of motion of (the center of) the sphere of radius a are,

F—mgz= maall—: = —m¢(b—asinh)2+magpfhcosf2 —mafd3
—mp(b — asin)(¢psinf1 4 ¢cosf3) —mab(f1 — dcosh2)
= —m(qf(b— asinf) sin9+a92) 1+m(2a¢0cosh — p(b— asinf))2

—m(aé—l—qf(b—asin@) cosf) 3, (112)

dL—Id—w—Iw11+192+I 0 cosh — qﬁﬂ 3+Iw1(¢sm02 93)
dt dt a
. . . 0
+10(¢psinf1 + ¢pcosf3) — qﬁb%(@l—qﬁcos@ﬁ
:I<w1—¢éﬂ> <9+w1¢c089+¢ﬂc059> 2
a a
asinf
+1 <2¢0c059 w1 6 — QST) 3
=7=axF (113)

— —ma(2a ¢ cosd — (b — asinb)) 3 — ma(a b+ ¢2(b — asinf) cos 0) 2 + magsin 6 2,

where [ is the moment of inertia of the sphere about its center. The components of
the equation of motion (113) are:

i oy = poh=2asind. (114)
a

2 (I—i—ma2) <é+¢2b_ o;sm@ cos@) + Twi ¢pcosb = magsiné, (115)

~ 9 - ~b—asinf .

3: (I—i—ma) 2¢900$9—¢T =Tw 0. (116)

For steady motion with # = 6y = constant and ¢ = { = constant, we have that w; =
constant from eq. (114), eq. (116) is trivial, and eq. (115) leads to,

IQw, ma?q tan
0? = 117
7 +ma? (I +ma?)(b— asinby) (117)

which reduces to eq. (106) for the special case of no “spin”, i.e., wy = 0.

The coupled equations of motion (114)-(116) are intricate, and we limit further discus-

sion to two special cases: either the “spin” w; is negligible, or the equilibrium is with
0o =0 =

For w; negligible, we consider possible nutations of the form,

0 = 0y + esin at, ¢ =Q+ dsinat, (118)

sin @ = sin #y + € cos Oy sin at, cos f ~ cos g — €sin 6 sin at, (119)
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for small constants € and §. Then, to first order in € and 4, eq. (116) becomes,

b— asinf
2Q« € cos at cos O %aécosatw, 0~ QEQ# cosfy. (120)
a b— asinb,
and eq. (115) becomes,
mag(sin O + € cos O sinat) ~ —a’e (I + ma2) sin ot (121)

b
+ (I + ma2) (Q* +2Q § sin at) (a — sinfy — € cos O sin at) (cosBy — esinfysinat),

b—asinf
emageosfy ~ —a’e (I + ma2) —€ (I + ma2) 0? [w sin 6y + cos? 6,
a
o\ b —asinb
+2Q06 (I +ma ) ——  cos b, (122)
a
9 ma g cos b 5 |b—asinb, . 9 9 9
o — — ———————sinfy + cos” Oy | + 47 cos” 0. (123)
I + ma? a
For this case we also have Q? given by eq. (106), so,
o2~ _magcos 0 ___mayg sin® 0, mag sin 6y cos
T I+ ma? (I + ma?) cos by (I +ma?) (b/a — sinby)
mag

= 3sin f cos” g — sin® fg — cos” Og(b/a — sin 0y)].(124

T+ ma?) (b/a—sin@o)COSGO[ sin 0y cos” Oy — sin” Oy — cos” Oy(b/a — sin y)].(124)

A numerical calculation (https://kirkmcd.princeton.edu/examples/rim.xlsx) indicates

that a*> < 0 for any angle 6y when b/a > 1.88.' In regulation basketball, b/a is

very close to 2, so a? < 0 for any 6y, and the equilibrium with w; = 0 is unstable.
That is, if a basketball starts to roll around the hoop, it quickly falls in or out.

We now turn to the equilibrium of a sphere whose center is at rest directly above some
point on the hoop, with the sphere spinning about the vertical.

We consider possible, small nutations about this equilibrium as in eqgs. (118)-(119), but
here, 0y = 0 = Q. Then, the right side of eq. (114) is of second order, so in the first
approximation wy is constant. Equation (116) now implies that,

I aw1

b

-0 (I + ma2) P at = el wy cosat, )= T b (125)
and eq. (115) leads to,
emagsinat ~ —a’ e (I + ma2) sinat 4+ 0 [ wq sin at,
I aw1
mag ~ —« (I—i—ma) Toma? 5 Len (126)
1 2 a mag

2 - 7 127
“ (I—l—ma2> 1y 7 T ma? (127)

4When stability is possible, it is most stable angle for , ~ 42°.
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This equilibrium stable for,

I+ma?® [gb ma?
> — . 128
1 I a? I +ma? (128)

For a basketball of radius a = 12 cm and a hoop with b/a = 2, the minimum “spin”
w, for stability of this equilibrium is only 2 Hz.'?

In the limit of b — oo, the hoop becomes a long, straight wire for small ¢, say along
the x direction. Then, the horizontal vector 2 is X, and the quantity ¢p(b—asinh ~ ¢b
takes on the significance of the position x of the center of the sphere along the wire (for
small ¢). Furthermore, ¢(b—asin0) — i and ¢(b—asin ) — &. Then, the component
equations of motion (114)-(116) become,

1: aw =0, (129)
2 (I + ma2) 0 = magsin, (130)
3. — (I + ma2) i = alw, 0. (131)

These are the equations of motion found on p. 214 of
http://kirkmcd.princeton.edu/examples/Ph205/ph205120.pdf, but with x — —z. See also
§424, p. 360 of Milne’s Vectorial Mechanics, especially egs. (7)-(9).

In particular, eq. (130) indicates that once 0 is nonzero, further motion only increases
6 (until the sphere loses contact with the wire).

A finite radius of curvature b of the (horizontal) wire leads to more intricate 2- and 3-
components of the equations of motion, i.e., eqs. (115)-(116), which permit gyroscopic
stabilization of the sphere for large enough “spin” wy (at some values of 0y).

15Gyroscopic stability of a basketball on a curved hoop occurs for smaller w; than when balancing it on
your finger (Prob. 1 above).
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4. This is Prob. 4.16, p. 62 of D.F. Lawden, Analytical Mechanics (Allen & Unwin, 1972),
http://kirkmcd.princeton.edu/examples/mechanics/lawden_72.pdf

A circular hoop of radius a rotates constant angular velocity €2 in a horizontal plane
about a fixed point on the hoop. A bead of mass m silds freely on the hoop.
m

-
2

L2

(a) The potential energy V of the bead can be taken as 0, while its kinetic energy is,

mv? m ., .\ 2
T:TZE[T +T(Q+9)], (132)
r = 2acosb, = —2a 6 sinb, (133)
T = % [4a2 92 sin? § 4 4a? cos? 6 (92 +2600+ QQ>]
= 2ma’® (92 +20Qcos? 0 + Q? cos 92> . (134)
The equation of motion via Lagrange’s method is, with L =T —V =T,
d oL . .
—— =4maf —8ma 6 Nsinfcosl
dt 90
oL AP 2
=29 = —8ma 0 Qsinf cosd — 4ma Q2 sinf cos 0, (135)

0 = —Q2sin 6 cos 0. (136)

Steady motion exists for §; = 0, and small oscillations about this equilibrium
have angular velocity w = Q.

(b) The Hamiltonian for this system is,

H=0py— L, (137)
where,
oL . .
Po=on = 4ma* 0 + 4ma® Q cos* 0, 0 = 4p9 5= Qcos? 0. (138)
ma
Then,
H =4ma (92 + 0 Q cos? 9) — 2ma® (92 +260Qcos? 0 + O cos? 9) (139)
. 2 2py Q2 cos? 0
= 2ma® (92 — Q2 cos 92> = 2ma® <(4 p92)2 — p94 co2$ + Q2 cos § — Q2 cos? 9)
ma ma
2 2 2
=P _ Do €2 cos® 0 — 2ma® Q% sin®Hcos?® § = Py _ Do 2 cos®f — ma- 0% sin? 26.

Sma? ma?
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Hamilton’s equations are,

=" = P —Qcos207 = Do :4ma29—|—4ma2QCOS29, (140)
Ops  4ma?
and,
0OH
Do = g = P Qsin 20 + ma* Q? sin 40

— —4ma? 0 Qsin20 — 4ma® Q2 sin 20 cos? 0
+4ma® Q2 sin 20 cos 20 — 4ma® Q% sin 0 cos 0

— —4ma® 0 Qsin 20 — 4ma® Q% sin 6 cos b, (141)

using Dwight 403.04, from which we can obtain,

h=-"L2 4 hQsin2 = -0 sin @ cos 6, (142)
4ma?

as in eq. (136), but rather more laboriously.

(¢) The (unknown) constraint force has a component tangential to the hoop, so F =
ma is difficult to apply. We avoid use of the constraint force by considering a
torque analysis about the center of the hoop in the rotating frame of the hoop.

The angular momentum about this point is,*¢
L = muv, = 2mab, (143)

where the subscript | indicates the component perpendicular to the radius from
the center of the hoop to the mass m. The torque about the center of the hoop
is due to the centrifugal force Fo = m Q%r = 2ma Q% cos6,'”

T=—alc) = —aFcsinf = —2ma 0% cosfsinb. (144)
Hence the torque equation of motion in the rotating frame, 7 = dL/dt, implies,
0 = —Q%sinf cosf. (145)

as found in parts (a) and (b).

16While v, = a(26) in the rotating frame follows from the figure on the previous page, we also note that
it can be deduced from the r— and §—components of the velocity in the rotating frame, recalling eq. (133),
v, = —rsinf 4 rfcosf = 2a0(sin? 6 + cos? 0) = 2ab.

I"The constraint force, and the Coriolis force in the rotating frame, 20 x v, are both along the radius
from the center of the hoop to the mass, and so exert no torque about the latter.
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5. The Piano.

A piano wire is struck by a sharp blow from a hammer, and a fairly pure note is
produced.

Following Helmholtz, we suppose the force of the hammer blow can be described as,
Foé(x—b)sinZt (0<t<T/2),
Flao.t) = (z —b)sin 5= ( /2) (146)
0 (otherwise).
That is, the force goes through one half period of s sinusoidal oscillation.

The force is applied at distance b from one end of a wire of length [ and mass density
p per unit length, which is fixed at both end and subject to a tension that makes the
transverse wave velocity equal to c.

The transverse displacement s(z,t) of the string can be written as a sum of spatial
modes, sin(nmx/l), whose time dependence ¢, (t) is to be determined,

Z 6, (t)sin @ (147)

The equation of motion of the string is,

ps = cps" + F(x,t), (148)
. 2 1 1
Z<¢ —|—n7rcqﬁ)sinnlﬂ:—F(x,t):—ZFn(t)sinnle, (149)
P P
where the Fourier coefficients F, () are related by,
! l
/ dx Z F,(t)sin BT gin T —F,(1)
0 l l 2
F51n27rt51nm—7rb 0<t<T/2),
_/ dr F(z,t) sin 2% = | /2 (150)
0 (otherwise).

Hence, the coefficient ¢,,(t) obeys the differential equation of a forced, undamped
oscillator,

n27r202¢ oF | sinZZsin2® (0 <t <T/2),

(151)
& Pl o (otherwise).

&, +

Recalling the method of Green, discussed on p. 145 of
http://kirkmcd.princeton.edu/examples/Ph205/ph205113.pdf, we have for ¢, at times ¢ >
T'/2, noting that wy = nmwe/l,
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[ 2F (T/2 2xt . nmb .| nmc

¢n(t>T/2) :%ﬁ 0 dt SIHTSIHTSIHT(t—t)
2F . nwb /T/2 & 1 { [(QW . mrc) y mrt] [(27T mrc) o mrt]}
= sin — —qcos || =+ — — —t| —cos || = — — —
nmwep L Jo 2 T [ [ T [ [
_F “n nb | sin [(QT” + %) % — oz } + sin ’”lr‘:t B sin [(2% — %) % + ”T“t} — sin ’”lr‘:t
 nmep l o+ e 2% —
F nmb [sin [’/T — nne (t - —)} + sin ”7;“ sin [’/T + Bre (t - %)} — sin 22<
= Sin n7rc 27 nmwc
nmwep l o+ e o= e
F . nrb [sin € (t - —) + sin 22 gin 2 (t - %) + sin 22<
= Sin 27 nmwc + 27 nmwc
nmwcp l T + e T
= sin 5 5 .
T G ()

The displacement is now given by,

2FT 1 . nmb nwcT | nmx . nme(t —T/4)

S(x’t):ﬂcpzn:n(l—(”‘f)?) sin —— cos —,—sin ——sin ; . (153)

If we take b = 1/2, the midpoint, and 7" = 2[/¢, the fundamental period, then,

Fl i nme(t —T/4
s(x,t) = T zn: n(sin_n;) sinnmz sin M , (154)
so all harmonics vanish except n = 1, since lim,,_,; S’fﬁzg = T = 7.

Even if "= 2[/c can’t be achieved exactly in practice, the series converges quickly as
the terms go as 1/n® for large n.
In contemporary pianos, b = [/8, in which case (for 7' = 2l /c),

2F1 1 t—T/4
s(x,t) = T zn: (=) sin%r cosng sinnmx sinw , (155)

which includes harmonics n = 1, 2, 4, 6, 10, ...

Many harpsichords are built with b = [/2, which gives them a purer tone, although
perhaps less interesting than that of a piano.
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6. The Violin.

Following Helmholtz, we suppose the action of the bow of a violin is to force the
string of length [ into a transverse vibration at x(, the point of application of the bow

(0 < zp < [), with the approximate form,
/\
% t
|
|

S(%p2)
1= T—— A

S0* —
which is periodic with the period of the fundamental, free oscillation, t; = 2/c, where
c is the velocity of transverse waves on the stretched string. That is,

= (0 <t <ty/2),
s(wo,t) = 2504 —5U2 (/2 <t <ty —t/2), (156)
o (t1 —to/2 <t < ty).

The rising motion occupies time tg < t1 related by o/l = to/t1.

As this waveform begins and ends each period (of duration t;) with s = 0, its Fourier

analysis has the form, Inrt

s(xo,t) =Y _ Aysin . (157)

1

where the Fourier coefficients are related by,

2nmt

2 [h )
A, = —/ dt s(xg,t) sin
tl 0 1

4sy  [to/2 . 2nmt 450 ti—to/2 t1\ . 2nmt
= —/ dttsin — / dt (t — —> sin
totl 0 tl tl(tl — to) to/2 2 tl

480 /tl 2nrt 480 ( tl >2 [ . 77,’/Tt0 2nm t() nﬂto]
= S1n
t

— dt (t —ty1)sin = — ———Cos
totl 1—to/2 ( 1) tl totl 2nm tl tl 2 tl

45 ( t >2{ _ 2n7r( t0> . 2nmtg
— sin — ({1 — — ) —sln ——
tl(tl — to) 2nm tl 2 tl 2

2nm t() 2nm t() t() 2nm t()
20,0 oo 20 () oy 20t
t1 2 t1 2

280 tl 2nm t() 2nm t()
" (t1—to) 2nm [COS t (tl B _> o _]
17— 00 1

4sg [ t >2{ _ . 2nm ( t0>
— | — sin2nm —sin — (¢t — —
+t0t1 (277,’/T T tl ! 2

2 t 2 t
—2n7m cos 2nm + g (t1 — —0> cos g (t1 — 0)
1 1

4sqg t 2 t
—i—ﬂ—l [costr — oS i (t1 — 0)
to 2nm 131
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. 480 ( tl >2 [ . 77,’/Tt0 277,’/Tt0 nﬂto]

= — | — S1n
totl 277,’/T tl tl 2 tl
480 ( tl >2 { . 2nm t() . 2nm t()
— —sln ——— —sln —— —
tl(tl — to) 2nm 1 2 tl 2
2nm [( to) 2nm t() t() 2nm to]}
—_— — — J]COS——— — —COS ———
P A t 2 2 t 2
280 tl [ 2nm t() 2nm to]
— COS — — COS ——
(tl — to) 2nm tl 2 tl 2
480 tl 2 . 2nm t() 2nm t() 2nm t()
—(—) {s1n———2n7r—i—— t1 — — ) cos ——
totl 2nm 51 t1 2 ty 2
+4ﬁ t1 (1 - 2nm t_0>
t() 2nm 1 2
4 t1 \? to [1 2 1
) ]
tl 2nm tl t() tl - t() t()
tl 77,’/Tt0 [ 1 2 2 ( to) 2] 480 tl ( 2nm >
250—— oS 70 ) s Sy (e | 158
+ 0277,’/T tl tl tl totl ! 2 t() tl 2nm 2nm ( )
880 ( tl >2 . 77,’/Tt0 tl 28075% . 77,’/Tt0 28075% nmxo
= — | — ) sin = Sin = S111
tl 2nm tl tl — t() 77,27T2t0(t1 — to) tl 77,27T2t0(t1 - to) l
Thus, the Fourier analysis in time of the motion of the point of contact is,
250t? 1 . nmxg . 2nmt
s(xg,l) = —F————= ) —sin sin . 159
( 0 ) 7T2t0(t1 — to) ; n? l tl ( )

In general, we expect the motion of the entire string to the analyzable as,

2nmt 2nmt
s(x,t) =) sin ”lﬂ (An cos Zm + B, sin Z/?T > , (160)
n 1 1

so it follows from eq. (15) that A, =0 and,

25012 1 . nmx | 2n7rt‘ (161)

7T2t0(t1—t0);ﬁsnl l - tl

s(x,t) =

On p. 228 of http://kirkmcd.princeton.edu/examples/Ph205/ph205121.pdf, we saw that a
string plucked at x = b at time ¢ = 0 has the Fourier analysis,

25012 1 . nmx . nub
S(.T,t) = mZESIHTSIHT. (162)

n

Hence, at any time ¢ the violin string looks like the initial form of a string plucked at

position b = 2lt/t;.

The crest of the wave motion moves along the string with velocity ¢ = 2{/t;. The
“vibration” is better described as a traveling wave than a standing wave.
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7. This problem is adapted from sec. 136, p. 204 of Lord Rayleigh Theory of Sound, 2°¢ ed.

(Macmillan, 1894) , http://kirkmcd.princeton.edu/examples/mechanics/rayleigh_theory_of_sound_1.pdf

A string of length [ is fixed at both ends and stretched with tension 7.

(a) A mass M is attached to the midpoint of the string.

Ignoring the mass of the string, the equation of motion of mass M, with transverse
displacement s is,

AT | T
M3 ~ _QTZ/% s = —ms 5 = 50 cos {t, Qo =2 m> (163)

where T’ is the tension in the string.
(b) We next consider the string to have mass m, and suppose mass M is attached at
distance b < [ from one end of the string.

We consider the system as consisting two strings, 1 on interval 0 < x < b and 2
on b < x < [, each with tension T'. The equation of motion of mass M can now
be written as,

M31(b) = M3q(b) = T(s4(b) — s1(b)). (164)
A normal mode of angular frequency €2 has the forms on strings 1 and 2 (fixed at

x =0 and [, and with wave velocity ¢ = \/T/p = \/Tl/m),

Q Q(l —
s1(z,t) = Apsin 7:15 cos (2t so(x,t) = Agsin %

cos (2t (165)

with the constraint that s1(b,t) = sa(b,t), i.e., Aysin(Qb/c) = Aasin(Q(l —b)/c.
Hence, we can also write eq. (165) as,

s1(z,t) = Asin % sin Ul cosQt, sy(x,t) = Asin M sin % cos Qt. (166)
Then, from the equation of motion (164) we have,
- Q2M% sin A=) = —T9 (cos A=) sin L + cos L sin U b)> , (167)
c c c c c c c
Q sin%sin Q(lc_b) = Mlcsin % (168)

(¢) We now consider part (b) for the special case of b =1/2.
There are two classes of solutions:
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i. Mass M does not move, so the point x = b/2 is a node of the standing wave
functions, whose form is

T cos Ot (169)

. 2nw
s(xz,t) = Asin
From the wave equation, § = ¢?s”, we have that,

2
Q= ”;TC. (170)

ii. For the modes where mass M moves, we have from eq. (168),

Ql T Ql cm Ql Ql
Qsin® o= qpsin = g 2sin g o850 (171)
Ql Ql m
o 172
oc AN oL = qr (172)

recalling that the tension 7' is related by ¢ = /Tl/m.

(d) If M < m, the lowest frequency obeys Q1/2¢ = 7/2 — € in eq. (172), which can
be rewritten as,

MQL . Ql Ql M ( > o <in M ( > (173)
— —sin— = cos — , — (= — €= € — = —€] ~e¢€
m 2c 2c 2¢’ m\2 ¢ ’ m \ 2 '
M
£ M Ql M M
e~ -—m2 T . = 5(1— ):f o ~f(1——>,(174)
1+ 2M+m 2c 2 m+ M 2m+ M 2 m
M M
Qzﬂ—c(l——>:Ql(1——>, (175)
l m m
where ; = 7e/l is the fundamental angular frequency when mass M is not
present.

(e) If m < M, eq. (172) tells us that for the lowest-frequency mode,

m ar\? /— /sz /
M—2—Cta 20 (2—C> s ~ — QO; 176

Where € is the angular frequency found in part (a) for M attached to the mid-
point of a massless string.

We now seek a correction to eq. (176) of order m/M. For this, we approximate
eq. (172) to 4™ order in QI/2c,

s (@) ()

2c

_ (g) (1 i (ﬁ)) | )
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Q\* Q\> m
i il IS 1
() o (2) o
o' BE3VIEgE 3 3[ om 1(4_m>2 _m 1(@)? (179)
2 ) 2 T 22 3M  S\3M) | M 3\M)’
2
o E_l(ﬁ> ~ @(1—lﬁ>, (180)
2c M 3\M M 6 M
2¢ 'm 1m 1m
O~ —(1-22) =0 (1= =2, 181
M( 6 ) 0( 6M> (181)

We can also proceed from the first form of eq. (180) to write,

1 cZm T
O~ — |— =2 =2 . 182
I\ M1+4im \ll2(M+m/3) [(M +m/3) (182)

so that (for this mode) the mass of the string appears as a correction m/3 to mass
M.

In practice, the vibration of a loaded string is not, in general, a single normal
mode, so the result (182) is not what is observed. See, for example,
http://kirkmcd.princeton.edu/examples/mechanics/sears_ajp_37_645_69.pdf.

This phenomenon can be related to renormalization-group techniques, as dis-
cussed inhttp://kirkmcd.princeton.edu/examples/mechanics/nunes_ajp_62_423_94.pdf.
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8. A uniform bar of mass m has rest length [,. One end is fixed and the other end is
attached to a mass M.

Longitudinal vibrations of such a bar were discussed on pp.233-234 of
http://kirkmcd.princeton.edu/examples/Ph205/ph205121.pdf. The wave equation for lon-
gitudinal displacements s(z,t) was found to be,

s A (183)
p

where A is the cross sectional area of the bar, Y is its Young’s modulus, and p = m/l is
its linear (rest) mass density. It was also noted that the (longitudinal) spring constant
of the bar is k = AY/ly. That is, the wave equation (183) can also be written as,

k—lgs”.

m

§= (184)

For standing waves of angular frequency w with longitudinal displacement s = f(z) ™,

we have § = —w?s and s” = f”s, such that,
ki2 w?m
42— 0 1 n_ 185
==, (185)
. w [m
[ =AsinQx + BcosQz, where Q= Z_Q/E. (186)
0

In the present problem, we consider the bar to extend over 0 < x < [y when at rest,
with the end at = = 0 fixed. Hence, B = 0 in eq. (186), and f = AsinQu.

At x = ly, where mass M is attached, its equation of motion is, for the standing wave
s = Asin Qu e™?,

M5(lo, t) = —w?*Ms(lo,t) = F. (187)

The spring force F' on mass M is not simply —ks(ly, t) because the vibrating bar does
not, in general, stretch uniformly. So, we consider a segment of the bar [ —dxr < x < [y
when at rest, where dx is so small that when the bar is vibrating, the stretch over this
segment, s(lo,t) — s(lo — dz,t) = §'(lo, t) dx, is uniform.

The internal tension in this segment is the same as when the entire bar is uniformly
stretched, by amount (lo/dx)s'(lp,t)dx = lys'(lp,t), and so the spring force in the
segment [y — dr < x < lp next to mass M is F' = —klys'(lo, t).

The equation of motion (187) for mass M can now be written as,

M3(l,t) = —w?* M Asin(Qly) e = F = —klys'(lo, 1) = —klgAQ cos(Qp) ™", (188)

Mw? M
= 2 Qly. 189
kloQ  m (189)

cot(Qp) =
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For the lowest frequency € (which is very small compared to w),

0212 022

M 1 2L 1— Ly 4 <y 12k
—Qly = cot(Qy) ~ o N ( 2 ) 5 ) R 3 (190)
m Yl

Qly — 24

Qly Qly
M 022 1 w m 1 1
—P~1-—2 Ol ~ =2\ =~ = . (191
m 0 3 ) 0 + ) lO k’ lO % +% ( )
Hence,
k
~ A 192
w AT 2R (192)

as found in Prob. 5, Set 1, http://kirkmcd.princeton.edu/examples/ph205setl.pdf.

i =
Wl



