Newtonian Gravity with a Retarded Potential

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (February 18, 2023; updated April 12, 2023)

1 Problem

What is the gravitational force due to a pointlike mass in Newtonian gravity, supposing that gravity propagates at the speed c of light in vacuum, such that a retarded potential should be used?

Thanks to Jim Wertz for bringing this problem to the author’s attention.

2 Solution

Newtonian gravity obeys a 1/r^2 force law, like electrostatics, so a retarded potential Φ for Newtonian gravity has the same form as the retarded scalar potential in electromagnetism. The latter was first deduced by Liénard (1898), p. 6 of [1], and can be written for Newtonian gravity as,

Φ(r_m, t) = − GMm r − r · v/c

, (1)

where G is Newton’s gravitational constant, M is the source mass at position r_M , m is the test mass at position r_m at the present time t, r = r_m − r_M for r_M not at the present time t but at the retarded time t^′ = t − r/c, and v is the velocity of the source mass M at the retarded time t^′. If the source mass M is at rest, this simplifies to the familiar Newtonian form Φ = −GMm/r. with r as the present distance between masses M and m.

The force on mass m at time t is given by F(t) = −∇Φ(r_m, t). The vector derivative −∇Φ was not displayed by Liénard (nor by Wiechert [2]), but is given, for example, in eq. (6-3-7), p. 218 of [3], and eq. (10.62), p. 437 of [4]. For Newtonian gravity, we then have the retarded force on test mass m at present time t as,

F(r_m, t) = −∇Φ = − GMm (r − r · v/c)^3 [ r ( 1 − v^2 c^2 + a · r c^2 ) − v c ( r − r · v c )] , (2)

where v and a are the velocity and acceleration of the source mass M at the retarded time t^′. If v and a are both zero, i.e., the source mass is at rest, the force (2) simplifies to the familiar form F = −GMm r/r^3, with r as the present distance between masses m and M.

As the ratio m/M goes to zero, the source mass M goes to rest in the center-of-mass frame, and there can be no effect of retardation in a Newtonian analysis (in this limit). This contrasts with Einstein’s result from general relativity [5], in which a nonzero precession of orbits is predicted, independent of m/M for small m.

3 Comments

In the late 1800’s many authors considered the effect on the precession of the perihelion of Mercury due to possible effects of a finite speed of gravity, which imply velocity-dependent corrections to the classic Newtonian analysis of orbits. A review is given in Chap. 6 of [6]; see also [7]. However, it seems that no effort of this type was made on the basis of the potentials of Liénard in the early 1900’s.^1

In 1975, Good [10] argued that adding retardation to Newtonian gravity implies unstable orbits, unlike in electromagnetism where v/c terms in the retarded force cancel the instability.^2 However, the retarded force (2) does contain terms of order v/c, so Good’s argument is doubtful.

In recent years, three papers [13, 14, 15] have nominally considered the effect of a retarded potential, but none of these seemed aware of our eq. (2).^{3,4}

One should work in the center-of-mass frame of the Sun and Mercury. Then, the Sun has a very small “orbit” about the center of mass of the system, which latter is taken to be at rest. The retarded force of the Sun (which moves in this frame) on Mercury then pulls Mercury slightly “forward” in its orbit, leading to a very slow advance of the perihelion.

3.1 Retarded Potential and Force to order 1/c^2 (Apr. 5, 2023)

For small velocity and acceleration of masses M and m it may suffice to keep terms only to order 1/c^2.

An approximation to the retarded potential (1) can be obtained as in §65 of [19], transcribing their eq. (65.5) as,

Φ ≈ −GMm ( 1 r + 1 2c^2

∂^2r ∂t^2 ) ≡ −GMm ( 1 r + r̈ 2c^2 ) , (3)

where r = |r_m − r_M | is evaluated at the present time t. As discussed before eq. (65.3) of [19], the term of order 1/c in eq. (3) is zero because the source mass is constant in time. A consequence of this is that the approximate force (8) in terms of present quantities contains no term of order 1/c, in contrast to the expression (2) in terms of retarded quantities.

Following an argument between eqs. (65.5) and 65.6) of [19], we can write, for present-time quantities, taking the observation point r_m as fixed when computing the retarded potential

1In 1918, Einstein [8] discussed gravitational waves in the context of his theory of general relativity, using a method of retarded potentials when considering the gravitational metric tensor as a kind of (tensor) potential. This was a correction to an earlier paper [9] in which he claimed that gravitational waves do not transmit energy.

2A variant of Good’s argument is given in prob. 12.4 of [11]. See also [12]. 3A method for numerical integration of differential equations with retardation is discussed in [16]. 4Feb. 20, 2024. Onoochin has applied a version of retarded gravity to the problem of two equal masses in a circular orbit [17], finding violations of conservation of energy and angular momentum, and inferring that these can occur in gravitational interactions. More circumspect remarks on this problem are in sec. 3.6 of [18]. See also the end of sec. 3.1 below.

due to source mass M,^5

r = r_m − r_M , v = −ṙ = −ṙ_M , (4) r^2 = r · r, rṙ = r · ṙ = −r · v, ṙ = − r · v r , (5)

rr̈ + ṙ^2 = −ṙ · v − r · v̇, r̈ = − ṙ^2 r + v^2 r − r · a r = v^2 r − (r · v)^2

r^3 − a · r r . (6)

where a = v̇ = −r̈_M is the negative of the acceleration of the source mass M at present time t. Hence, the approximate retarded potential in terms of present-time quantities is,

Φ ≈ − GMm r ( 1 + v^2 2c^2 − (r · v)^2 2c^2r^2 − a · r 2c^2 ) . (7)

The retarded force on mass m, in terms of present quantities and to order 1/c^2, is then,^6

F(r_m, t) = −∇Φ ≈ − GMm r^3 [ r ( 1 + v^2 2c^2 + (r · v)^2 c^2r^2 − a · r 2c^2 ) − v(r · v)

c^2 − a r^2 2c^2 ] . (8)

Now that we have the force (8) on mass m, deduced from a retarded potential for a fixed point r_m, we can use it in the equation of motion F = m r̈_m in which the position r_m of mass m changes with time (assuming that the gravitational force on a mass is independent of its velocity, at least for low velocity [21]). We are working in the center-of-mass frame, where m r_m + M r_M = 0, so,

r = r_m − r_M =

M + m M r_m = −

M + m m r_M , (9)

v = −ṙ_M = m M + m ṙ, a = −r̈_M = m M + m r̈. (10)

The Newtonian equation of motion is then, Mm M + m r̈ ≈ − GMm r^3 [ r + ( m M + m

)_2 (

1 + r ṙ^2 2c^2 + r (r · ṙ)^2 c^2r^2 − ṙ (r · ṙ) c^2 ) − m M + m ( r r̈ · r 2c^2 − r̈ r^2 2c^2 )] .(11)

If m ≪ M, and we neglect the terms of order m^2/M^2, we obtain,

r̈ ≈ − GM r^3 [ r − m M ( r r̈ · r 2c^2 − r̈ r^2 2c^2 )] . (12)

5In the analysis of Liénard-Wiechert potentials, which are part of a field theory, the observation point is regarded as at rest, even if it happens that a moving charge/mass is there at time t.

This contrasts with Weber’s, instantaneous, action-at-a-distance, electromagnetic potential, which is not a field-theory concept, U = (ee^′/r)(1 − ṙ^2/2c^2), where r is the present distance between (moving) electric charges e and e^′, and ṙ = (ṙ_e − ṙ_e′ ) · (r_e − r_e′ )/r. See, for example, p. 229 of [20].

6This is not what would be obtained from eq. (2) by approximating the retarded quantities there as present quantities, and keeping only terms to order 1/c^2.

As previously noted at the end of sec. 2 above, in the limit of zero mass m there is no deviation of the orbit from a Newtonian ellipse (in contrast to observation, and to the prediction of general relativity [5]). This argues against the validity of Newtonian gravity with a retarded potential.

Feb. 20, 2024. For the case of equal masses, m = M, and a nominally circular orbit of radius r_m = r/2 about their center of mass, eq. (11) for F_m = mr̈_m = mr̈/2 includes the term Gm^2(r_m · ṙ_m) ṙ_m/4c^3r^3_m is in the direction of motion of mass m, and which would imply nonconservation of energy and angular momentum. Now, the factor r_m · ṙ_m is negligible for near-circular orbits, so this defect of the model of the retarded potential can be ignored in this special case (where the effect of the retarded potential analysis is only to imply a correction of order 1/c^2 to the centripetal acceleration, which makes a very tiny correction to the Newtonian value of the separation r between the two orbiting masses). However, for elliptical orbits, the violation of conservation of energy and angular momentum would be significant, which further suggests that the assumption that gravity can be described by a retarded scalar potential is not valid.

According to general relativity (in which the gravitational potential is essentially the metric tensor), a binary-mass system emits gravitational radiation as well as angular momentum, so the system spirals in towards its center of mass very slowly, while the mechanical angular momentum of the system decreases. This has famously been well studied for the binary pulsar system PSR 1913+16 [22], which is in excellent agreement with general relativity (but not the model of gravity with a retarded scalar potential).

References

[1] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[2] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann. d.

Phys. 73, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_73_667_01.pdf

[3] M. Schwartz, Principles of Electrodynamics (McGraw-Hill, 1972),

http://kirkmcd.princeton.edu/examples/EM/schwartz_72.pdf

[4] D.J. Griffiths, Introduction to Electrodynamics, 3^{rd} ed. (Prentice Hall, 1999),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[5] A. Einstein, Erklärung der Perihelbewegung des Merkur aus der allgemeinen Relativitätstheorie, Sitz. König. Preuss. Akad. Wiss. Berlin, 831 (1915),

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_831_15.pdf
http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_831_15_english.pdf

[6] N.T. Roseveare, Mercury’s perihelion, from Le Verrier to Einstein (Clarendon Press, 1982). http://kirkmcd.princeton.edu/examples/GR/roseveare_82.pdf

https://archive.org/details/mercurysperiheli0000rose/page/n5/mode/2up

[7] H.-J. Treder, The Post-Newtonian Effect of Gravitation and the Retardation of the Gravitational Potential in Classical and Relativistic Theories of Gravitation, Ann d. Phys. 32, 338 (1975). http://kirkmcd.princeton.edu/examples/GR/treder_ap_32_338_75.pdf

[8] A. Einstein, Über Gravitationswellen, Sitz. König Preuss. Akad. Wiss., 154 (1918).

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_154_18.pdf
http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_154_18_english.pdf

[9] A. Einstein, Näherungsweise Integration der Feldgleichungen der Gravitation, Sitz.

König Preuss. Akad. Wiss., 688 (1916).

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_688_16.pdf
http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_688_16_english.pdf

[10] I.J. Good, Infinite speed of propagation of gravitation in Newtonian physics, Am. J.

Phys. 43, 640 (1975). http://kirkmcd.princeton.edu/examples/GR/good_ajp_43_640_75.pdf

[11] A.P. Lightman, W.H. Press, R.H. Price and S.A. Teukolsky, Problem Book in Relativity and Gravitation (Princeton U. Press, 1975).

http://kirkmcd.princeton.edu/examples/GR/lightman_75_prob12.4.pdf
https://www.scribd.com/book/387522320/Problem-Book-in-Relativity-and-Gravitation

[12] S. Carlip, Aberration and the speed of gravity, Phys. Lett. A 267, 81 (2000).

http://kirkmcd.princeton.edu/examples/GR/carlip_pl_a267_81_00.pdf

[13] A. Yahalom, The Effect of Retardation on Galactic Rotation, J. Phys. 1239, 012006 (2019). See the top of p. 4. http://kirkmcd.princeton.edu/examples/GR/yahalom_jpcs_1239_012006_19.pdf

[14] A. Hilding and E. Weilow, Numerical algorithms for time-delayed Newtonian gravity (2019). See eq. (3.11), p. 17. http://kirkmcd.princeton.edu/examples/GR/hilding_19.pdf

[15] T. Smid, Apsidal Precession in the Two-Body Problem with Retarded Gravity Application to the Solar System (Dec. 3, 2020). https://www.physicsmyths.org.uk/news.htm

http://kirkmcd.princeton.edu/examples/GR/smid_retarded_orbits.pdf

[16] L.F. Shampine and S. Thompson, Solving Delay Differential Equations with dde23 (March 23, 2000). http://kirkmcd.princeton.edu/examples/GR/shampine_00.pdf

[17] V. Onoochin, Two-Body Problem With Finite Speed of the Interaction Propagation (Jan. 12, 2024). Two-BodyProblemWithFiniteSpeedoftheInteractionPropagation

http://kirkmcd.princeton.edu/examples/GR/onoochin_R1KXRJ.pdf

[18] E.I. Verriest, Post-Newtonian Dynamics with State-Dependent Delay, IFAC- PapersOnLine 54-18, 209 (2021).

http://kirkmcd.princeton.edu/examples/GR/verriest_ifac21_209.pdf

[19] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Pergamon, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_75.pdf

[20] E.T. Whittaker, A History of the Theories of Aether and Electricity (Longmans, Green, 1910), kirkmcd.princeton.edu/examples/EM/whittaker_history.pdf

[21] K.T. McDonald, Gravitational Acceleration of a Moving Object at the Earth’s Surface (April 4, 2016). http://kirkmcd.princeton.edu/examples/gravity_moving.pdf

[22] J.H. Taylor and J.M. Weisberg, A new test of general relativity - Gravitational radiation and the binary pulsar PSR 1913+16, Ap. J. 253, 908 (1982).

http://kirkmcd.princeton.edu/examples/GR/taylor_apj_253_908_82.pdf