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1. (a)

A uniform rod of length 2a has its ends constrained to slide, without friction, on
two wires that makes 45° angles as shown in the figure. Show that the length of
a simple pendulum with the same frequency of oscillation is [ = 4a/3.

The gizmo of part (a) is rearranged so that it is forced to rotate at constant
angular velocity 2 about the now-vertical wire.

&>

Construct an effective potential to show that the equilibrium angles are 8, = 0
and cos 6y = 3g/4aQ?, where 6 is the angle of the sliding rod of length 2a to the
vertical.

Also show that the frequency of small oscillations is,

w \ / Q s or w Q 5 s ( )

depending on which equilibrium is stable.
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2. A mass m is connected to n strings and n other masses m. The strings hang over
the edge of a circular table of radius a, and are constrained to pass over fixed points,
equally spaced, on the circumference of the circle. There is no friction.

If the motion of the hanging masses is purely vertical, show that the frequency of small

oscillations is w = /ng/(n + 2)a for n > 2, while for n = 2, w = /2g/a of oscillations
transverse to the strings on the table (and w = 0 for “oscillations” along the strings).
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3. A cone of half angle « has its axis vertical and tip downwards. A particle slides freely
on its interior surface.

Construct and sketch the effective potential to answer the following:

What is the equilibrium radius ry as a function of the angular momentum Ly about
the vertical axis?

What is the equilibrium angular velocity Q = ¢?
What is the angular velocity of small oscillations about the equilibrium orbit?

Sketch the orbits of small oscillations for cones with sina = 1/2v/3 and 1/+/3.
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4. Consider the central force problem (for a fixed force center) with a potential of the
form,

Vi) =-=, (#0) (2)

Show that circular orbits are stable only for A < 2,' and that orbits which depart
slightly from circularity can be written as,

r(t) = ro(1 + ecoswt), 0(t) =Qt — sinwt, (3)

2¢
V2—A
where € < 1, w = Q2 — A, and () is the angular velocity of the circular orbit of
radius 7. These orbits are simple closed curves only if v/2 — ) is an integer.?

Sketch orbits for A = 1 (gravity), A = —2 (springs), and A\ = —7.

Note that the shape, but not the detailed time dependence, of the oscillating orbits is
well described by a single epicycle, as first introduced by Apollonius (=~ 200 BC), who
also introduced the deferent to explain better the no-so-small oscillation of the orbit of
the Moon about the Earth.?

! This result in known as Bertrands’ Theorem, due to J. Bertrand, Théoréme relatif au mouvement d’un
point attiré vers un centre fixe, Comptes Rendus Acad. Sci. 77, 849 (1873),
http://kirkmcd.princeton.edu/examples/mechanics/bertrand_cras_77_849_73.pdf
http://kirkmcd.princeton.edu/examples/mechanics/bertrand_cras_77_849_73_english.pdf

2More complicated closed curves exist for any rational ratio of w/<Q.

3See, for example, J.L.E. Dreyer, A History of Astronomy from Thales to Kepler (Dover, 1953),
http://kirkmcd.princeton.edu/examples/mechanics/dreyer_53.pdf, and G. Gallavotti, Quasi periodic
motions from Hipparchus to Kolmogorov, Rend. Mat. Acc. Lincei 12, 125 (2001),
http://kirkmcd.princeton.edu/examples/mechanics/gallavotti_rmac_12_125_01.pdf.
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D.

(a)

Show that the period of a speck of dust around the surface of a spherical boulder
in outer space is the same at that of a low-altitude satellite around the Earth
(i.e., the period of an orbit just above the surface of a sphere depends only on
the density of the sphere).

Satellite Paradox. A satellite is in a near-circular orbit about the Earth, which
orbit is in Earth’s upper atmosphere. The satellite experiences a drag force F =
—av with small «, and its orbit remains essentially circular at all times. Deduce
v(t) and the radius r(t) of the orbit, for initial values of vy and ry.

As a first approximation, you may assume that « is constant, although it actually
depends on the radius r of the orbit.

Hint: “brute force” use of F = ma is insufficient here.
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6. A comet in a parabolic orbit about the Sun has perihelion at distance p.

Recall that a parabola has eccentricity € = 1.

(a) What is the total energy of the comet?

(b) What is the angular momentum of the comet with respect to the Sun (neglecting
any possible “spin” of the comet)?

(c) What is the angle 6 between the line from the Sun to the perihelion of the comet’s
orbit and the radius to the point where the orbits of the Earth and the comet
intersect?

(d) Show that the time spent by the comet inside the Earth’s orbit (of radius a) is,

2 | 2a? D 2p>
=512 (142 4
T 3VGM a( * a)’ )

where M is the mass of the Sun, and perturbations of the comet’s orbit by the
planets are neglected.

Show also that Ty ~ 11 weeks.
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7. Consider a particle of mass m and angular momentum L about the origin, subject to
the attractive central force,

F=-Y (5)

r3’
with C > 0.

Discuss the character of circular orbits using the effective potential, and then discuss
the forms of generals orbits using the orbit equation,
d*u 1

T fu= =1, (6)

to show that there are 3 classes of orbits.

Sometimes a figure is worth a thousand words (although there are no figures in J.-
L. Lagrange, Mécanique Analytique (1788),
http://kirkmcd.princeton.edu/examples/mechanics/lagrange_ma_v1_11.pdf
http://kirkmcd.princeton.edu/examples/mechanics/lagrange_ma_v2_15.pdf
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8. Precession of the Perihelion of Mercury.

A famous problem is astronomy is the precession of the perihelion of the planet Mer-
cury’s orbit by 40” per century in the direction of the motion of the orbit, beyond that
due to the effect of other planets in the solar system.* The average radius of the orbit
about the Sun is 6 x 10*° m, the eccentricity is € = 0.206, and the period is T' = (.24
Earth years.

Suppose that the force of gravity on a mass m is actually,

Use the orbit equation to show that the form of the orbit is,

1 14 e€cospd Bm

- h =/1—-— 8

r a(l—e€?) ’ WHERE b (8)
where L is the angular momentum of the planet. Supposing n = B/Aa is very small,
show that the perihelion advances by,

Ag~ 1 (9)

1 —e€2’

each revolution (invoking Kepler’s 3" law if necessary), and that n ~ 1.4 x 10~7 would
be sufficient to explain the observed precession of Mercury’s orbit.

For discussion of the precession of the perihelion in special relativity (without dust),
see, http://kirkmcd.princeton.edu/examples/perihelion.pdf

1For a review as of 1913, see W. De Sitter, Some problems of astronomy (VII The secular variation of
the elements of the four inner planets), The Observatory 36, 296 (1913),
http://kirkmcd.princeton.edu/examples/mechanics/desitter_obs_36_296_13.pdf
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9.

(a)

Oblate Sun.
If the Sun has equatorial radius R that is larger than the polar radius R(1 — 7),
then its Newtonian gravitational potential for interaction with mass m at distance
r becomes,

GMm  GMmnR?*(1 — 3cos?0)
- - O(n? 10

- = +007), (10)

where M is the mass of the Sun, and 6 is the polar angle in a spherical coordinate
system (7,0, ¢).

V:

Use the effective-potential method to show that for orbits in the plane 6 = 90°
the equilibrium circular radius is related to the equilibrium angular velocity €2 by,

1 0% 3nR?
Tyl (11)
To GM 57"0

and that the angular frequency of small oscillations about this orbit is,

6GMnR?
=/l - —. 12
“ \ 50213 (12)

For M = 2 x 10%° kg and R = 7 x 108 m, what value of 7 is needed to explain the
precession of the perihelion of Mercury?

General Relativity.
Einstein’s theory of general relativity as applied to planetary motion about the
Sun modifies the Newtonian force law to,

GMm (1 3L? )

(mre)?

F = (13)

r2

where c is the speed of light and L is the angular momentum. The dependence of
F on r has the same form as that of an oblate Sun in Newtonian theory. Using
part (a), you can quickly verify that Einstein’s theory predicts an advance of the
perihelion of,

247312
T2c2 7

per revolution, which for Mercury is very close to 40" per century.

Ag =

(14)

R.H. Dicke of Princeton spent a lot of effort measuring the oblateness of the Sun
(with null results) to see if general relativity might be wrong.
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L. (a)

Solutions

We take the origin at the vertex of the two fixed wires, and angle 6 to the vertical
of the center of mass of the moving rod as the single coordinate in Lagrange’s
method.

The kinetic energy is,

20" In®  2ma?d’
T ma _ 2ma 7 (15)
2 2 3
and the potential energy can be written as,
V = —mga cosb. (16)
The equation of motion follows from this as,
doT  4ma0 OV
— = = = — inf. 17
7 00 3 50 mga sin (17)
For small 6, this reduces to the springlike equation,
0=——10 18
7y (18)

so the angular frequency of small oscillations is,

w:\/%, (19)

which is the frequency of oscillation of a simple pendulum of length 4a/3.

This problem is Ex. 450, p. 371 of E.J. Routh, The Advanced Part of a Treatise
on the Dynamics of a System of Rigid Bodies, 6'" ed. (Macmillan, 1905),

http://kirkmcd.princeton.edu/examples/mechanics/routh_advanced_rigid_dynamics.pdf.

&>

)

0 2a

ig
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The kinetic energy is that of eq. (15) plus the kinetic energy I 2?/2 of rotation of
the rod about the vertical axis, where,

2% 942 sin? Ama2 sin?
I:m/ dl(lsin@)zzm( a)®sin 0 _ 4ma”sin 9. (20)
2a Jo 3 3
Hence,
-2
2ma?® 0 2ma® )2 sin” 0
T = . 21
7+ 3 (21)
The potential energy can again be written as,
V = —mga cosé. (22)
The equation of motion follows from the Lagrangian £ =T — V as,
doL 4ma20 OL 00+ 4ma*® Q2% sin 6 cos (23)
e = — = —mgasin .
dt 9 3 00 g 3
At equilibrium, # = 0, such that the equilibrium angles are,
p=0  and cos By = 3g/4a Q. (24)

To describe the problem in terms of an effective potential, we note that the La-
grangian £ = T — V is independent of time, so the Hamiltonian is constant
(although the mechanical energy of the system varies with time),
0L 14ma® .2 2ma*Q?sin® 0
H=0% =10 pr 2 — mga cosf. (25)
00 2 3 3

The system can be described as having an effective mass meg = 4ma?/3 and an
effective potential,

2ma20? sin® §

Vg = g —mga cosf , (26)
dV, 4ma? Q2 sin 0 0
d@ﬁ - ;m €08 + mgasin 6, (27)
2V, 4ma? )? 2
dd;/;f = 3 cos 20 + mga cos 6. (28)

At equilibrium, dVeg/df = 0, which yields that same equilibrium angles as found
above (so we could have skipped finding the general equations of motion).

The equilibria are stable provided d*Veg(6y) /0[92 = keg > 0, in which case the
angular frequency of small oscillations is w = y/ker /M

For (90 = 0,
d* Vg 4ma® Q?
ket = d92 =mga — 3 ) (29)
mga — 4ma?Q? /3 3g . 3g
- =/ e ded L >1. (30
“ J 4ma/3 4a provice da 2~ (30)
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For cosfy = 3g/4a Q?, cos 20y = 2(3g/4a Q?)? — 1

B0 A
¢ do? 4a Q2 3 4a Q2
3mg®  3mg?  4ma*Q%  4ma*Q®  3mg?
G0z 202 T3~ 3 e B

kst 9g° \/ 39 \? . 39
— — oz - — /1 - .
“ =\ amaz/3 \/ 162 (22 ! (4a Q2> provided 76 < 1(32)
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2. This problem is Ex. 9, p. 401 of E.J. Routh, The Advanced Part of a Treatise on the
Dynamics of a System of Rigid Bodies, 6" ed. (Macmillan, 1905),

http://kirkmcd.princeton.edu/examples/mechanics/routh_advanced_rigid_dynamics.pdf.

In an oscillatory mode, the mass m on the circular table of radius @ moves in a straight
line that passes through the center of the circle.® We take this line to be the z-axis,
and the z-axis to be vertical.

The lengths of the strings on the table, from mass m to the n equally spaced points
on the circle, are,

4y = o~ 2awcost, + P ~a(1- Deosty + Lo

i =\/a axcosf; + 1% = a _cosj+ oo — 55 o870
=a—xcosl; + v sin” 6; (33)
- 7 2a a

. _ xisin® 6, 9 .o o i?

dj:—a:cosej—i—T, d; ~ @7 cos” 0; = —(1 + cos 20;), (34)

where 6; is the angle to the z-axis of the string connected to hanging mass j, and in
the approximations we keep terms to second order in the small quantities x and z in
an analysis of small oscillations.

Then, the z-coordinate of mass j is z; = —(I — d;), where [ is the length of the string.

The potential energy can be written as,

22 sin? 0,
V= Z(_mgzi) ~ —nmgl + mgz a — 2x cos 0; + “on ) (35)
Now,
Z cosf; = Rez e — Re et Ze(i—l)zm‘/n — Reel Z(e2m/n)j—1
j j J 7
1= (627ri/n)n
_ Z91 —
= Ree W - 07 (36)
and,
1 — cos 20, 20,
S, =y LI sty @
j j J

5There also exists an oscillatory mode in which mass m moves in a small circle, which is equivalent to
the sum of two linear modes in directions 90° apart, and 90° out of phase. To find the angular frequency of
these oscillations, it is sufficient to consider a single linear mode.
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For n > 3, the sum is zero, as in eq. (36), but for n = 2 it is nonzero. So, for n > 3,
the potential reduces to,

2
V ~nmg(a—1)+ o ; (38)
2a
which is springlike with effective spring constant k = mgn/a.
The kinetic energy is,
ma? md?  mi?  mi? ma? n
T = 5 z]: 2”% 5t zj:(l+c0529j)—>7(1+§> for n > 3.(39)

For n > 3 and small oscillations, the system reduces to one of effective mass m(n+2)/2
and spring constant k = mgn/a, for which the angular frequency of the oscillations is.
ng

v (n+2)a’ (40)

We now return to the special case of n = 2.

For motion along the line between the two hanging masses, we have #; = 0, 6, = T,
> sin?#; = 0, and so the “oscillation” frequency is 0.

For motion transverse to the line between the two hanging masses, we have ¢, = 7/2,
Oy = —m/2, 32, sin?6; = 2 and >ojcos20; = =2, so the effective spring constant is
mg/a, the effective mass is m/2, and the angular frequency of small oscillations is
w=4/2¢9/a.
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3. For a particle sliding inside a cone of half angle «,

X —
«_ —=—mgr coso.

r
mi? mr?sin® o (b2
T = , (41)
2 2
the potential energy can be written as,
V = mgr cos a. (42)
and the (conserved) angular momentum about the vertical axis is,
s g . L
L = mr®sin® a ¢, p=——F"5—. (43)
mr?sin® a
The conserved energy of the system can then be written as,
22 2 22
mr L mr
E=T+V = + 4+ mgrcosa = — + Vig. 44
2 2mr2sin? a g 2 i (44)
From the effective potential,
AVeg L? d*V,g 3L2
= — ' + mg cos ket = = . >0). 45
dr mr3sin® o g i dr? mrtsin? o (>0) (45)

Given a value Ly of the angular momentum, the equilibrium radius 7 is for dVeg /dr =
0,

12 1/3
o = ( 0 ) , Ly = msina\/m. (46)

m2gsin® o cos

and the angular velocity of the particle in this equilibrium orbit is,

. Ly 1 g cos o
Q pum— = = . 47
% mrsin’a  sina 7 (47)

The angular frequency of small oscillations is,

[ ko 3LE 3
W = ﬁ: 24702: gcosa:\/gg)SinO( (48)
m mery sin” « To

For sina = lz\/g we have that w = €2, and the oscillating orbit is a tilted plane. For
sina = 1/24/3 we have that w = /2, and the oscillating orbit takes 2 revolutions to
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return to the same place, as shown in the figure below with the first revolution in blue,
and the second in red.

. 172 . 172
sino=1/(3) sin .= 1/2(3)
For sina > 1/\/5, w > €, the oscillating orbit is described as a “wobble” in Prob. 18,
p. 399 of K.R. Symon, Mechanics (Addison-Wesley, 1971),
http://kirkmcd.princeton.edu/examples/mechanics/symon_71.pdf, while for sin o < 1/V£§7
w < €2, the oscillating orbit is described as an “up-and-down spiraling motion”.

For a more exotic example of motion of a particle on a cone, see
http://kirkmcd.princeton.edu/examples/birkeland.pdf.
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4. In the problem of a central force, from a fixed point, acting on mass m, the motion lies
in a plane perpendicular to, say, the z-axis. The angular momentum L = mr?6, in a
cylindrical coordinate system (7,6, z), about the z axis is conserved, so we can write
the (conserved) energy of the system as,

mr? L? _mr?

m .2 2’2
o SCANI. . =" LV, 1
E 2(7" +7r°07)+ V(r) 5 +2m7"2 + V(r) 5 + Vg (49)

where the introduction of the effective potential,

+ V(r), (50)

renders the problem to be 1-dimensional.

For central potentials of the form,

C
Vi) =5, (1)
for constants C' and A, we have,
dVeg  L* L A0 PVer  3L* MM +1)C (52)
dr— mrd  pAL dr?  mrt A2

Equilibrium circular orbits for given angular momentum L exist at radius rq such that
AVeg (o) /dr = 0,

Ly
mr3’

2
2=\ __ LO

R vams Qz@(ro):

(53)

where €2 is the (constant) angular velocity of the stable orbit.

The effective spring constant for small oscillations about the equilibrium circular orbit
is,

d*Veg(ro) L3 M+ 1DCmrd™ L2
ket = = 3— = 2—A). 54
i dr? mrg 3L3 mré( ) (54)
Stable orbits exists only if keg > 0, i.e.,
A< 2 for stability. (55)

For small oscillations of a perturbed orbit, relative to a stable circular orbit, we write
the radial motion as,

r(t) = ro(1 4 ecoswt), (56)

where € < 1 is a constant, and the angular frequency of the oscillation is,

ke L
W= = VA =0V2 - (57)

m o mrg
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The corresponding motion in # is then related by,
Lo Ly

0 = — ~ m—r(%(l — 2ecoswt) = Q1 — 2ecos wt), (58)

0(t) = Q((t - %esinwt) =Qt —

2e )
NG sinwt. (59)
The oscillatory motion is simply periodic only if w is an integer multiple €2, i.e., for
A =1 (gravity), —2 (springs) or —7, as illustrated in the figures below, where ¢ = Q¢.

— T //\\
<) 20

Greek epicycles

Newtonian epicycles

For A = -2,

r — 1o = €rgcos 202, ro(0 — Qt) = —ergsin 20, (60)

which is uniform rotation with angular velocity —2¢2 relative to the point rg, 2t in
the rotating frame of the unperturbed orbit. That is, the motion can be described as
motion in a circle (epicycle) about a point that moves in a circle.

This description in terms of an epicycle can also be applied to the cases of A = 1 and
—7, and gives the correct shape of the perturbed orbit. However, in these cases, the
epicycle model does not correctly predict where the oscillating mass is at time ¢.% In
particular, for A = 1 (gravity), we have,

r — 1o = €rgcost, ro(0 — Qt) = —2erysin 4, (61)

which corresponds to motion in an ellipse with major axis twice the minor axis, in the
rotating frame of the unperturbed mass. We could call this relative, elliptical motion
a “Newtonian epicycle”.

6To give a better description of gravitational orbits with large oscillations, Copernicus advocated use of
epicycles upon epicycles (which can provide any desired accuracy. Kepler was the first to note that the a
single ellipse suffices (for a single force center).
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5. (a) The angular velocity w of the orbit of a small mass m just above the surface of a
spherical mass M = 4mpr3/3 of radius r and mass density p is related by,

GmM , GM 4nGp
=— = 62
Y w 7"3 3 ? ( )

F = ma =muw’r =
r2

so the period T' = 27 /w is independent of 7.

(b) Satellite Paradox.
We use an energy method.

The energy of mass m in a (near) circular orbit of radius r with velociity v about
large mass M can be written as,

mu? _ GMm GMm mu?

2 r 2r 2 (63)

noting that v? = w?r? = GM/r, as follows from eq. (62),
Due to the friction of the atmosphere, F = —av, the satellite loses energy at rate,

dE
F-v=-a’= o= —mu, (64)
v«

- =, t) = voet™, 65
S ut) = e (65)

assuming that « is constant.
The velocity v increases as the satellites falls down!

The loss of kinetic energy due to friction is compensated by the conversion of
gravitational potential energy into kinetic energy (at twice the rate of the loss of
energy).’

For an approximately circular orbit,

r(t) = —=——¢ = e 20t/m, 66
0="5 =" : (66)
A simple solution also follows from the assumption that F = —av?v, i.e., v(t) =

vo/(1 — avpt/m).® Again, the velocity increases as the satellite falls.

This problem was considered by Newton, as reviewed in D.G. King-Hele and
D.C.M. Walker, The Effect of Air Drag on Satellite Orbits: Advances in 1687 and

1987, Vistas Astron. 30, 269 (1967),
http://kirkmcd.princeton.edu/examples/mechanics/king-hele_va_30_269_87.pdf

"Among the relevant literature, see D.G. King-Hele, The Descent of an Earth-Satellite Through the
Upper Atmosphere, J. Brit. Interplanetary Soc. 15, 314 (1956),
http://kirkmcd.princeton.edu/examples/mechanics/king-hele_jbis_15_314_56.pdf,

L. Blitzer, Satellite Paradox, Am. J. Phys. 39, 882 (1971),
http://kirkmcd.princeton.edu/examples/mechanics/blitzer_ajp_39_882_71.pdf.

8M. Morduchow and G. Volpe, Exact Analytical Solutions for Orbits of Bodies with Atmospheric Drag
ATAA J. 11, 381 (1973),
http://kirkmcd.princeton.edu/examples/mechanics/morduchow_aiaaj_11_381_73.pdf
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6. This is probs. 6.27-28, p. 271 of G.R. Fowles and G.L. Cassiday, Analytical Mechanics,
7% ed. (Thomson Brooks/Cole, 2004),
http://kirkmcd.princeton.edu/examples/mechanics/fowles_chap6.pdf

A comet in a parabolic orbit about the Sun has its perihelion at distance p.

(a)

A parabolic orbit is the case between the bound elliptical orbits (with total energy
E < 0), and the unbound hyperbolic orbits (with total energy £ > 0. That is,
the total energy of a mass in a parabolic orbit is zero.

We could also note that the energy is E = mv?/2 = GMm/r, so for large r,
E — muv? /2. Also, angular momentum is conserved about the force center,
L = mr x v, so for large r, where v becomes parallel to the axis of the parabola,
we must have vo, — 0, and hence E = 0.

This argument does not hold for a hyperbolic trajectory, for which r becomes
parallel to v, so vy, can be/is > 0, and E > 0.

Recalling the analysis of the orbit equation, p. 105 of
http://kirkmcd.princeton.edu/examples/Ph205/ph205110.pdf,

we have that for energy E = 0, the equation of the parabola with respect to the
force center of mass M is,

1_GJ\/[m2
r L2

(1+ cosb), (67)

where L is the angular momentum of mass m with respect to the force center.
The perihelion p is then related by,

1 2GMm? o

D
The equation (67) of the parabolic orbit can be rewritten as,

1 1 0 2
r 2p r

Hence the angle of the intersection of the comet’s and the Earth’s orbit (of radius
a) about the Sun is given by,

cosf) = — —1, (70)

which exists only if p < a.
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(d) We recall p. 106 of the above link, which showed that the time ¢ for the mass to
move from the perihelion to radius r is related by, using eq. (68),

r !l
t= ,/T/ rdr . (71)
2 Jp \/ET’2+GMm7”—L2/2m

B 1 rortdr 1 = (x + p)
t_\/QGM/p \/T’—p_VQGM/O vV e

N R R TRy B 1/2>_L/£/ _B( 2_p>

-V a2GgM (3(T Py +2p(r = p) - 3VGM ! r 1+7" - (@)

Hence, the time spent by the comet inside the Earth’s orbit (of radius a) is ,

2 /2 [T 2p

The maximum time is related by,

dT—O—2 2a?
dp —~  3VGM

— o, (1)

1 2p 2 D
: (1) 2 2],
2a,/1 -2 a a a

4 | a3 2 a3
Tox = 4| o = = [ 27/ -2 ) = 0.21yr ~ 11 weeks. (75
3\ o 37r(” GM) yr A~ weeks. (75)
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7. This is Prob. 50, p. 154 of K.R. Symon, Mechanics, 3"! ed. (Addison-Wesley, 1971),
http://kirkmcd.princeton.edu/examples/mechanics/symon_71.pdf.

The effective potential for a particle of mass m and angular momentum L about the
origin, subject to the attractive central force,

C C
F=—= =—5
73’ 4 22’ (76)
with C' >0 iS, Ve 12 v 2 C B L2 —2mC (77)
) Y C2mr? 22 2mp?
dVege L* —2mC
- _ 78
dr mr3 ’ (7%)
d*Veg  3(L? —2mCO)
= . 79
dr? mrd (79)

Circular orbits (with dVeg(rg)/dr = 0) are possible with any radius 7o, but only for
angular momentum L = v/2mC'. However, none of these circular orbits is stable, since
the effective spring constant keg = d?Veg(ro)/dr? is 0.

To discuss the form of the orbits, we consider the orbit equation,

d*u m Cm

T = U= Ty F(1fu) = (7 - 1) = Bu, (80)
where L is the nonzero angular momentum about the force center. Hence, for orbits

with initial conditions ug and du/df|o = —u?dr/df]o = uj,

!/
u:uocoshﬂG—i-%sinhﬂezaew—l—be_w, (8> 0), (81)
u = up + uyl, (8=0), (82)
!/ !/

u:uocosﬂe—%sinﬂ@:uocos(|ﬂ|9)+%0|sin(|ﬂ|9). (8 <0). (83)

Circular orbits correspond to the form (82) with uj = 0 (and L? = 2mC). However,
for any nonzero value of wy, these orbits are spirals, either in to the origin or out to
infinity.

Orbits of the form (81) are inward spirals for increasing 6 if a = 0, but in general spiral
outwards after possible inward behavior for small (positive) 6.

Orbits of the form (83) have u = 0 (r = oo) for some value of € in the interval
—n/|B] <0 < 7/|B|. For example, orbits with u{, = 0 have the form r = ry/ cos 80; a
few of these are sketched below. y

B=-1/2
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8. The orbit equation for the force law,

Am  Bm

is,
d*u m Am? Bm?
- U SF(1/u) = 72 —u( - L2>Ea—52u, (85)

where o = Am/L? 3 = /1 — Bm?/L? and L is the nonzero angular momentum of
mass m about the force center.

Consequently, the orbit has the form,
u=—=—+ Ccosf0 (86)
o B '

We are concerned with a possible, small correction, —B/r?, to the Newtonian gravi-

tational force, —a/r?, so 3 = /1 — Bm?/L? differs only slightly from unity, and the
orbits are very similar to the elliptical orbits of Kepler and Newton. So, we infer that
the form (86) can be written as,

1 1+ ecos(0

u=—

P Ao (87)

where a is the semimajor axis of the orbital ellipse, € is the eccentricity, and the
departure from the Newtonian form is in the factor cos (36, which implies that the
ellipse precesses slowly. The sense of the precession is in the direction of the orbital
motion, since § < 1, such that # must increase by greater than 27 from one perihelion
to the next.

Writing 3 =1 — §, we have that 6 = Bm?/2L? and the perihelion advances by,

2 7Bm?
AQZF—%T%%T(S: Tz (88)
per orbital revolution.
From p. 96 of http://kirkmcd.princeton.edu/examples/Ph205/ph20519. pdf,
we have that,
2 2J1 — €2
I Tma € 7 (89)
T
while from Kepler’s 3 law,
47%a
T? = 90
. (90)
Then,
2 2.2 4 2 A 2 2
L* =4 m~a*(1 — €7) = Am*a(l — €), (91)

4r2a3
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and,

Bm? B
mBm* _ _ ™ 7 (92)
L? 24a(1—€%) 1—¢€2

Al =

where n = B/Aa < 1.

The orbital period of Mercury is 0.24 Earth years, so in 100 Earth years, Mercury has
100/0.24 = 416.7 orbital periods. During this time, the perihelion of Mercury advances
by 40" = 40/60 - 60 - (180/7) = 1.9 x 10~* rad, which is also 416.7A0 = 13607, for
EMercury — 0.206.

Altogether, the model of gravity with a 1/r® correction could explain the advance of
the perihelion of Mercury if,

B 19x10*
= = —14x107". 93
T Aa T T 1360 8 (93)
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9. (a) For the gravitational potential,

GMm  GMmnR*(1 — 3cos®0)
r 5r3 ’

V=— (94)

for interaction in with mass m at distance r from the Sun, of mass M, the effective
potential is,

L? GMm  GMmnR? L?

Vg =V = — — , 95
i + 2mr? r 53 + 2mr? (95)
dVeg  GMm  3GMmnR*  L? (96)
dr 712 54 mr3’
d? Vg 2GMm  12GMmnR*  3L*
_ N , 97
dr? 73 5y + mrt (97)

where M is the mass of the Sun, and the motion is in the plane # = 90°.

For the equilibrium circular orbit of radius ry, the angular momentum is L =

mréQ), where Q is the equilibrium angular velocity, and the condition that eq. (96)

be zero at equilibrium tells us that,

GMm  3GMmnR* 1 02 3nR?

= — mQ? — = 98
ré - 5ra fmesro, e GM 5§ (98)

which is a perturbed version of Kepler’s 3'¢ law.
The effective spring constant for small oscillations about the equilibrium orbit is,

2V, 2GM 12GMmnR? 6G MmnR?
dVﬁ‘:_G m  12GMmny +3mQ2:mQ2—#
dr? e 5rf 5rf

ket (ro) = ,(99)

and the angular frequency of the small oscillations is,

ko 6GM77R2 3GM77R2 B
W= =01~ S ) =008 (100)

The period of a perturbed orbit is 27 /w, which is slightly larger than that of a
circular orbit. As such, the perihelion of a perturbed orbit advances, with angular
velocity

3GMnR?

101
5Qrg (101)

Wprecess ~ 0 =

The observed precession of the perihelion of Mercury, 40” per century, corresponds
to an angular velocity of the precession,

40
60 - 60 - 180/ - 1007w x 107

=6.2 x 107" rad/s. (102)

Wprecess —



PRINCETON UNIVERSITY 1988 Ph205 Set 5, Solution 9 26

For this to be explained by eq. (101), due to oblateness of the Sun, we need,

o 5QT8wprecess o 107TT8wpreceSS
N 3GMR2 B 3GMR2 TMercury
107 - (6 x 1010)%. 6.2 x 10~

_ ~ 1073 103
3-6.7x 1071 -2 x 1030 - (7 x 108)2 - 0.247 x 107 ’ (103)

for M =2x10% kg, R =7 x10® m, 79 = 6 x 10", Tyjercury = 0.24 Earth year (of
~7mx 107 s).

The force law of an oblate Sun, follows from eq. (94) as,

GMm 3nR*
1— )
72 5r2

Foblate = - (104)

for motion in the equatorial plane of the Sun, which is formally similar to the
force law of general relativity,

GMm 3L?
F instein — — 1— ; 105
Finst 72 ( (mrc)2> (105)

Hence, the results of part (a) apply for general relativity with the replacement,

L A
5 (me)? c?

(106)

Then, eq. (101) for the predicated angular velocity of the precession of the peri-
helion becomes,

3GMnR?  3GMQ  67GM

recess — = 5 107
“p 508 - roc? roc2T (107)
The advance of the perihelion per revolution is,
6nGM  24m3r?
5¢ = wprecessT = i = 7o (108)

roc? T2c2 7’

where we used Kepler’s 3" law, GM/r3 = Q? = 4% /T? in the last step.

Strictly, ro is the semimajor axis a of the orbit, as noted by Finstein in eq. (14)
of his calculation of the precession,
http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_831_15_english.pdf

24m3a?

= T —a) (109)

to order v?/c*, where € is the eccentricity of the orbit.



