Poynting’s Theorem with Magnetic Monopoles

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (March 23, 2013; updated January 6, 2020)

1 Problem

Deduce a version of Poynting’s theorem [13] in macroscopic electrodynamics supposing that magnetic charges (monopoles) exist in Nature. Discuss its relation to the Lorentz force law for magnetic charges.^1

2 Solution

2.1 Maxwell’s Equations

When Heaviside first presented Maxwell’s equations in vector notation [16] he assumed that in addition to electric charge and current densities, ρ_e and J_e, there existed magnetic charge and current densities, ρ_m and J_m, although there remains no experimental evidence for the latter.^{2,3} Maxwell’s equations for microscopic electrodynamics are then (in SI units),^4

∇ · ϵ_0E = ρ_e, ∇ · B μ_0

= ρ_m, −c^2∇ × ϵ_0E = ∂ ∂t B μ_0

+ J_m, ∇ × B μ_0 = ∂ϵ_0E ∂t + J_e, (1)

where c = 1/ √ ϵ_0μ_0 is the speed of light in vacuum. In macroscopic electrodynamics we consider media that contain volume densities of electric- and Ampèrian magnetic-dipole moments, P_e and M_e, respectively (often called the densities of polarization and magnetization). Supposing that magnetic charges exists, the media could also contain volume densities of

1Only in three spatial dimensions do the electric and magnetic fields of electric and magnetic charges have the same character, such that a single electric and a single magnetic field could describe the effects of both types of charges [118].

2Heaviside seems to have regarded magnetic charges as “fictitious”, as indicated on p. 25 of [23]. 3If the interaction of magnetic charges with magnetic moments due to electrical currents is to conserve energy, the magnetic charges must be at the end of “strings” of magnetic flux, as first postulated by Dirac [56, 120].

As reviewed in Appendix D.1.1 below, Coulomb noted that long, thin magnetic needles (rigid strings) can the thought of as having equal and opposite magnetic poles (monopoles) at their two ends [2, 3]. But the relative positions of these two poles remains fixed so long as the needle is unbroken. This was perhaps the first “effective field theory”, notably championed by Poisson in 1824 [6, 7] after Ampère (1820), p. 210 of [4], had claimed that all magnetic effects are due to electric currents.

In recent developments with so-called spin-ice systems, chains of spins (magnetic dipoles) can exist in configurations with effective monopoles at their two ends, and the positions of these ends can be varied with respect to one another with relative ease [113, 122]. This has led to claims in the popular press that magnetic monopoles have been discovered, which some people have misinterpreted as evidence that classical electrodynamics must be modified to include nonzero ρ_m as in our eq. (1).

4July 24, 2022. In eq. (1) we follow sec. 7.3.4 of [104]. However, there exists another convention in which ∇ · B = ρ_m and −∇ × E = ∂B/∂t + J_m, as in sec. 6.11 of [105].

(Gilbertian) electric- and magnetic-dipole moments, P_m and M_m, respectively. These densities can be associated with bound charge and current densities, which together with the “free” charge and current densities ρ̃_e, J̃_e, ρ̃_m and J̃_m comprise the total charge and current densities, and are related by,

ρ_e = ρ̃_e − ∇ · P_e, J_e = J̃_e +

∂P_e ∂t + ∇ × M_e, (2)

ρ_m = ρ̃_m − ∇ · M_m, J_m = J̃_m +

∂M_m ∂t − c^2∇ × P_m. (3)

It is customary in macroscopic electrodynamics to use versions of Maxwell’s equations in which only “free” charge and current densities appear. For this we introduce the fields,^5

D_e = ϵ_0E + P_e, H_e = B μ_0

− M_e, D_m = E μ_0

− c^2P_m, H_m = B μ_0

+ M_m, (4)

such that D_e and H_m, and also H_e and D_m, have similar forms, and,

∇ · D_e = ρ̃_e, ∇ · H_m = ρ̃_m, −∇ × D_m =

∂H_m ∂t + J̃_m, ∇ × H_e =

∂D_e ∂t + J̃_e, (5)

where in the absence of magnetic charges D_e and H_e are the familiar fields D and H.^{6,7}

2.2 Force Laws

In static situations with no “free” currents J̃_e or J̃_m the curls of both D_m and H_e are zero and these fields can be deduced from scalar potentials V_e and V_m,

∇ × D_m = 0 ⇔ D_m = −∇V_e, ∇ × H_e = 0 ⇔ H_e = −∇V_m. (6)

5The forms (4) were suggested to the author by David Griffiths in a comment on an early draft of this note. Such “double” D and H fields were anticipated by Heaviside [21], who wrote H for H_e and h_0 for H_m near his eq. (88). Our eq. (4) appears as eq. (5.9) of [95], in Gaussian units, where P → P_e, M → M_e, P^⋆ → P_m, M^⋆ → M_m, D → D_e, H → H_e, E^⋆ → D_m, B^⋆ → H_m. See also in sec. 4 of [108], with the identifications that ē → E, b̄ → B, p → P_e, m → M_e, m^⋆ → P_m, p^⋆ → M_m, D → D_e, H → H_e, E → D_m, B → H_m. See Appendix D.2 below for a justification of eq. (4) via the concept of electromagnetic duality 6The relation B = μ_0(H + M) (or B = H + 4πM in Gaussian units) seems to have been first introduced by W. Thomson in 1871, eq. (r), p. 401 of [14], and appears in Art. 399 of Maxwell’s Treatise [10].

7Neither Thomson nor Maxwell enunciated a concept of the polarization density P of electric dipoles, and only regarded the relation between D and E as D = ϵE, where ϵ is now called the (relative) dielectric constant and/or the (relative) permittivity. See Art. 111 of [9] for Maxwell’s use of the term polarization.

In 1885, Heaviside introduced the concept of an electret as the electrical analog of a permanent magnet [17], and proposed that the electrical analog of magnetization (density) be called electrization. He did not propose a symbol for this, nor did he write an equation such as D = E + 4πP.

The density of electric dipoles was called the polarization by Lorentz (1892) in sec. 102, p. 465 of [15], and assigned the symbol M.

Larmor (1895), p. 738 of [25], introduced the vector (f^′, g^′, h^′) for what is now written as the polarization density P, and related it to the electric field E = (P, Q, R) as (f^′, g^′, h^′) = (K − 1)(P, Q, R)/4π, i.e., P = (ϵ − 1)E/4π = (D − E)/4π. Larmor’s notation was mentioned briefly on p. 91 of [28] (1898).

The symbol M for dielectric polarization was changed to P by Lorentz on p. 263 of [33] (1902), and a relation equivalent to D = E + 4πP was given in eq. (22), p. 265. See also p. 224, and eq. (147), p. 240 of [37] (1903), which latter subsequently appeared as eq. (142), p. 155 of the textbook [38] (1904) by Abraham.

We can associate potential energies,

U_e = μ_0q_eV_e, U_m = μ_0q_mV_m, (7)

with electric and magnetic “test” charges q_e and q_m in scalar potentials due to other charges. If those other charges are held fixed, the forces on the “test” charges can be written as,

F_e = −q_e∇V_e = μ_0q_eD_m, F_m = −q_m∇V_m = μ_0q_mH_e. (8)

The magnetic version of eq. (8) was introduced by Poisson [6, 7], and Maxwell [10] reflected this tradition by calling H_e = H the magnetic force (per unit magnetic charge) and B the magnetic induction. Note that eq. (8) holds in media with nonzero, static densities P_e, P_m, M_e and M_m; the forces on charges inside static electromagnetic media are not q_eE or q_mB/μ_0.^{8,9} This contrasts with force calculations for the effective magnetic-charge density, ρ_{m,eff} = −∇ · M_e, which represent effects of Ampèrian currents, as discussed in Appendix A. As noted in [94] and on p. 429 of [99], if a magnetic charge q_m could be made to move around a loop some or all of which lies inside an Ampèrian magnetic material where B does not equal μ_0H_e (and hence ∇ × B is nonzero around the loop), then energy could be extracted from the system each cycle if the force were q_mB/μ_0, and we would have a perpetual-motion machine. Similarly, if an electric charge q_e could be made to move around a loop some or all of which lies inside a Gilbertian magnetic material where E does not equal μ_0D_m (and hence ∇ × E is nonzero around the loop), then energy could be extracted from the system each cycle if the force were q_eE, and we would again have a perpetual-motion machine.

The electromagnetic force on a moving electric charge q_e and magnetic charge q_m, each

8The notion of the force on a static “test” charge inside a macroscopic medium is somewhat contradictory, in that the macroscopic fields are based on averages over volumes larger than atoms/molecules. People often suppose the test charge to be inside a cavity whose volume is at least as large as an atom/molecule, but then the magnitude of the force depends on the shape of the cavity. A more meaningful issue is the force on a “test” charge that moves through the medium, thereby sampling the microscopic fields in a way that can be well approximated in terms of the macroscopic fields. See also sec. 8 of [92].

9In Art. 400 of [10], Maxwell noted that (in Gaussian units) the H field inside a disk-shaped cavity with axis parallel to B and H inside a magnetic medium has H_{cavity} = B_{cavity} = B_{medium} = H_{medium} + 4πM, so that in this case one could say that the force on a magnetic charge q_m in the cavity is F_m = q_mH_{cavity} = q_mB_{medium}. The led Maxwell to the characterization of B as the “actual magnetic force”, which this author finds misleading.

with velocity v, is, in microscopic electrodynamics,^{10 ,11,12,13}

F_e = q_e(E + v × B) = μ_0q_e (D_m + v × H_m) , (9)

F_m = q_m ( B − v c^2 × E ) = μ_0q_m(H_e − v × D_e). (10)

Consistency of the Lorentz force law with special relativity requires that either E and B or D_e and H_e or D_m and H_m appear in F_e and in F_m (see Appendix B). In macroscopic electrodynamics the Lorentz force law for the force density f on “free” charge and current densities takes the forms,^{14,15}

f_e = ρ̃_eE + J̃_e × B, or μ_0(ρ̃_eD_m + J̃_e × H_m), (11)

f_m = ρ̃_mB −

J̃_m c^2

× E, or μ_0(ρ̃_mH_e − J̃_m × D_e). (12)

It has been verified that B not H_e deflects high-energy electrically charged particles as they pass through magnetized iron (with no magnetic charges) [62], which confirms either form of f_e in eq. (11).^{16} See also [63, 79, 80]. The above argument about perpetual motion then favors the second forms of eqs. (11)-(12).

Further confirmation of this comes via consideration of energy flow in the electromagnetic fields.

2.3 Poynting’s Theorem

Poynting’s argument [13] relates the rate of work done by electromagnetic fields on “free” electric and magnetic currents to both flow of energy and to rate of change of stored energy. This argument has delicacies of interpretation, discussed, for example, in sec. 2.19 of [60].

10Lorentz advocated the form F_e = μ_0q_e(D_e + v × H_e) in eq. (V), p. 21, of [26], although he seems mainly to have considered its use in vacuum. See also eq. (23), p. 14, of [45]. That is, Lorentz considered D_e and H_e, rather than E and B, to be the microscopic electromagnetic fields.

11It is generally considered that Heaviside first gave the Lorentz force law (9) for electric charges in [19], but the key insight is already visible for the electric case in [16] and for the magnetic case in [18]. The form of F_m in terms of B and E is implicit in eq. (7) of [64] and explicit in sec. 28B of [66]. See also [98, 109].

12For the macroscopic equations to appear as in eq. (5), as given, for examples, in sec. 7.3.4 and prob. 7.60 of [104], the Lorentz force law must have the form (10) for magnetic charges. One could also redefine the strength of magnetic charges, ρ_m → ρ_m/μ_0, J_m → J_m/μ_0, which leads to the forms given, for example, in sec. 6.11 of [105]. These alternative definitions echo a debate initiated by Clausius in 1882 [11].

13The electromagnetic interactions between electric and magnetic charges violate space inversion (parity). See also Appendix D.1.19 below.

14A subtlety is that the field B in the first form of eq. (11) is not the total field, but rather the field at the location of the free current that would exist in its absence. See, for example, [110], especially sec. 4.

15In 1908-10, Einstein argued that the Lorentz force law should take the form f_e = μ_0(ρ̃_eD_e + J̃_e × H_e) inside materials [43, 49], perhaps based on a misunderstanding discussed in [116], or that discussed in sec. 2.3.1 of [119]. This misunderstanding underlies the recent “paradox” of Mansuripur [115].

16The magnetization of materials such as iron depends on the character of the magnetic moment of electrons. An argument due to Fermi [55] that the hyperfine interaction depends on the magnetic field at the origin, and so can distinguish between Ampèrian and Gilbertian moments of “nuclei”. For the case of positronium (e^+e^−) the data imply that the moment of the electron is Ampèrian, as discussed in [93].

The density of the time rate of change of work on (“free”) electric currents is, from eq. (11), dw̃_e dt = f_e · v_e = J̃_e · E, or μ_0J̃_e · D_m. (13)

Thus, either, dw̃_e dt = J̃_e · E = E · ( ∇ × H_e −

∂D_e ∂t )

= −∇ · (E × H_e) + H_e · ∇ × E − E ·

∂D_e ∂t = −∇ · (E × H_e) − E ·

∂D_e ∂t − H_e · ∂B ∂t − μ_0J_m · H_e, (14)

where the total current J_m rather than the “free” current J̃_m appears in the last line, or, dw̃_e dt = μ_0J̃_e · D_m = μ_0D_m · ( ∇ × H_e −

∂D_e ∂t )

= −μ_0∇ · (D_m × H_e) + μ_0H_e · ∇ × D_m − μ_0D_m ·

∂D_e ∂t . = −μ_0∇ · (D_m × H_e) − μ_0D_m ·

∂D_e ∂t − μ_0H_e ·

∂H_m ∂t − μ_0J̃_m · H_e. (15)

Similarly, for “free” magnetic currents in macroscopic electrodynamics we have, from eq. (12), dw̃_m dt = f_m · v_m = J̃_m · B or μ_0J̃_m · H_e. (16)

A requirement of simplicity of Poynting’s theorem when magnetic charges are included favors that the time rate of change of the work done on “free” electric and magnetic currents be the second forms in eqs. (13) and (16), and that the Lorentz force law on macroscopic electric and magnetic charge and current densities be,

f_e = μ_0(ρ̃_eD_m + J̃_e × H_m) → μ_0ρ̃_e(D_m + v_e × H_m), (17) f_m = μ_0(ρ̃_mH_e − J̃_m × D_e) → μ_0ρ̃_m(H_e − v_m × D_e), (18)

(as also required not to have magnetic perpetual-motion machines).^{17,18}

17The form (18) is also affirmed in [108] via considerations of a magnetic current in a “wire” surrounded by a dielectric medium. The issues here are somewhat different from those for the force on individual moving charges, but are similar to those considered in [111] for an electrical current in a wire inside a magnetic medium.

18It is argued in [95] that a slowly moving magnetic charge perturbs electric polarization of a dielectric medium in such a way that the velocity-dependent force is −q_mv × ϵ_0E, where E = D/ϵ is the electric field in the absence of the moving magnetic charge. The argument of [95] seems to this author to be a variant of Art. 400 of [10] in which it is supposed that the charge resides in a “cavity” whose surface details affect the fields experienced by the charge. Such arguments assume that the charge occupies a volume at least equal to one atom/molecule of the medium, which might have seemed reasonable to Maxwell but is not consistent with our present understanding of the size of elementary charges. The results of [62] show that a moving electric charges does not create a “cavity” inside a magnetic medium wherein the average B field differs from the macroscopic average B field in the absence of the charge. We infer that a moving magnetic charge would experience an average D inside a dielectric medium equal to the macroscopic average D field in the absence of the charge.

Then, dw̃ dt = dw̃_e dt + dw̃_m dt = −μ_0∇ · (D_m × H_e) − μ_0D_m ·

∂D_e ∂t − μ_0H_e ·

∂H_m ∂t ≡ − ( ∇ · S + ∂u ∂t ) ,(19)

which is the same form as if only electric charges exist, and hence the usual version of Poynting’s theorem still applies if magnetic charges exist. That is, the Poynting vector,^{19} S = μ_0D_m × H_e (all media), (20) is interpreted as describing the flow of energy in the electromagnetic field, and for isotropic, linear media in which D_e and D_m are both proportional to E, and H_e and H_m are both proportional to B,^{20} the density u of stored energy associated with the electromagnetic fields is,

u = μ_0

D_e · D_m + H_e · H_m 2 (isotropic, linear media). (21)

Following a general argument of Poincaré [30] and Abraham [35], we could suppose that the density of momentum is related to the Poynting vector by S/c^2, in which case we would consider the density of field momentum to be,

p^{(A)}_{field} = S c^2 = D_m × H_e ϵ_0

(Abraham). (22)

That Poynting’s theorem retains its usual form when magnetic charges are present is discussed by Heaviside in sec. 19 of [21]. That the form of the Lorentz force law for magnetic charge and current densities is given by eqs. (17)-(18) is consistent with Heaviside’s argument; for example, his eq. (88), but is not explicitly stated. See also sec. 50, p. 49 of [23].

A peculiar argument that the “ordinary” form of Poynting’s theorem implies the existence of magnetic charges is given in sec. 7.10 of [74]; thus misunderstanding is clarified in [76].

The extension of Poynting’s theorem to momentum flow, with the implication that p^{(M)}_{field} = μ_0D_e × H_m is the density of stored momentum, as argued by Minkowski [44], remains valid if the Lorentz force law for magnetic charges is given by eqs. (17)-(18), but not for other forms, as discussed in sec. V of [95]. See also Appendix C.

In a search for an isolated magnetic charge q_m in media that otherwise contain only electric charges and currents, D_e → D, D_m → E/μ_0, H_e → H, H_m → B/μ_0, the Lorentz force law reduces to, F_e = q_e(E + v_e × B), F_m = μ_0q_m(H − v_m × E). (23)

A Appendix: Effective Magnetic Charge Density ρ_{m,eff} = −∇ · M

So far as is presently known, magnetic charges do not exist, and all magnetic effects can be associated with electrical currents, as first advocated by Ampère [5].^{21} For materials with

19Alternative forms for the Poynting vector (in the absence of magnetic charges) are reviewed in [124]. 20See eqs. (99)-(102) for discussion of the linear relations E = D_e/ϵ_e = D_m/ϵ_m and B = μ_eH_e = μ_mH_m. 21For discussion of the experimental evidence that “permanent” magnetization is Ampèrian, see [119].

magnetization density M_e = M the associated (macroscopic) electrical current density is,

J_e = ∇ × M, (24)

and on the surface of such materials there is the surface-current density,

K_e = n̂ × M, (25)

where n̂ is the outward unit vector normal to the surface.

Alternatively, we can suppose the magnetization is associated with densities of effective magnetic charges. Some care is required to use this approach, since a true (Gilbertian) magnetic charge density ρ_m would obey ∇·B = μ_0ρ_m as in eq. (1), and the static force density on these charges would be F_m = μ_0ρ_mH_e. However, in Nature ∇ · B = 0 = ∇ · μ_0(H + M), so we can write, ∇ · H = −∇ · M = ρ_{m,eff} , (26)

and identify, ρ_{m,eff} = −∇ · M, (27)

as the volume density of effective (Ampèrian) magnetic charges.

Inside isotropic, linear magnetic media, where B = μH, the Maxwell equation ∇ · B = 0 then implies that ρ_{m,eff} = 0. However, a surface density σ_{m,eff} of effective magnetic charges can exist on an interface between two media, and we see that Gauss’ law for the field H implies that, σ_{m,eff} = (H_2 − H_1) · n̂, (28)

where unit normal n̂ points across the interface from medium 1 to medium 2. The magnetic surface charge density can also be written in terms of the magnetization M = B/μ_0 − H as,

σ_{m,eff} = (M_1 − M_2) · n̂, (29)

since ∇ · B = 0 insures that the normal component of B is continuous at the interface.

The force on the surface density of effective magnetic charges is,

F = σ_{m,eff} B, (30)

since the effective magnetic charges, which are a representation of effects of electrical currents, couple to the magnetic field B, as in eq. (9).^{22}

The total force on a linear medium is, in this view, the sum of the force on the conduction current plus the force on the effective magnetic surface charges. Care is required to implement such a computation of the force, as discussed in [111], where eq. (30) is affirmed by example.

The key result of this Appendix is that while “true” (Gilbertian, and nonexistent in Nature) magnetic charges q_m obey the force law F_{m,true} = μ_0q_mH, the effective (Ampèrian) magnetic charges (which are a representation of effects of electrical currents) obey F_{m,eff} = q_{m,eff} B.

22Equation (30) is in agreement with prob. 5.20 of [105], recalling the different convention for factors of μ_0 used there. However, the Coulomb Committee in their eq. (1.3-4) [65], and Jefimenko in his eq. (14-9.9a,b) [97], recommends that the field H/μ_0 be used rather than B when using the method of effective magnetic charges, which would imply a force μ_0/μ times that of eq. (30) for isotropic, linear media.

For “effective” Ampèrian magnetic charges the magnetic fields obey ∇ · B/μ_0 = 0 and ∇ · H_e = ρ_{m,eff} inside magnetic materials, while for “true” Gilbertian magnetic charges the fields obey ∇ · B/μ_0 = ρ_{m,true} and ∇ · H_m = 0 inside magnetic materials where there are no “free”, “true” magnetic charges. Hence, the roles of B/μ_0 and H are reversed in magnetic materials that contain “true” or “effective” magnetic charges. We illustrate this below for the fields of a uniformly magnetized sphere.

A.1 Fields of a Uniformly Magnetized Sphere

In this subappendix we deduce the static magnetic fields associated with uniform spheres of radius a with either uniform Gilbertian magnetization density M_m or uniform Ampèrian (effective) magnetization density M_e.

A.1.1 Uniform Ampèrian Magnetization Density M_e

The total magnetic moment of the sphere is,

m_e =

4πM_ea^3 3 . (31)

We speed up the derivation by noting that the fields inside the sphere are uniform, and the fields outside the sphere are the same at those of a point magnetic dipole of strength m_e, B(r > a)

μ_0

= H_e(r > a) = H_m(r > a) =

3(m_e · r̂)r̂ − m_e 4πr^3 = M_ea^3(2 cos θ r̂ − sin θ θ̂) 3r^3

, (32)

in a spherical coordinate system with origin at the center of the sphere and z-axis parallel to M_e.

To characterize the fields inside the sphere, we note use the method of effective magnetic charges (Appendix A). Since M_e is constant inside the sphere, there is no net effective magnetic charge density there, ρ_{e,eff} (r < a) = −∇ · M_e(r < a) = 0, while there is a nonzero surface density of effective magnetic charge, σ_{e,eff} (r = a) = M_e · r̂ = M_e cos θ. (33) The boundary condition on the magnetic field H_e at the surface of the sphere is that, H_{e,r}(r = a^+) − H_{e,r}(r = a^−) = σ_{e,eff} (r = a), (34) and hence,

H_{e,r}(r = a^−) = H_{e,r}(r < a) = H_e(r < a) cos θ = H_{e,r}(r = a^+) − σ_{e,eff} (r = a) = 2M_e cos θ 3 − M_e cos θ = −

M_e cos θ 3 , (35)

H_e(r < a) = −

M_e 3 , H_m(r < a) =

B(r < a) μ_0

= H_e(r < a) + M_e(r < a) =

2M_e 3 . (36)

The result (36) for B/μ_0 implies that the magnetic field for the idealization of a “point”, “effective” (Ampèrian) magnetic dipole m_e would be, B μ_0 = 3(m_e · r̂)r̂ − m_e 4πr^3 + 2m_e 3 δ^3(r). (37)

A.1.2 Uniform Gilbertian Magnetization Density M_m

The total magnetic moment of the sphere for this case is,

m_m =

4πM_ma^3 3 . (38)

As in sec. A.1.1, we speed up the derivation by noting that the fields inside the sphere are uniform, and the fields outside the sphere are the same at those of a point magnetic dipole of strength m_m,

B(r > a)

μ_0

= H_e(r > a) = H_m(r > a) =

3(m_m · r̂)r̂ − m_e 4πr^3 = M_ma^3(2 cos θ r̂ − sin θ θ̂) 3r^3

. (39)

To characterize the fields inside the sphere, we note use the method of effective magnetic charges (Appendix A). Since M_m is constant inside the sphere, there is no net true magnetic charge density there, ρ_m(r < a) = −∇ · M_m(r < a) = 0, while there is a nonzero surface density of true magnetic charge,

σ_m(r = a) = M_m · r̂ = M_m cos θ. (40)

The boundary condition on the magnetic field B at the surface of the sphere is that,

B_r(r = a^+) − B_r(r = a^−) = μ_0σ_m(r = a), (41)

and hence,

B_r(r = a^−) μ_0 = B_r(r < a) μ_0 = B(r < a) cos θ μ_0 = B_r(r = a^+) μ_0

− σ_r(r = a) = 2M_m cos θ 3 − M_m cos θ = −

M_m cos θ 3 , (42)

B(r < a)

μ_0

= H_e(r < a) = −

M_m 3 , H_m(r < a) =

B(r < a) μ_0

+ M_e(r < a) =

2M_e 3 . (43)

Comparing with eqs. (35)-(36) we see that the roles of B and H are reversed in the case of uniform true and effective magnetization. In particular, the sign of B inside the magnetized sphere is opposite for the cases of Ampèrian and Gilbertian magnetization, although B is the same outside the sphere in the two cases.^{23}

The result (43) for B/μ_0 implies that the magnetic field for the idealization of a “point”, “true” (Gilbertian) magnetic dipole m_m would be, B μ_0 = 3(m_m · r̂)r̂ − m_m 4πr^3 − m_m 3 δ^3(r). (44)

23For the case of a cylinder with uniform transverse magnetization, see [106], where the interior B field is equal and opposite for Ampèrian and Gilbertian magnetization.

B Appendix: Lorentz Transformations of the Fields

The various electromagnetic fields can be embedded in antisymmetric 4-tensors (six vectors) that obey Lorentz transformations. The microscopic fields E and B can be written as components of the tensor F, and of its dual F^⋆ obtained by the transformation E → c B, c B → −E,^{24}

F = 0 −E_x −E_y −E_z E_x 0 −cB_z cB_y E_y cB_z 0 −cB_x E_z −cB_y cB_x 0

, F^⋆ =

0 −cB_x −cB_y −cB_z cB_x 0 E_z −E_y cB_y −E_z 0 E_x cB_z E_y −E_x 0

, (45)

such that the fields in the^′ frame where the frame of eq. (45) has velocity v are,

E^′ = γ ( E − v c × cB ) − (γ − 1)(v̂ · E)v̂, (46)

cB^′ = γ ( cB + v c × E ) − (γ − 1)(v̂ · cB)v̂. (47)

The densities of Ampèrian electric and magnetic dipole moments P_e and M_e comprise the tensor P_e, as first noted by Lorentz [50],

P_e =

0 −P_{e,x} −P_{e,y} −P_{e,z} P_{e,x} 0 M_{e,z}/c −M_{e,y}/c P_{e,y} −M_{e,z}/c 0 M_{e,x}/c P_{e,z} M_{e,y}/c −M_{e,x}/c 0

, (48)

such that the fields in the^′ frame where the frame of eq. (48) has velocity v are,

P^′_e = γ ( P_e + v c × M_e c ) − (γ − 1)(v̂ · P_e)v̂, (49)

M^′_e c = γ ( M_e c − v c × P_e ) − (γ − 1) ( v̂ ·

M_e c ) v̂, (50)

The macroscopic fields D_e = ϵ_0E+P_e and H_e = B/μ_0 −M_e can be written as components of the tensor G_e,

G_e = ϵ_0F + P_e =

0 −D_{e,x} −D_{e,y} −D_{e,z} D_{e,x} 0 −H_{e,z}/c H_{e,y}/c D_{e,y} H_{e,z}/c 0 −H_{e,x}/c D_{e,z} −H_{e,y}/c H_{e,x}/c 0

, (51)

24The terminology that the electromagnetic field tensor F^⋆ is the dual of the field tensor F was introduced by Minkowski, eq. (35) of [44].

such that the fields in the^′ frame where the frame of eq. (51) has velocity v are,

D^′_e = γ ( D_e − v c × H_e c ) − (γ − 1)(v̂ · D_e)v̂, (52)

H^′_e c = γ ( H_e c + v c × D_e ) − (γ − 1) ( v̂ ·

H_e c ) v̂. (53)

The densities of Gilbertian electric and magnetic dipole moments P_m and M_m comprise the tensor P_m,

P_m =

0 P_{m,x} P_{m,y} P_{m,z} −P_{m,x} 0 M_{m,z}/c −M_{m,y}/c −P_{m,y} −M_{m,z}/c 0 M_{m,x}/c −P_{m,z} M_{m,y}/c −M_{m,x}/c 0

(54)

such that the fields in the^′ frame where the frame of eq. (54) has velocity v are,

P^′_m = γ ( P_m + v c × M_m c ) − (γ − 1)(v̂ · P_m)v̂, (55)

M^′_m c = γ ( M_m c − v c × P_m ) − (γ − 1) ( v̂ ·

M_m c ) v̂, (56)

Finally, the macroscopic fields D_m = E/μ_0 −c^2P_m and H_m = B/μ_0 +M_m can be written as components of the tensor G_m,

G_m = F μ_0

− c^2P_m =

0 D_{m,x} D_{m,y} D_{m,z} −D_{m,x} 0 −cH_{m,z} cH_{m,y} −D_{m,y} cH_{m,z} 0 −cH_{m,x} −D_{m,z} −cH_{m,y} cH_{m,x} 0

, (57)

such that the fields in the^′ frame where the frame of eq. (57) has velocity v are,

D^′_m = γ ( D_m − v c × cH_m ) − (γ − 1)(v̂ · D_m)v̂, (58)

cH^′_m = γ ( cH_m + v c × D_m ) − (γ − 1) (v̂ · cH_m) v̂. (59)

If we accept that the forces on electric and magnetic charges q_e and q_m in their rest frame are,

F_e = μ_0q_eD_m, F_m = μ_0q_mH_e, (60)

as in eq. (8), then we see by inverting eqs. (53) and (58) that the Lorentz forces in a frame where the charges have velocity v are as in eqs. (17)-(18).

C Appendix: Momentum Density and Stress Tensor

We can extend an argument of Minkowski [44] as to field momentum by considering the total force density on electromagnetic media, following eqs. (17)-(18),

f = f_e + f_m = μ_0(ρ̃_eD_m + J̃_e × H_m) + μ_0(ρ̃_mH_e − J̃_m × D_e) = dp_{mech} dt , (61)

where p_{mech} is the density of mechanical momentum in the media. Using the Maxwell equations (5) for the macroscopic fields,

dp_{mech} dt = μ_0 [ D_m(∇ · D_e) − H_m × (∇ × H_e) + H_m ×

∂D_e ∂t ]

+μ_0 [ H_e(∇ · H_m) − D_e × (∇ × D_m) − D_e ×

∂H_m ∂t ]

= − ∂ ∂t (μ_0D_e × H_m) + μ_0 [D_m(∇ · D_e) + H_e(∇ · H_m) −D_e × (∇ × D_m) − H_m × (∇ × H_e)] ≡ − ∂p_{EM} ∂t + ∇ · T_{EM}, (62)

where,

p_{EM} = μ_0D_e × H_m (63)

is the density of momentum associated with the electromagnetic field, and for isotropic, linear media,^{25}

T_{EM,ij} = μ_0 [ D_{m,i}D_{e,j} + H_{e,i}H_{m,j} − δ_{ij}

D_e · D_m + H_e · H_m 2 ] (64)

is the symmetric Maxwell stress 3-tensor associated with the electromagnetic fields. To arrive at eq. (64) we note that for isotropic, linear media,

[D_m(∇ · D_e) − D_e × (∇ × D_m)]_i = D_{m,i}

∂D_{e,j} ∂x_j

− D_{e,j}

∂D_{m,j} ∂x_i

+ D_{e,j}

∂D_{m,i} ∂x_j = ∂ ∂x_j [ D_{m,i}D_{e,j} − δ_{ij}

D_e · D_m 2 ] . (65)

D Appendix: Electromagnetic Duality

D.1 Digression on the History of Duality

In philosophy, the concept of dualism refers to the view that mind and matter are very different entities. The last philosopher-physicist to champion this view may have been Descartes.

In physics, duality has come to be a description of phenomena that appear to be different, but have essential properties in common.

25See eqs. (99)-(102) for discussion of the linear relations E = D_e/ϵ_e = D_m/ϵ_m and B = μ_eH_e = μ_mH_m.

D.1.1 Coulomb

In 1785, Coulomb confirmed (and made widely known) that the static force between pairs of electric charges q_1 and q_2 varies as q_1q_2/r^2 [2], and that the force between idealized magnetic poles p_1 and p_2 at the ends of long, thin magnets varies as p_1p_2/r^2 [3]. The electric and magnetic forces were considered to be unrelated, except that they obeyed the same functional form. Nonetheless, the fact that both electric and magnetic forces are repulsive between like charges/poles, and vary as 1/r^2, can be regarded as an early hint of electromagnetic duality.

D.1.2 Maxwell

Another early hint of electromagnetic duality is in Arts. 630 and 632 of [10], where Maxwell noted that the densities of energy in the electric and magnetic fields have similar forms, E · D/8π and B · H/8π.^{26}

D.1.3 Clausius

An aspect of electromagnetic duality is that the units used to describe electromagnetism should respect this concept. Historically, the different systems of units developed to describe electric and magnetic phenomena did not do so, as perhaps first notably emphasized by Clausius (1882) [11]. The ensuing debate was influential in the development of our present SI system of units.

D.1.4 Heaviside

Heaviside (1885) used the term duplex to describe his version of Maxwell’s equations that included magnetic charges and currents as well as electric charges and currents [16], and, in the footnote on p. 444 of [21] (1892), he wrote of the Duplex method that its characteristics are the exhibition of the electric, magnetic, and electromagnetic relations in a duplex form, symmetrical with respect to the electric and magnetic sides.

The term perfect magnetic conductor was introduced by Heaviside (1893), p. 536 of [22]: Although a perfect magnetic conductor is, in the absence of knowledge even of a finite degree of magnetic conductivity, a very far-fetched idea, yet it is useful in electromagnetic theory to contrast with the perfect electric conductor. A perfect magnetic conductor behaves towards displacement just as a perfect electric conductor does towards induction; that is, the displacement goes round it tangentially. It also behaves towards induction as a perfect electric conductor does towards displacement; that is, the induction meets it perpendicularly, as if it possessed exceedingly great inductivity, without magnetic conductivity. This magnetic conductor is also perfectly obstructive internally, and is a perfect reflector, though not quite in the same way as electric conductors. The tangential magnetic force and the normal electric force are zero. Thus, Heaviside considered that the boundary conditions for a perfect magnetic conductor were for D and B, in contrast to those for E and H (p. 535 of [22]) in case of a perfect electric conductor.^{27}

26That the electric and magnetic parts of Maxwell’s stress tensor have similar forms was noted by Larmor (1897), sec. 39, p. 253, of [27].

27As noted in sec. 2.4.1 of [121], it seems to the present author that if a perfect electric conductor had a

D.1.5 Tesla

In 1891, p. 34 of [20], Tesla made what may be the first use of the term dual in electromagnetism: electricity and magnetism, with their singular relationship, with their seemingly dual character, unique among the forces in nature, with their phenomena of attractions, repulsions and rotations, strange manifestations of mysterious agents, stimulate and excite the mind to thought and research.

D.1.6 Poincaré

In 1893, Poincaré began his studies of algebraic topology, which are now considered to include the concept of Poincaré duality [114], although Poincaré himself did not use the term duality. Once century later, Poincaré duality is considered by some to be related to electromagnetic duality [107].

D.1.7 Love

In 1901, Love initiated studies of vector diffraction theory (building on the scalar theory of Huygens [1] and Kirchhoff [12]), in which the electromagnetic fields within some source-free volume could be computed from surface integrals of fields, or of both electric and magnetic charge and current densities. In sec. 14, p. 12 of [31], titled The Reciprocal Theorem, Love spoke of magnetic displacements as well as electric displacements, which is interpreted by some people as the first important application of electromagnetic duality to a physics problem, although Love did not use this term.

Love’s lead was followed by Macdonald (1902), sec. 14 of [34] and p. 95 of [51].

D.1.8 Sire de Vilar

In 1901, Sire de Vilar [32] wrote on La Dualité en Électrotechnique, i.e., duality in electrical circuits, which described various relations between “electric” and “magnetic” aspects of circuits, but which did not discuss electromagnetic fields.^{28}

D.1.9 Larmor

Larmor (1903), p. 10 of [36], mentioned a magnetic current-sheet, which may be considered to arise from a varying sheet of tangential magnetization, after the analogy of the electric current-sheet of the previous case. Here, Larmor added some clarity to Love’s usage [31] of magnetic displacements, that what matters in particular for the surface integrals which they considered is the possibility of magnetic currents. This can be interpreted as an expression of electromagnetic duality, although Larmor only spoke of an analogy.

Larmor (1900) used the term duality in the interesting comment, p. 27 of [29]: The duality arising from the assumption of two kinds of electrons, only differing chirally so that

magnetic current on its surface, the usual boundary condition for it would no longer hold (and likewise, if a perfect magnetic conductor supported an electric surface current, then the proposed boundary condition for that novel type of conductor would not hold).

28The paper of Vilar was transcribed into English as Chap. 21 of [40].

one is the reflexion of the other in a plane mirror, will present nothing strange to those physicists who regard with equanimity even the hypothesis of the possible existence of both positive and negative matter. Here, Larmor anticipates that electrons have spin, and that there exist negative electrons = positrons.

D.1.10 Silberstein

In 1907, Silberstein [42] discussed electromagnetism in terms of the bivector E_1 + iE_2 = E + iB, as well as its complex conjugate, noting that Maxwell’s equations have the same form for either bivector. This was an early recognition of electromagnetic duality, without using that term.

D.1.11 Minkowski

The earliest use of the term dual in the manner of the present conception of electromagnetic duality was by Minkowski (1908), pp. 81 and 93 of [44], where he wrote of the dual matrix F^⋆ = F^⋆_{μν} of a 4-tensor F = F_{μν} such as that of the electromagnetic field, eq. (45) above.

D.1.12 Sommerfeld

Sommerfeld (1910) [46, 48] (see also pp. 754-755 of [66]) recast the 6 independent, nonzero component of the electromagnetic field tensor F as a 6 vector (E, H) with an electric and a magnetic side.^{29} Sommerfeld, eqs. (18) and (18*) of [48], was the first to write Maxwell’s equations in the form, in Gaussian units,

∂_μF_{μν} = 4π c J_μ , ∂_μF^⋆_{μν} = 0, where ∂_μ = ( ∂ ∂t , −∇ ) . (66)

A survey in 1910 [47] of methods of solution of Maxwell’s equation via transformations of other solutions did not include use of duality transformations (which had not yet been recognized explicitly). See also [57].

D.1.13 Rainich

In 1925, Rainich [53] discussed symmetries of antisymmetric 4-tensors, such as the stressenergy-momentum tensor of electrodynamics. On p. 113 he noted that if such a tensor is represented in a certain manner by two pairs of 3-vectors, {i, j} and {k, l},the physics is invariant under the transformations i^′ = i cos χ − j sin χ, j^′ = i sin χ + j cos χ, and k^′ = k cos ψ − l sin ψ, l^′ = k sin ψ + l cos ψ; Rainich left it to the reader to imagine a relation between his four 3-vectors and the electromagnetic fields E and B.

29A 6-vector is closely related to the bivector of Hamilton, p. 665 of [8], first applied to electromagnetism by Silberstein (1907) [42].

D.1.14 Schelkunoff

Schelkunoff (1936) continued the theme of vector diffraction theory, with the comment on p. 93 of [58]: We shall find it convenient, at least for analytical purposes, to employ the concept of magnetic current on a par with the concept of electric current.

And on p. 69 of [61] he wrote; On some occasions, considerable mathematical simplifications may be secured if we write Maxwell’s equations in a more symmetrical form by including hypothetical magnetic charges and corresponding currents.

However, Schelkunoff (and subsequent electrical engineers) seem to regard the symmetry of Maxwell’s equations slightly differently than do most physicists. On p. 70 of [61] he wrote: Maxwell’s equations in the form in which we have expressed them possess considerable symmetry; E and H correspond to each other, the first being measure in volts per meter and the second in amperes per meter; D and B correspond to each other, the first being measured in ampere-seconds per square meter and the second in volt-seconds per square meter; electric and magnetic currents correspond to each other, the first being measured in amperes and the second in volts. In literature one finds arguments to the effect that “physically” E and B (and D and H) are similar^{30} and that B is more “basic” than H.^{31} All such arguments seem sterile since electric and magnetic quantities are physically different; whatever similarity there is comes from the equations.^{32}

30In 1904, Lorentz [39] gave the Lorentz transformation for electromagnetic fields in which D and H transform into one another for observers in different inertial frames of reference. This transformation was confirmed and greatly elucidated by Einstein in 1905 [41]. Such considerations had dramatic impact on the physics community, but apparently had little effect on electrical engineers.

31For example, see the final pages, pp. 327-328, of the 1929 physics text [54]: There remains, finally, one relatively trivial matter which should be mentioned. Except for the linkage with more ordinary notations which occurs in the problems, use has been made of only two field vectors, E and B. When in free space, the use of one electric and one magnetic vector, rather than of the four vectors E, D, B and H, is an obviously desirable simplification; and within matter, it is useful to have in explicit evidence the electrical properties ϵ and μ of the matter. The choice of B as the fundamental magnetic vector, rather than H, rests on the occurrence of E and B in the equation of force for a charge. The subject of magnetostatics has been developed in as close analogy as possible with electrostatics; and the fundamental magnetic vector—the counterpart of E—must clearly be the vector which, in the basic law for magnetostatic action, plays the same rôle as does E in electrostatics. The choice of B rather than H is also clearly indicated by the fact that the divergence of E gives the total charge, while the curl of B (not of H) give the total current. The confusion which results from the choice of H as the fundamental magnetic vector is, perhaps, most clearly illustrated by the equations which arise when one considers the relation between the so-called microscopic and macroscopic field equations. Lorentz, for example, take as microscopic equations, valid everywhere,

div e = ρ, curl e = − 1 c ∂ h ∂t , div h = 0, curl h = 1 c (ρ v + ė), (67)

and finds that the average values of e and h are given by,

e = E h = B, (68)

where E and B are the ordinary macroscopic field vectors used in this volume. The last equation indicates that B is the fundamental macroscopic vector, and the that fundamental microscopic vector should be designated as b rather than h.

32Such views are at odds with the theme of this note, that if magnetic charges and currents existed as well as electric charges and currents, then there would be two D-fields, D_e and D_m, as well as two H-fields, H_e and H_m, but only one E-field and only one B-field, as discussed in sec. 2.1 above.

On p. 107 of [58], Schelkunoff revived Heaviside’s concept [22] of a perfect magnetic conductor: Perfect magnetic conductors are defined by analogy with perfect electric conductorsthe tangential component of the magnetic intensity vanishes at the surface of the former just as the tangential component of the electric intensity vanishes at the surface of the latter. Magnetic conductors support magnetic current sheets just as electric conductors support electric current sheets. The densities of the sheets are given by the discontinuities of the tangential components of E in the former case and H in the latter.

D.1.15 Stratton and Chu

In 1939, Stratton and Chu [59] continued the theme of vector diffraction theory, and also wrote of ficticious magnetic sources. Such considerations were reviewed by Stratton in sec. 8.14, p. 464, of his text (1941) [60].

On p. 72 of [60], and again on p. 82, Stratton wrote of the dual field tensors in the manner of Minkowski, but without references, and he did not consider a duality transformation.

D.1.16 Shanmugadhasan (June 15, 2020)

In 1952, Shanmugadhasan [67] noted that if magnetic charges existed, one could consider dual field tensors (in the sense of Minkowski [44]),

F_e =

0 −^{Ee,1}_c −^{Ee,2}_c −^{Ee,3}_c

E_{e,1}

c 0 −B_{e,3} B_{e,2}

E_{e,2}

c B_{e,3} 0 −B_{e,1}

E_{e,3}

c −B_{e,2} B_{e,1} 0

, F^⋆_e =

0 −B_{e,1} −B_{e,2} −B_{e,3}

B_{e,1} 0^{Ee,3}_c −^{Ee,2}_c

B_{e,2} −^{Ee,3}_c 0^{Ee,1}_c

B_{e,3}^{Ee,2}_c −^{Ee,1}_c 0

, (69)

F_m =

0 −B_{m,1} −B_{m,2} −B_{m,3}

B_{m,1} 0^{Em,3}_c −^{Em,2}_c

B_{m,2} −^{Em,3}_c 0^{Em,1}_c

B_{m,3}^{Em,2}_c −^{Em,1}_c 0

. F^⋆_m =

0 −^{Em,1}_c −^{Em,2}_c −^{Em,3}_c

E_{m,1}

c 0 −B_{m,3} B_{m,2}

E_{m,2}

c B_{m,3} 0 −B_{m,1}

E_{m,3}

c −B_{m,2} B_{m,1} 0

,(70)

where E = E_e + E_m and B = B_e + B_m, such that the total field tensors are,

F = F_e + F^⋆_m, F^⋆ = F^⋆_e + F_m. (71)

In terms of the field tensors, Maxwell’s equations (1) are,^{33,34}

∂_ν F_{e,νμ} = μ_0J_{e,μ}, ∂_ν F_{m,νμ} = −μ_0J_{m,μ}, ∂_ν F^⋆_{e,νμ} = 0 = ∂_ν F^⋆_{m,νμ}, (72)

33We avoid distinguishing between covariant and contravariant vectors and tensors by use of the conventions that ∂_μ = (∂/∂ct, −∇) and A_μB_μ = A_0B_0 − A_1B_1 − A_2B_2 − A_3B_3.

34The Lorentz force laws for charge and currents densities that correspond to eq. (8) can be written as f_μ = F_{νμ}J_ν where J_ν = J_{e,μ} + J_{m,ν} .

where J_μ = (cρ, J) is the charge-current 4-vector; in terms of the partial fields,

∇ · E_e = ρ_e ϵ_0

, ∇ · B_e = 0, ∇ × E_e = −

∂B_e ∂t , ∇ × B_e = 1 c^2

∂E_e ∂t + μ_0J_e, (73)

∇ · E_m = 0, ∇ · B_m = μ_0ρ_m, ∇ × E_m = −

∂B_m ∂t − μ_0J_m, ∇ × B_m = 1 c^2

∂E_m ∂t . (74)

As usual, since ∇ · B_e = 0 we can relate B_e to a vector potential A_e such that B_e = ∇ × A_e. Then, ∇ × E_e = −∇ × ∂A_e/∂t, such that there exists a scalar potential V_e where E_e + ∂A_e/∂t = −∇V_e. Similarly, since ∇ · E_m = 0 we can relate E_m to a vector potential A_m such that E_m = −∇ × A_m. Then, ∇ × B_m = −∇ × ∂A_m/∂t, such that there exists a scalar potential V_m where B_m + ∂A_m/∂t = −∇V_m.

That is, there exist (dual) 4-potentials A_{e,μ} = (V_e/c, A_e) and A_{m,μ} = (V_m/c, A_m) such that,

E_e = −∇V_e −

∂A_e ∂t , B_e = ∇ × A_e, E_m = −∇ × A_m, B_m = −∇V_m −

∂A_m ∂t . (75)

The field tensors F_e and F_m are related to the 4-potentials by,

F_{e,μν} = ∂_μA_{e,ν} − ∂_ν A_{e,μ}, F_{m,μν} = ∂_ν A_{m,μ} − ∂_μA_{m,ν} . (76)

These dual fields and potentials have also been discussed in [77, 86, 87, 96, 109, 123].^{35}

D.1.17 Rose

In 1955, sec. 5, p. 9, of his book [68], Rose wrote: We again consider the free-space Maxwell equations. It is evident that if E and H are solutions, then E^′ and H^′ are also solutions if,

E^′ = ±H, H^′ = ∓E, (1.31)

where either the upper or lower signs are to be used. The field E^′, H^′ is dual to the field E, H. Clearly, apart from an irrelevant overall sign, E, H is dual to E^′, H^′.

This may be the first explicit statement of an electromagnetic duality transformation. Note that Rose did not consider magnetic charges or currents to exist, and restricted his duality transformation to source-free (free-space) regions. That is, the duality described by Rose holds in the absence of magnetic charges and currents, and holds in regions that can be described by permittivities ϵ and permeabilities μ different from ϵ_0 and μ_0 but which regions cannot contain permanent electric moments, or permanent magnetic moments, of any order.

The pseudoduality described by Rose (and many followers) contrasts with what I will call full duality that would hold if magnetic charges and currents existed (and which would hold throughout all space). These two types of electromagnetic duality are almost never distinguished in the literature, which is therefore somewhat confusing.

D.1.18 Ohmura

In 1956, Ohmura, in a very brief note [69], discussed electrodynamics with both electric and magnetic charges, and with dual potentials.

35Potentials V_m and A_m were discussed for static fields in eq. (24) of [101], supposing that E_e = ∇ × A_m.

D.1.19 Ramsey

In 1957, shortly after the discovery of parity violation in the weak interaction [70], Ramsey [72] noted that the electromagnetic interactions of electric and magnetic charges would violate parity symmetry (P ). He speculated that these interaction would obey the combined symmetries CP and MP , where C and M are the operations of electric and magnetic charge conjugation.^{36}

See also sec. 5 of [77].

D.1.20 Harrington

In 1958, Harrington, sec. 7.6, p. 177 of [75], discussed a concept of duality in which magnetic charges and currents existed, but he was not aware that in this case there would be two D fields and two H fields. As such, his identifications in Table 7-2, p. 178, that E is the dual of H, and that D is the dual of B, are not viable.

In 1961, Harrington produced another book [75], in which magnetic charges and currents have (p. 34) no physical significance, but are sometimes considered as fictitious sources in problems as a means of discussing the electromagnetic fields that hold when only electric charges and currents are present. The duality discussed by Harrington in sec. 3.2, p. 98, of [75], is thus very close to the pseudoduality of Rose [68].^{37}

The Rose/Harrington version of duality continues to have considerable influence on the electrical-engineering literature, in contrast to the literature in physics which tends to follow the versions of Katz, Calkin, Schwinger and Jackson (although the latter two versions have issues that will be noted below).

D.1.21 Cabibbo and Ferrari

In 1962, Cabibbo and Ferrari [77] independently introduced the dual potentials discussed in sec. D.1.16 above.

D.1.22 Katz

The work of Rainich (sec. D.1.13 above) went largely unnoticed until 1964, when Katz, sec. IV of [84], stated that Rainich had shown (or implied) that Maxwell’s equations are invariant under the transformations,

E^′ = E cos θ + B sin θ, B^′ = −E sin θ + B cos θ, (77) ρ^′_e = ρ_e cos θ + ρ_m sin θ, ρ^′_m = −ρ_e sin θ + ρ_m cos θ, (78) J^′_e = J_e cos θ + J_m sin θ, J^′_m = −J_e sin θ + J_m cos θ, (79)

where θ is an arbitrary constant.

Katz did not use the term duality. He did consider the possible physical significance of the parameter θ, but concluded that no experiment could determine its value.

36It is now known that CP symmetry is also violated in the weak interaction [83]. 37Another vision of electric/magnetic “analogies” from this time is [78].

D.1.23 Calkin

In 1965, Calkin [85] argued that the free-space Maxwell equations are invariant under the transformation,

E^′ = E cos θ + B sin θ, B^′ = −E sin θ + B cos θ, (80)

where θ is an arbitrary constant. He further noted, in the spirit of Noether’s theorem [52], that this invariance principle is associated with the “conservation law” that the difference between the number of left and right circularly polarized photons in the electromagnetic field is a constant.^{38,39}

Calkin did not mention the term duality, nor did he cite Rainich [53]. Calkin’s paper was submitted a few days before the publication of Katz’ paper [84] (in the same journal), but this went unacknowledged.

D.1.24 Rohrlich

In 1966, Rorhlich [87] discussed duality invariance that would hold if magnetic charges exists, as well a dual potentials, citing [77] on the latter.

D.1.25 Misner and Wheeler

In 1967, Misner and Wheeler, p. 529 of [71], followed a hint of Rainich [53] to consider the transformation involving fields E and H and an arbitrary angle α. This was not quite the duality transformation of secs. D.1.22 and D.1.23 below.

D.1.26 Schwinger

In 1969, Schwinger [90] gave a statement of a continuous duality symmetry of Maxwell’s equations (without using the term duality) including both electric and magnetic charge and current densities, but was somewhat careless in not distinguishing between “free” and “total” (= “free” + “bound”) charge and current densities. His equations would be correct if the densities were the “total” densities, and his H were replaced by B. Then, his field transformations would agree with our eq. (80), due to Calkin [85].^{40}

Schwinger also gave the (duality) transformation between electric and magnetic charge densities.^{41}

38This observation suggests that while the duality symmetry of electromagnetism is elegant, its physical significance is relatively minor. Furthermore, it is unclear that Calkin’s conservation law holds for interacting electromagnetic fields.

39Calkin was partly inspired by the discovery, reported in [81], of other conserved quantities for free electromagnetic fields. See also [82].

40The discrete duality transformation (81) is given on p. 18 of Schwinger’s posthumous text [103]. 41Schwinger’s main theme was a possible extension of electromagnetic duality to include the weak interaction, in which case there might be vector bosons with magnetic charge, in addition to the (since discovered) electrically charged gauge-bosons W^±. Schwinger did not cite the then-recent electroweak model of Weinberg [88] and Salam [89]. There has been surprisingly little followup to Schwinger’s suggestion, but one example is [112].

In the meantime, the most cited paper in elementary-particles physics is the so-called gauge-gravity duality of Maldacena [102] (with Weinberg’s paper having the secondmost citations).

D.1.27 Jackson

In the 1975 edition of his text, sec. 6.12 of [91], Jackson gave a version of Schwinger’s argument, but with the field E replaced by D in some places, and also without being clear as to whether the charge and current densities were “free” or “total”.

Again, a more correct treatment would be to use the “total” charge and current densities, and only the fields E and B. If it is desired to consider the fields D and H, then one must use all four of D_e, D_m, H_e and H_m as in sec. D.3 below.

D.2 Microscopic Electrodynamics

As noted at the beginning of Appendix B, Minkowski [44] implicitly introduced the duality transformation,

E → c B, c B → −E, (81)

as a useful construct when discussing Maxwell’s equation in 4-tensor notation. The microscopic form of Maxwell’s equation, eq. (1), is symmetric (invariant) under this transformation if in addition all electric charges are replaced by magnetic charges, and vice versa.

We now consider the appropriate duality transformation for other quantities than the fields E and B. An important constraint is that such a transformation should relate quantities that have the same dimensions. Now, in SI units electric and magnetic charges do not have the same dimensions, so their duality transformation is not simply q_e ↔ q_m.

First, we note that in SI units the microscopic density u of electromagnetic field energy is, u = ϵ_0E^2 2 + B^2 2μ_0

. (82)

That is, √ ϵ_0 E and B/ √ μ_0 have the same dimension, such that E and B/ √ ϵ_0μ_0 = c B have the same dimensions. Hence, Minkowski’s duality transformation (81) is indeed between quantities with the same dimensions.^{42}

We then rewrite the first two Maxwell equations (1) as, ∇ · √ ϵ_0 E = ρ_e √ ϵ_0

, ∇ · B √ μ_0 = √ μ_0 ρ_m, (83)

which indicates that in SI units ρ_e/ √ ϵ_0 has the same dimensions as √ μ_0 ρ_m, i.e., that q_e and q_m/c have the same dimensions. Thus, the duality transformations for charges, and charge and current densities, are,^{43}

q_e → q_m c , q_m c → −q_e, ρ_e → ρ_m c , ρ_m c → −ρ_e, J_e →

J_m c , J_m c → −J_e.(84)

42This contrasts with Schelkunoff’s view, sec. D.1.14 above, that the duality transformation should be between E and H because these have “analogous” dimensions, volts/m and amperes/m.

43If only electric charges exist in Nature (as is the case so far as we know), the duality transformations (81) and (84) have the somewhat trivial application that we could redefine electric fields to be magnetic fields, and vice versa, call all charges magnetic, and say that electric charges do not exist.

These relations are consistent with the microscopic force laws (9)-(10),

F_e = q_e ( E + v c × c B ) , F_m = q_m c ( c B − v c × E ) , (85)

whose duality transformation is,

F_e ↔ F_m. (86)

For completeness, we note that the third and fourth Maxwell equations (1) can be written as, −∇ × E = ∂ ∂ct (c B) + μ_0c

J_m c , ∇ × c B = ∂E ∂ct + μ_0c J_e, (87)

which are consistent with the duality transformations (81) and (84).

One should not (in this author’s view) say that the constants ϵ_0 and μ_0 (which have different dimensions) are duals of one another. Indeed, since ϵ_0μ_0 = 1/c^2, they are not independent quantities, and electrodynamics could be formulated using only one of them (along with the universal constant c). For example, the static force between two like electric charges separated by distance r is F_e = q^2_e /4πϵ_0r^2, while the force between two magnetic charges is F_m = μ_0q^2_m/4πr^2 = μ_0c^2(q_m/c)^2/4πr^2 = (q_m/c)^2/4πϵ_0r^2, such that the duality relation (84) leads to the relation (86) without any “duality relation” between ϵ_0 and μ_0.

D.2.1 Dual Potentials (June 15, 2020)

As perhaps first noted in [67], if magnetic charges existed one could consider (dual) 4- potentials A_{e,μ} = (V_e/c, A_e) and A_{m,μ} = (V_m/c, A_m) such that (in our notation) E = E_e +E_m and B = B_e + B_m where,

E_e = −∇V_e −

∂A_e ∂t , E_m = −∇ × A_m, B_e = ∇ × A_e, B_m = −∇V_m − 1 c^2

∂A_m ∂t . (88)

The duality transformations for the potentials, and for the partial fields, are,

V_e → cV_m, cV_m → −V_e, cA_e → A_m, A_m → −cA_e, (89) E_e → cB_m, E_m → cB_e, cB_e → −E_m, cB_m → −E_e. (90)

D.3 Macroscopic Electrodynamics

In macroscopic electrodynamics we consider media with densities P_e of electric dipoles and M_e of (Ampèrian) magnetic moments due to electrical currents. As the dual of electric charge q_e is magnetic charge divided by c, q_m/c, the dual of P_e is a density M_m/c of (Gilbertian) magnetic dipoles due to pairs of opposite magnetic charges, divided by c. Similarly, the dual of M_e is proportional to a density P_m of (Gilbertian) electric dipoles due to currents of magnetic charges.

Historically, the electric densities P_e and M_e were incorporated in the macroscopic fields D = ϵ_0E + P_e and H = B/μ_0 − M_e such that H/c = ϵ_0 cB − M_e/c. While we say that c B is the dual of E, it is not the case that √ μ_0/ϵ_0H is the dual of E (nor is B the dual of √ μ_0/ϵ_0D, as claimed in sec. 6.11 of [105]). Rather, we see that duality requires the introduction of a second D and a second H field according to eq. (4),

D_e = ϵ_0E + P_e, H_e = B μ_0

− M_e, D_m = E μ_0

− c^2 P_m, H_m = B μ_0

+ M_m, (91)

with the duality transformations,

c P_e → M_m, M_e → −c P_m, c P_m → M_e, M_m → −c P_e, (92) c D_e → H_m, c H_e → −D_m, D_m → c H_e, H_m → −c D_e. (93)

A consequence of the minus signs in eq. (92) is that while the Ampèrian magnetic dipole moment m_e associated with electric current density J_e is,

m_e = ∫ r × J_e 2 dVol → I_e Area, (94)

the Gilbertian electric dipole moment p_m associated with magnetic current density J_m is,

p_m = − ∫ r × J_m 2 dVol → −I_m Area. (95)

The macroscopic force densities and their duality relation are,

f_e = μ_0(ρ̃_eD_m + J̃_e × H_m), f_m = μ_0(ρ̃_mH_e − J̃_m × D_e), f_e ↔ f_m. (96)

The Poynting vector is,

S = μ_0D_m × H_e (all media), (97)

and for isotropic, linear media in which D_e and D_m are both proportional to E, and H_e and H_m are both proportional to B, the density u of stored energy associated with the electromagnetic fields is,

u = μ_0

D_e · D_m + H_e · H_m 2 (isotropic, linear media). (98)

Both S and u are self-dual.

For isotropic, linear media with polarization densities P_e and M_e based on electric charges and currents, we can write,

P_e = ϵ_0χ_{De} E, D_e = ϵ_eE, ϵ_e = ϵ_0(1 + χ_{He} ), (99) M_e = χ_{De} H_e, B = μ_eH_e, μ_e = μ_0(1 + χ_{He} ), (100)

such that ϵ_e and μ_e revert to the familiar permittivity ϵ and permeability μ in the absence of magnetic charges and currents. To have the corresponding relations for polarization densities

P_m and M_m based on magnetic charges and currents obey forms similar to eqs. (99)-(100) for isotropic, linear media, we use,

P_m = ϵ_0μ_0χ_{Dm} D_m, D_m = ϵ_mE, ϵ_m = ϵ_0c^2 1 + χ_{Dm} = 1 μ_0(1 + χ_{Dm} )

, (101)

M_m = χ_{Hm} B μ_0

, B = μ_mH_m, μ_m = μ_0 1 + χ_{Hm}

. (102)

However, the permittivities ϵ, the permeabilities μ and the susceptibilities χ do not obey simple duality relations.

D.3.1 Why Does p_m = − ∫ r × J_m dVol/2c^2 ?

As noted in eqs. (94)-(95), the duality transformation (92) contains the prescription that the dual of a magnetic-dipole moment due to electric currents is the negative of an electric-dipole moment due to magnetic currents,

m_e → −c p_m, (103)

which minus sign is perhaps counterintuitive. Now,

m_e = ∫ r × J_e 2 dVol → ∫ r × J_m 2 dVol, (104)

so eqs. (103)-(104) imply that,

p_m = − ∫ r × J_m 2c^2 dVol, (105)

which also is perhaps surprising.

We recall that for a magnetic dipole m_e associated with an electric-current density J_e that flows in a loop, say in a static situation, the Maxwell equation ∇ × B = μ_0J_ec implies that,

μ_0 ∮ loop

J_e · dl = ∮ loop

∇ × B · dl = ∫ loop

B · dArea. (106)

That is, the direction of the magnetic field B at the center of the loop is related to the direction of J_e by the righthand rule, as sketched in the left figure below.

This is consistent with the usual relation,

m_e = ∫ r × J_e 2 dVol. (107)

In the case of a loop of magnetic current density J_m, again in a static situation, the Maxwell equation (24), ∇ × E = −μ_0J_m, implies that,

μ_0 ∮ loop

J_m · dl = − ∮ loop

∇ × E · dl = ∫ loop

E · dArea. (108)

That is, the direction of the magnetic field E at the center of the loop is related to the direction of J_m by the lefthand rule, as sketched in the right figure above. This is consistent with the relation (105), which is in turn consistent with the duality relation (61), m_e → −c p_m.

Thus, the difference in sign between the relations (105) and (107) is due to the difference in signs of the terms in the current densities in the Maxwell equations,

c^2∇ × ϵ_0E = − ( ∂ ∂t B μ_0

+ J_m ) , ∇ × B μ_0 = ∂ϵ_0E ∂t + J_e. (109)

The equation for ∇ × E with magnetic currents was first discussed by Heaviside in 1885 [16]. He argued (p. 448 of [16]) that just as in the equation for ∇ × B where the current density J_e and the “displacement-current density” ∂ϵ_0E/∂t have the same sign, the current density J_m and the “magnetic displacement-current density” ∂(B/μ_0)/∂t should have the same sign in the equation for ∇ × E.^{44}

D.4 Gaussian Units

We have already remarked (footnote 11, p. 3 above) that some people write the second Maxwell equation as ∇ · B = ρ_m in SI units. The macroscopic fields D_m and H_m could also be defined differently than here. In particular, the definition D_m = ϵ_0E − P_m (which is our D_m divided by c^2) could be considered, although then the third and fourth Maxwell equations of eq. (5) differ more in their forms.

Gaussian units were developed to have greater symmetry between electric and magnetic quantities, which will carry over into the duality relations in these units. Here, we summarize the main electrodynamic relations in Gaussian units.

The microscopic Maxwell equations in Gaussian units are,

∇ · E = 4πρ_e, ∇ · B = 4πρ_m, −c∇ × E = ∂B ∂t + 4πJ_m, c∇ × B = ∂E ∂t + 4πJ_e,(110)

for which the duality relations are,

q_e → q_m, q_m → −q_e, E → B, B → −E. (111)

In Gaussian units, electric and magnetic charges have the same dimensions, and electric and magnetic fields have the same dimensions.

The macroscopic fields are,

D_e = E + 4πP_e, H_e = B − 4πM_e, D_m = E − 4πP_m, H_m = B + 4πM_m,(112)

44See also [100].

with the duality transformations, P_e → M_m, M_e → −P_m, P_m → M_e, M_m → −P_e, (113) D_e → H_m, H_e → −D_m, D_m → H_e, H_m → −D_e. (114) The macroscopic Maxwell equations are, ∇ · D_e = 4πρ̃_e, ∇ · H_m = 4πρ̃_m, −c∇ × D_m =

∂H_m ∂t + 4πJ̃_m, c∇ × H_e =

∂D_e ∂t + 4πJ̃_e. (115)

The microscopic force law on charges is,

F_e = q_e ( E + v c × B ) , F_m = q_m ( B − v c × E ) , F_e ↔ F_m, (116)

while the macroscopic force densities and their duality relations are,

f_e = ρ̃_eD_m +

J̃_e c × H_m, f_m = ρ̃_mH_e −

J̃_m c × D_e, f_e ↔ f_m. (117)

The Poynting vector is, S = c 4π D_m × H_e (all media), (118)

and for linear media in which D_e and D_m are both proportional to E, and H_e and H_m are both proportional to B, the density u of stored energy associated with the electromagnetic fields is, u = D_e · D_m + H_e · H_m 8π (linear media). (119)

Both S and u are self-dual.

For isotropic, linear media with polarization densities P_e and M_e based on electric charges and currents, we can write,^{45} P_e = χ_{De} E, D_e = ϵ_eE, ϵ_e = 1 + 4πχ_{De} , (120) M_e = χ_{He} H_e, B = μ_eH_e, μ_e = 1 + 4πχ_{He} . (121) such that ϵ_e and μ_e revert to the usual ϵ and μ in the absence of magnetic charges and currents. To have the corresponding relations for polarization densities P_m and M_m based on magnetic charges and currents obey forms similar to eqs. (120)-(121) for linear media, we might define,^{46}

P_m = χ_{Dm} D_m, D_m = ϵ_mE, ϵ_m = 1 1 + 4πχ_{Dm}

, (122)

M_m = χ_{Hm} B, B = μ_mH_m, μ_m = 1 1 + 4πχ_{Hm}

. (123)

45For discussion of the effect of the factors of 4π in the conversion of D and H between SI and Gaussian units, see [117].

46If we defined P_m = χ_{Dm} E and M_m = χ_{Hm} H_m, we might readily have negative values of ϵ_m and μ_m.

The fields E = E_e + E_m and B = B_e + B_m are related to potentials A_{e,μ} = (V_e, A_e) and A_{m,μ} = (V_m, A_m) as,

E_e = −∇V_e − 1 c ∂A_e ∂t , E_m = −∇ × A_m, B_e = ∇ × A_e, B_m = −∇V_m − 1 c ∂A_m ∂t .(124)

The duality transformations for the potentials are,

V_e → V_m, V_m → −V_e, A_e → A_m, A_m → −A_e. (125)

Acknowledgment

Thanks to Stephen Barnett, David Griffiths and Ömer Zor for e-discussions of this problem.

References

[1] C. Huygens, Treatise on Light (1678, 1690; English translation 1912),

http://kirkmcd.princeton.edu/examples/optics/huygens_treatise_on_light.pdf

[2] C.-A. de Coulomb, Premier Mémoire sur l’Électricité et le Magnétisme, Mém. Acad.

Roy. Sci., 569 (1785), http://kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_569_85.pdf

[3] C.-A. de Coulomb, Second Mémoire sur l’Électricité et le Magnétisme, Mém. Acad. Roy.

Sci., 578 (1785), http://kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_578_85.pdf

[4] A.M. Ampère, Mémoire sur les effets courans électriques, Ann. Chem. Phys. 15, 59 (1820), kirkmcd.princeton.edu/examples/EM/ampere_acp_15_59_20.pdf

[5] A.-M. Ampère, La détermination de la formule qui represénte l’action mutuelle de deux portions infiniment petites de conducteur Voltaïques, Ann. Chem. Phys. 20, 398 (1922),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_20_398_22.pdf

[6] S.-D. Poisson, Mémoire sur la Théorie due Magnetisme, Mem. Acad. Sci. Inst. France V, 247 (1824), http://kirkmcd.princeton.edu/examples/EM/poisson_24.pdf

[7] S.-D. Poisson, Second Mémoire sur la Théorie due Magnetisme, Mem. Acad. Sci. Inst.

France V, 486 (1826), http://kirkmcd.princeton.edu/examples/EM/poisson_memoire_21b.pdf

[8] W.R. Hamilton, Lectures on Quaternions (Hodge and Smith, Dublin, 1853),

http://kirkmcd.princeton.edu/examples/EM/hamilton_lectures_on_quaternions_53.pdf

[9] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 1 (Clarendon Press, 1873),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_73.pdf

Vol. 1, 3^{rd} ed. (Clarendon Press, 1904),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_04.pdf

[10] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. II, (Clarendon Press, 1873),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3^{rd} ed. (Clarendon Press, 1892),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[11] R. Clausius, On the different Systems of Measures for Electric and Magnetic Quantities, Phil. Mag. 13, 381 (1882), http://kirkmcd.princeton.edu/examples/EM/clausius_pm_13_381_82.pdf

[12] G. Kirchhoff, Zur Theorie der Lichtstrahlen, Ann. Phys. 18, 663 (1883),

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_ap_18_663_83.pdf

[13] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[14] W. Thomson, Reprints of Papers on Electrostatics and Magnetism (Macmillan, 1884),

http://kirkmcd.princeton.edu/examples/EM/thomson_electrostatics_magnetism.pdf

[15] H.A. Lorentz, La Théorie Électromagnétique de Maxwell et son Application aux Corps Mouvants, Arch. Neérl. 25, 363 (1892),

http://kirkmcd.princeton.edu/examples/EM/lorentz_ansen_25_363_92.pdf

[16] O. Heaviside, Electromagnetic Induction and Its Propagation, part 4, Electrician 14, 306 (1885), http://kirkmcd.princeton.edu/examples/EM/heaviside_eip4_electrician_14_306_85.pdf Also on p. 447 of [24].

[17] O. Heaviside, Electromagnetic Induction and Its Propagation, part 12, Electrician 15, 230 (1885), http://kirkmcd.princeton.edu/examples/EM/heaviside_eip12_electrician_15_230_85.pdf Also on p. 488 of [24].

[18] O. Heaviside, Electromagnetic Induction and Its Propagation, part 22, Electrician 16, 186 (1886), http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_16_186_86.pdf Also on p. 542 of [24].

[19] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[20] N. Tesla, Experiments with Alternate Currents of Very High Frequency and Their Application to Methods of Artificial Illumination, Elec. Eng. (NY) 12, 35 (1891),

http://kirkmcd.princeton.edu/examples/EM/tesla_eeny_12_35_91.pdf

[21] O. Heaviside, On the Forces, Stresses and Fluxes of Energy in the Electromagnetic Field, Phil. Trans. Roy. Soc. London 183, 423 (1892),

http://kirkmcd.princeton.edu/examples/EM/heaviside_ptrsla_183_423_92.pdf

[22] O. Heaviside, Electromagnetic Theory — XLV, Electrician 30, 535 (1893),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_30_535_93.pdf

See also p. 341 of [23].

[23] O. Heaviside, Electromagnetic Theory, vol. I (Electrician Press, 1893),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[24] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[25] J. Larmor, A Dynamical Theory of the Electric and Luminiferous Medium—Part II.

Theory of Electrons, Phil. Trans. Roy. Soc. London A 186, 695 (1895),

http://kirkmcd.princeton.edu/examples/EM/larmor_ptrsla_186_695_95.pdf

[26] H.A. Lorentz, Versuch einer Theorie des Electrischen und Optischen Erscheinungen in bewegten Körpern, (Brill, Leiden, 1895),

http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95.pdf
http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95_english.pdf

[27] J. Larmor, A Dynamical Theory of the Electric and Luminiferous Medium.—Part III.

Relations with Material Media, Phil. Trans. Roy. Soc. London A 190, 205 (1897),

http://kirkmcd.princeton.edu/examples/EM/larmor_ptrsla_190_205_97.pdf

[28] J.G. Leathem, On the theory of the Magneto-Optic phenomena of Iron, Nickel, and Cobalt, Phil. Trans. Roy. Soc. London A 190, 89 (1897),

http://kirkmcd.princeton.edu/examples/EM/leathem_ptrsla_190_89_97.pdf

[29] J. Larmor, Æther and Matter (Cambridge U. Press, 1900),

http://kirkmcd.princeton.edu/examples/EM/larmor_aether_matter_00.pdf

[30] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[31] A.E.H. Love, The Integration of the Equations of Propagation of Electric Waves, Phil.

Trans. Roy. Soc. London 197, 1 (1901),

http://kirkmcd.princeton.edu/examples/EM/love_ptrsl_197_1_01.pdf

[32] H. Sire de Vilar, La Dualité en Électrotechnique, Eclair. Elec. 27, 252 (1901),

http://kirkmcd.princeton.edu/examples/EM/siredevilar_ee_27_252_01.pdf

[33] H.A. Lorentz, The fundamental equations for electromagnetic phenomena in ponderable bodies, deduced from the theory of electrons. Proc. Roy. Acad. Amsterdam 5, 254 (1902), http://kirkmcd.princeton.edu/examples/EM/lorentz_pknaw_5_254_02.pdf

[34] H.M. Macdonald, Electric Waves, (Cambridge U. Press, 1902),

http://kirkmcd.princeton.edu/examples/EM/macdonald_electric_waves_02.pdf

[35] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. d. Phys. 10, 105 (1903),

http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf
http://kirkmcd.princeton.edu/examples/EM/abraham_ap_10_105_03_english.pdf

[36] J. Larmor, On the Mathematical Expression of the Principle of Huygens, Proc. London Math. Soc. 1, 1 (1904), http://kirkmcd.princeton.edu/examples/EM/larmor_plms_1_1_04.pdf

[37] H.A. Lorentz, Weiterbildung der Maxwellschen Theorie. Elektronentheorie, Enzykl.

Math. Wiss. 5, part II, 145 (1904),

http://kirkmcd.princeton.edu/examples/EM/lorentz_emw_5_2_145_04.pdf

[38] M. Abraham, Theorie der Elektrizität, Vol. 1 (Teubner, 1904),

http://kirkmcd.princeton.edu/examples/EM/abraham_foppl_elektrizitat_v1_04.pdf

[39] H.A. Lorentz, Electromagnetic phenomena in a system moving with any velocity smaller than that of light, Proc. Roy. Acad. Amsterdam 6, 809 (1904),

http://kirkmcd.princeton.edu/examples/EM/lorentz_pknaw_6_809_04.pdf

[40] A. Russell, A Treatise on the Theory of Alternating Currents (Cambridge U. Press, 1904), http://kirkmcd.princeton.edu/examples/EM/russell_14_v1.pdf

[41] A. Einstein, Zur Elektrodynamik bewegten Körper, Ann. d. Phys. 17, 891 (1905),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05_english.pdf

[42] L. Silberstein, Elektromagnetische Grundgleichungen in bivektorieller Behandlung, Ann. d. Phys. 22, 579 (1907),

http://kirkmcd.princeton.edu/examples/EM/silberstein_ap_22_579_07.pdf

Nachtrag zur Abhandlung über “Elektromagnetische Grundgleichungen in bivektorieller Behandlung”, Ann. d. Phys. 24, 783 (1907),

http://kirkmcd.princeton.edu/examples/EM/silberstein_ap_24_783_07.pdf

Basic electromagnetic equations in bivectorial form,

http://kirkmcd.princeton.edu/examples/EM/silberstein_ap_22_579_07_english.pdf

[43] A. Einstein and J. Laub, Über die elektromagnetishen Grundgleichungen für bewegte Köper, Ann. d. Phys. 26, 532 (1908),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08_english.pdf

Über die im elektromagnetishen Felde auf ruhende Köper ausgeübten ponderomotorishen Kräfte, Ann. d. Phys. 26, 541 (1908),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

Einstein and Laub on the Electrodynamics of Moving Media, in The Collected Papers of Albert Einstein, vol. 2, ed. J. Stachel (Princeton U. Press, 1989), p. 503,

http://kirkmcd.princeton.edu/examples/EM/einstein_laub_08_commentary.pdf

[44] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53 (1908),

http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[45] H.A. Lorentz, The Theory of Electrons (B.G. Teubner, 1909),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theory_of_electrons_09.pdf

[46] A. Sommerfeld, Zur Relativitätstheorie. I. Vierdimensionale Vektoralgebra, Ann. d.

Phys. 32, 749 (1910), http://kirkmcd.princeton.edu/examples/GR/sommerfeld_ap_32_749_10.pdf

http://kirkmcd.princeton.edu/examples/GR/sommerfeld_ap_32_749_10_english.pdf

[47] H. Bateman, The Relation between Electromagnetism and Geometry, Phil. Mag. 20, 623 (1910), http://kirkmcd.princeton.edu/examples/EM/bateman_pm_20_623_10.pdf

[48] A. Sommerfeld, Zur Relativitätstheorie. II. Vierdimensionale Vektoranalysis, Ann. d.

Phys. 33, 649 (1910), http://kirkmcd.princeton.edu/examples/GR/sommerfeld_ap_33_649_10.pdf

http://kirkmcd.princeton.edu/examples/GR/sommerfeld_ap_33_649_10_english.pdf

[49] A. Einstein, Sur les force pondéromotrices qui agissent sur des conducteurs ferromagnétique disposés un champ magnétique et parcourus par un courant, Arch. Sci. Phys. Nat. 30, 323 (1910), http://kirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10.pdf

[50] H.A. Lorentz, Alte und Neue Fragen der Physik, Phys. Z. 11, 1234 (1910),

http://kirkmcd.princeton.edu/examples/EM/lorentz_pz_11_1234_10.pdf

[51] H.M. Macdonald, The Integration of the Equations of Propagation of Electric Waves, Proc. London Math. Soc. 10, 91 (1912),

http://kirkmcd.princeton.edu/examples/EM/macdonald_plms_10_91_12.pdf

[52] E. Noether, Invariante Variationsprobleme, Nachr. König. Gesell. Wiss. Göttingen, 235 (1918), http://kirkmcd.princeton.edu/examples/mechanics/noether_nkwg_235_18.pdf

http://kirkmcd.princeton.edu/examples/mechanics/noether_nkwg_235_18_english.pdf

[53] G.Y. Rainich, Electrodynamics in the General Relativity Theory, Trans. Am. Math.

Soc. 27, 106 (1925), http://kirkmcd.princeton.edu/examples/GR/rainich_tams_27_106_25.pdf

[54] M. Mason and W. Weaver, The Electromagnetic Field (Dover, 1929),

http://kirkmcd.princeton.edu/examples/EM/mason_emf_29.pdf

[55] E. Fermi, Über die magnetischen Momente der Atomkerne, Z. Phys. 60, 320 (1930),

http://kirkmcd.princeton.edu/examples/QED/fermi_zp_60_320_30.pdf

[56] P.A.M. Dirac, Quantised Singularities in the Electromagnetic Field, Proc. Roy. Soc.

London A 133, 60 (1931), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_133_60_31.pdf

[57] D. van Dantzig, The fundamental equations of electromagnetism, independent of metrical geometry, Proc. Camb. Phil. Soc. 30, 421 (1934),

http://kirkmcd.princeton.edu/examples/EM/dantzig_pcps_30_421_34.pdf

[58] S.A. Schelkunoff, Some Equivalence Theorems of Electromagnetics and Their Application to Radiation Problems, Bell Sys. Tech. J. 15, 92 (1936),

http://kirkmcd.princeton.edu/examples/EM/schelkunoff_bstj_15_92_36.pdf

[59] J.A. Stratton and L.J. Chu, Diffraction Theory of Electromagnetic Waves, Phys. Rev.

56, 99 (1939), http://kirkmcd.princeton.edu/examples/EM/stratton_pr_56_99_39.pdf

[60] J.A. Stratton, Electromagnetic Theory (McGraw-Hill, 1941),

http://kirkmcd.princeton.edu/examples/EM/stratton_electromagnetic_theory.pdf

[61] S.A. Schelkunoff, Electromagnetic Waves (Van Nostrand, 1943),

http://kirkmcd.princeton.edu/examples/EM/schelkunoff_em_waves.pdf

[62] F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),

http://kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf

This paper mentions the earlier history of erratic results on this topic.

[63] G.H. Wannier, The Deflection of Charged Particles in a Ferromagnetic Medium, Phys.

Rev. 72, 304 (1947), http://kirkmcd.princeton.edu/examples/EP/wannier_pr_72_304_47.pdf

[64] P.A.M. Dirac, The Theory of Magnetic Monopoles, Phys. Rev. 74, 817 (1948),

http://kirkmcd.princeton.edu/examples/QED/dirac_pr_74_817_48.pdf

[65] W.F. Brown, Jr., Electric and magnetic forces: A direct calculation. I, Am. J. Phys.

19, 290 (1951), http://kirkmcd.princeton.edu/examples/EM/brown_ajp_19_290_51.pdf

[66] A. Sommerfeld, Electrodynamics (Academic Press, 1952).

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_em_52.pdf

[67] S. Shanmugadhasan, The Dynamical Theory of Magnetic Monopoles, Can. J. Phys. 30, 218 (1952), http://kirkmcd.princeton.edu/examples/QED/shanmugadhasan_cjp_30_218_52.pdf

[68] M.E. Rose, Multipole Fields (Wiley, 1955),

http://kirkmcd.princeton.edu/examples/QED/rose_multipole_55.pdf

[69] T. Ohmura, A New Formulation on the Electromagnetic Field, Prog. Theor. Phys. 16, 684 (1956), http://kirkmcd.princeton.edu/examples/EM/ohmura_ptp_16_684_56.pdf

[70] C.W. Wu et al., Experimental Test of Parity Conservation in Beta Decay, Phys. Rev.

105, 1413 (1957), http://kirkmcd.princeton.edu/examples/EP/wu_pr_105_1413_57.pdf

[71] C.W. Misner and J.A. Wheeler, Classical Physics as Geometry, Ann. Phys. 2, 525 (1957), http://kirkmcd.princeton.edu/examples/GR/misner_ap_2_525_57.pdf

[72] N.F. Ramsey, Time Reversal, Charge Conjugation, Magnetic Pole Conjugation and Parity, Phys. Rev. 109, 225 (1958),

http://kirkmcd.princeton.edu/examples/EP/ramsey_pr_109_225_58.pdf

[73] R.F. Harrington, Introduction to Electromagnetic Engineering (McGraw-Hill, 1958),

http://kirkmcd.princeton.edu/examples/EM/harrington_58.pdf

[74] R.M. Fano, L.J. Chu and R.B.Adler, Electromagnetic Fields, Energy and Forces (Wiley, 1960), http://kirkmcd.princeton.edu/examples/EM/fano_chu_adler_60.pdf

[75] R.F. Harrington, Time-Harmonic Electromagnetic Fields (McGraw-Hill, 1961),

http://kirkmcd.princeton.edu/examples/EM/harrington_thef_61.pdf

[76] R.D.H. Tellegen, Magnetic-Dipole Models, Am. J. Phys. 30, 650 (1962),

http://kirkmcd.princeton.edu/examples/EM/tellegen_ajp_30_650_62.pdf

[77] N. Cabibbo and E. Ferarri, Quantum Electrodynamics with Dirac Monopoles, Nuovo Cim. 23, 1147 (1962), http://kirkmcd.princeton.edu/examples/QED/cabibbo_nc_23_1147_62.pdf

[78] H.G. Venkates, Formalized System of Equations in Electrodynamics, Am. J. Phys. 31, 153 (1963), http://kirkmcd.princeton.edu/examples/EM/venkates_ajp_31_153_63.pdf

[79] J.R. Anderson and A.V. Gold, de Haas-van Alphen Effect and Internal Field in Iron, Phys. Rev. Lett. 10, 227 (1963),

http://kirkmcd.princeton.edu/examples/EM/anderson_prl_10_227_63.pdf

[80] C. Kittel, Internal Magnetic Field in the de Haas-van Alphen Effect in Iron, Phys. Rev.

Lett. 10, 339 (1963), http://kirkmcd.princeton.edu/examples/EM/kittel_prl_10_339_63.pdf

[81] D.M. Lipkin, Existence of a New Conservation Law in Electromagnetic Theory, J. Math.

Phys. 5, 696 (1964), http://kirkmcd.princeton.edu/examples/EM/lipkin_jmp_5_696_64.pdf

[82] T.W.B. Kibble, Conservation Laws for Free Fields, J. Math. Phys. 6, 1022 (1965),

http://kirkmcd.princeton.edu/examples/EM/kibble_jmp_6_1022_65.pdf

[83] J.H. Christenson et al., Evidence for the 2π Decay of the K^0_2 Meson, Phys. Rev. Lett.

13, 138 (1964), http://kirkmcd.princeton.edu/examples/EP/christenson_prl_13_138_64.pdf

[84] E. Katz, Concerning the Number of Independent Variables of the Classical Electromagnetic Field, Am. J. Phys. 33, 306 (1965),

http://kirkmcd.princeton.edu/examples/EM/katz_ajp_33_306_65.pdf

[85] M.G. Calkin, An Invariance Property of the Free Electromagnetic Field, Am. J. Phys.

33, 958 (1965), http://kirkmcd.princeton.edu/examples/EM/calkin_ajp_33_958_65.pdf

[86] C.R. Hagen, Noncovariance of the Dirac Monopole, Phys. Rev. 140, B804 (1965),

http://kirkmcd.princeton.edu/examples/EP/hagen_pr_140_B804_65.pdf

[87] F. Rohrlich, Classical Theory of Magnetic Monopoles, Phys. Rev. 150, 1106 (1966),

http://kirkmcd.princeton.edu/examples/EM/rohrlich_pr_150_1104_66.pdf

[88] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19, 1264 (1967),

http://kirkmcd.princeton.edu/examples/EP/weinberg_prl_19_1264_67.pdf

[89] A. Salam, Weak and electromagnetic interactions, in Elementary Particle Theory, N. Svartholm, ed. (Wiley, 1968), p. 367,

http://kirkmcd.princeton.edu/examples/EP/salam_ns_367_68.pdf

[90] J. Schwinger, A Magnetic Model of Matter, Science 165, 757 (1969),

http://kirkmcd.princeton.edu/examples/QED/schwinger_science_165_757_69.pdf

[91] J.D. Jackson, Classical Electrodynamics, 2^{nd} ed. (Wiley, 1975),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce2_75.pdf

[92] F.N.H. Robinson, Electromagnetic Stress and Momentum in Matter, Phys. Rep. 16, 313 (1975), http://kirkmcd.princeton.edu/examples/EM/robinson_pr_16_313_75.pdf

[93] J.D. Jackson, The Nature of Intrinsic Magnetic Dipole Moments, CERN-77-17 (1977),

http://kirkmcd.princeton.edu/examples/EP/jackson_CERN-77-17.pdf

[94] C. Kittel and A. Manoliu, Interaction of a magnetic monopole with a ferromagnetic domains, Phys. Rev. B 15, 333 (1977),

http://kirkmcd.princeton.edu/examples/EP/kittel_prb_15_333_77.pdf

[95] Y. Hara, Electromagnetic force on a magnetic monopole, Phys. Rev. A 32, 1002 (1985),

http://kirkmcd.princeton.edu/examples/EM/hara_pra_32_1002_85.pdf

[96] D. Fryberger, On Generalized Electromagnetism and Dirac Algebra, Found. Phys. 19, 125 (1989), http://kirkmcd.princeton.edu/examples/QED/freyberger_fp_19_125_89.pdf

[97] O.D. Jefimenko, Electricity and Magnetism, 2^{nd} ed. (Electret Scientific Co., Star City, 1989), http://kirkmcd.princeton.edu/examples/EM/jefimenko_EM.pdf

[98] W. Rindler, Relativity and electromagnetism; The force on a magnetic monopole, Am.

J. Phys. 57, 993 (1989), http://kirkmcd.princeton.edu/examples/EM/rindler_ajp_57_993_89.pdf

[99] A.S. Goldhaber and W.P. Trower, Resource Letter MM-1: Magnetic monopoles, Am.

J. Phys. 58, 429 (1990), http://kirkmcd.princeton.edu/examples/EM/goldhaber_ajp_58_429_90.pdf

[100] W.B. Zeleny, Symmetry in electrodynamics: A classical approach to magnetic monopoles, Am. J. Phys. 59, 412 (1991),

http://kirkmcd.princeton.edu/examples/EM/zeleny_ajp_59_412_91.pdf

[101] D.J. Griffiths, Dipoles at rest, Am. J. Phys. 60, 979 (1992),

http://kirkmcd.princeton.edu/examples/EM/griffiths_ajp_60_979_92.pdf

[102] J. Maldacena, The Large N Limit of Superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2, 231 (1998),

http://kirkmcd.princeton.edu/examples/EP/maldacena_atmp_2_231_98.pdf

[103] J. Schwinger, L.L. de Raad Jr, K.A. Milton and W.-Y. Tsai, Classical Electrodynamics (Perseus Books, 1998), http://kirkmcd.princeton.edu/examples/EM/schwinger_em_98.pdf

[104] D.J. Griffiths, Introduction to Electrodynamics, 3^{rd} ed. (Prentice Hall, 1999),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[105] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[106] K.T. McDonald, Long Rod with Uniform Magnetization Transverse to its Axis (Nov.

3, 1999), http://kirkmcd.princeton.edu/examples/magrod.pdf

[107] S. Morrison, The Hodge Star, Poincaré Duality, and Electromagnetism (Nov. 8, 1999),

http://kirkmcd.princeton.edu/examples/EM/morrison_duality_99.pdf

[108] X. Artru and D. Fayolle, Dynamics of a Magnetic Monopole in Matter, Maxwell Equations in Dyonic Matter and Detection of Electric Dipole Moments, Prob. Atom. Sci. Tech. 6, 110 (2001), http://kirkmcd.princeton.edu/examples/EM/artru_past_6_110_01.pdf A sign error 6 lines before eq. (6) is corrected in http://arxiv.org/pdf/physics/0208007.pdf

[109] F. Moulin, Magnetic monopoles and Lorentz force, Nuovo Cim. 116B, 869 (2001),

http://kirkmcd.princeton.edu/examples/EM/moulin_nc_116b_869_01.pdf

[110] K.T. McDonald, Magnetic Force on a Permeable Wire (March 17, 2002),

http://kirkmcd.princeton.edu/examples/permeable_wire.pdf

[111] K.T. McDonald, Methods of Calculating Forces on Rigid Magnetic Media (March 18, 2002), http://kirkmcd.princeton.edu/examples/magnetic_force.pdf

[112] P.P.S. Bisht and O.P.S. Negi, Spontaneous Symmetry Breaking in Presence of Electric and Magnetic Charges, Int. J. Theor. Phys. 50, 1927 (2011),

http://kirkmcd.princeton.edu/examples/EP/bihst_ijtp_50_1927_11.pdf

[113] C. Castelnovo, R. Moessner, and S.L. Sondhi, Spin Ice, Fractionalization, and Topological Order, Ann. Rev. Cond. Mat. Phys. 3, 35 (2012),

http://kirkmcd.princeton.edu/examples/CM/castelnovo_arcmp_3_35_12.pdf

[114] H. Poincaré, Analysis Situs and its Five Supplements, trans. and ed. by J. Stillwell, History of Mathematical Sources, AMS 37 (2012),

http://kirkmcd.princeton.edu/examples/EM/poincare_stillwell_09.pdf

[115] K.T. McDonald, Mansuripur’s Paradox (May 2, 2012),

http://kirkmcd.princeton.edu/examples/mansuripur.pdf

[116] K.T. McDonald, Biot-Savart vs. Einstein-Laub Force Law (May 21, 2013),

http://kirkmcd.princeton.edu/examples/laub.pdf

[117] K.T. McDonald, Conversions of D and H between SI and Gaussian Units (Apr. 12, 2014), http://kirkmcd.princeton.edu/examples/dandh.pdf

[118] K.T. McDonald, Electrodynamics in 1 and 2 Spatial Dimensions (Sept. 23, 2014),

http://kirkmcd.princeton.edu/examples/2dem.pdf

[119] K.T. McDonald, Forces on Magnetic Dipoles (Oct. 26, 2014),

http://kirkmcd.princeton.edu/examples/neutron.pdf

[120] K.T. McDonald, Comay’s Paradox: Do Magnetic Charges Conserve Energy? (June 1, 2015), http://kirkmcd.princeton.edu/examples/comay.pdf

[121] K.T. McDonald, Electromagnetic Fields inside a Perfect Conductor (Dec. 24, 2015),

http://kirkmcd.princeton.edu/examples/perfect.pdf

[122] J. Rehn and R. Moessner, Maxwell electromagnetism as an emergent phenomenon in condensed matter, Phil. Trans. Roy. Soc. London A 374, 20160093 (2016),

http://kirkmcd.princeton.edu/examples/CM/rehn_ptrsla_374_20160093_16.pdf

[123] D.J. Griffiths, A catalogue of hidden momenta, Phil. Trans. Roy. Soc. London A 376, 20180043 (2018), http://kirkmcd.princeton.edu/examples/EM/griffiths_ptrsla_376_20180043_18.pdf

[124] K.T. McDonald, Alternative Forms of the Poynting Vector (July 13, 2018),

http://kirkmcd.princeton.edu/examples/poynting_alt.pdf