What is the Stiffness of Spacetime?

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 13, 2018; updated May 5, 2018)

A question asked at the end of the 2018 Hamilton Lecture (Princeton), Exploring the Universe with Gravitational Waves by Kip Thorne,^1 concerned the Young’s modulus of spacetime.^2

1 A “Classical” Answer

The Young’s modulus Y of a elastic medium^3 appears in the stress-strain relation, F A = Y Δl l , (1)

such that Y has the dimensions of pressure (and energy density), m^1l^{−1}t^{−2} (called Pa in the SI system of units).

For a “classical” answer, note that Newton’s gravitational constant is G = 6.67 × 10^{−11} N·m^2·kg^{−2}, with dimensions m^{−1}l^3t^{−2}, and the speed of light in vacuum is c = 3 × 10^8 m/s, with dimensions l^1t^{−1}. Then, we can write (by dimensional analysis),

Y_{spacetime} ≈ c^2f^2 G = 4.5 × 10^{27}f^2 Pa, (2)

where f (∝ t^{−1}) is the frequency of the gravitational waves in Hz.^4

For example, f = 100 Hz is representative of the gravitational waves recently detected by LIGO [4]-[10], so the corresponding Young’s modulus is,

Y_{spacetime}(f = 100 Hz) ≈ 4.5 × 10^{31} Pa ≈ 10^{20}Y_{steel}, (4)

as Y_{steel} ≈ 200 GPa.

The answer (4) was given by Rainer Weiss at the Hamilton Lecture.^5

1http://www.kaltura.com/tiny/r63ta. The question about the stiffness of spacetime is at 1:22:22. 2This question is in the spirit of the æther theories of the 1800’s. For example, on p. 126 of [1] (1800), Young wrote: The rapid transmission of electrical shock, shows that the electrical medium is possessed of an elasticity as great as is necessary to be proposed for the propagation of light. Whether the electric ether is to be considered as the same with the luminous ether, if such a fluid exists, may perhaps at some future time be discovered by experiment.

The concept of the luminiferous ether was introduced by Huygens (1678), p. 10 of [2] (p. 11 of the English translation).

3In the engineering literature, the modulus of elasticity is often denoted as E. 4Also note that Einstein’s field equations of gravitation [3],

G_{μν} = − 8πG c^4 ( T_{μν} − 1 2 g_{μν} T ) = − 8πG c^2f^2 f^2 c^2 ( T_{μν} − 1 2 g_{μν} T ) = − 8π Y f^2 c^2 ( T_{μν} − 1 2 g_{μν} T ) , (3)

have the form of a frequency-dependent stress-strain relation, since the stress-energy tensor T_{μν} has the same dimensions as the Young’s modulus Y , and G_{μν} has dimensions l^{−2}.

5According to Prof. Weiss (email, Apr. 15, 2018), the energy densities u of stress waves in steel (see, for

2 A “Quantum” Answer

However, we might seek a “quantum” answer, in which the Young’s modulus is independent of frequency.^6 For this, we note that ℏ = 1.05 × 10^{−34} m^2·kg/s, with dimensions m^1l^2t^{−1}, so we can write (again by dimensional analysis),

Y_{quantum gravity} ≈ c^7 ℏG^2

= 5 × 10^{113} Pa. (6)

We might also suppose that the Young’s modulus is roughly the bulk modulus, so the gravitational wave speed is,^7 c ≈ √ Y ρ , (7)

where the mass density ρ of the quantum fluctuations of “empty” space would then be, ρ ≈ Y c^2

≈ 5 × 10^{96} kg m^3

. (8)

This implausibly large mass density is often called the “cosmological-constant problem”,^8 and perhaps indicates that our “classical” estimate of the Young’s modulus of spacetime is more meaningful than the “quantum” estimate.^9

A Appendix: Cosmological Sound Waves

This section was inspired by [20].

The Universe has a very small mass density, ρ ∼ ρ_{critical} ≈ 10^{−26} kg/m^3, that could be associated with sound waves with speed, v = √ B ρ = √ γkT m , (9)

example, p. 495 of [11]) and in plane gravitational waves are related by (denoting the strain by h, and using eq. (107.11) of [12] or eq. (10.3.6) of [13]),

u_{steel} =

Y_{steel} h^2 2 , u_{gravity wave} = πc^2f^2h^2 8G = Y_{spacetime} h^2 2 , with Y_{spacetime} = πc^2f^2 4G . (5)

6Discussions of general relativity as a frequency-independent, stress-strain theory are given in, for example, [14, 15, 16, 17, 18].

7Both gravitational waves and gamma rays were detected from a recent binary-neutron-star merger [10], which provides evidence that the speed of gravitational and electromagnetic waves differs by less than one part in 10^{16}.

8The cosmological constant was introduced by Einstein in [19].

9If we relate our “classical” estimate (2) to a mass density ρ ≈ Y/c^2, we find that ρ ≈ 4 × 10^{10}f^2. If we suppose this mass density corresponds to that of “dark energy”, ≈ 10^{−26} kg/m^2 (≈ critical density of the Universe), then there would be a characteristic frequency to the Universe, f ≈ 0.5 × 10^{−18} Hz, and a characteristic period T ≈ 2 × 10^{18} s ≈ 60 billion years. This suggests that the expansion of the Universe can be regarded as a very low frequency gravitational wave.

where B is the bulk modulus, and the second form holds for an ideal gas of mass m and adiabatic index γ at temperature T . Taking this mass density in intergalactic space to be mainly hydrogen at temperature around 3 K, the sound speed would be about 100 m/s. Then, the bulk modulus of the dilute hydrogen gas of the Universe is, supposing that ρ_H ≈ 0.1ρ_{critical},

B_{intergalactic} = v^2ρ_H ≈ 10^{−24} Pa ≈ 10^{−35}Y_{steel} ≈ 10^{−55}Y_{spacetime}(f = 100 Hz). (10)

While most of the matter in the Universe is dark matter, its presumably very weak interactions imply that dark-matter sound waves are a negligible phenomenon.

Sound waves in the baryon-photon plasma of the early Universe (≈ 400, 000 year old) led to so-called baryon acoustic oscillations whose after-effects are observable today [21]. At that time, the sound speed was v_{BAO} ≈ c/ √ 3 and the baryon-matter density was ρ_{baryon} ≈ 10^{−18} kg/m^3 (1,000 nucleons/cm^3), so the bulk modulus of these sound waves was,

B_{BAO} = v^2_{BAO}ρ_{baryon} ≈ 0.01 Pa ≈ 10^{−13}Y_{steel} ≈ 10^{−33}Y_{spacetime}(f = 100 Hz). (11)

B Appendix: Electromagnetic Waves

As remarked in footnote 2 above, in the wave theory of light of the 1800’s, the Universe was considered to be filled with an æther of very low density, while being very stiff so as to support waves of speed c. Here, we explore use of the argument of footnote 5 above for electromagnetic (light) waves in Maxwell’s theory [22]. That is, we seek to relate the energy density u = ϵ_0E^2 of a plane electromagnetic wave with electric field E to a modulus of elasticity Y according to,

u = Y h^2, (12)

where h is the relevant strain (see, for example, p. 495 of [11]).

Maxwell considered (for example, in sec. 66 of [22]) the electric displacement D (= ϵ_0E in vacuum) as a kind of strain in response to the stress of the electric field E (such that he called 1/ϵ_0 the coefficient of electrical elasticity in Art. 60 of [23]). However, Maxwell did not identify a modulus of elasticity associated with electric displacement. This is perhaps because a strain h involving electric displacement D = |D| would need to be with respect to some reference displacement D_0, such that, h = D D_0 = E E_0

, (13)

where E_0 is the reference electric field that corresponds to the reference displacement D_0.

While there is no reasonable candidate for the reference displacement D_0 in classical electrodynamics, in quantum electrodynamics there exists a critical electric field strength,

E_{crit} = m^2_ec^3 eℏ = 1.8 × 10^{18} V/m, (14)

where e and m_e are the charge and mass of an electron. As first noted by Sauter [25], Klein’s paradox [26] in Dirac’s theory of the electron [27] arises only when the potential gradient is larger than the critical field (14),^{10} and the resolution of the paradox is due to Heisenberg and Euler [28], who remarked that electrons and positrons can be spontaneously produced in supercritical static electric fields.^{11}

Here, we identify the reference displacement D_0 with ϵ_0E_{crit}. Then, we can identify a modulus Y_{QED} of elasticity of (quantum) electromagnetism as,^{12}

Y_{QED} = u_{EM wave} h^2 = u_{EM wave} (D_{wave}/D_0)^2 = ϵ_0E^2_{wave} (E_{wave}/E_{crit})^2

= ϵ_0E^2_{crit} ≈ 3 × 10^{25} Pa

≈ 10^{14}Y_{steel} ≈ 10^{−6}Y_{spacetime}(f = 100 Hz). (15)

References

[1] T. Young, Outlines of Experiments and Inquiries respecting Sound and Light, Phil.

Trans. Roy. Soc. London 90, 106 (1800),

http://kirkmcd.princeton.edu/examples/optics/young_ptrsl_90_106_00.pdf

[2] C. Huygens, Traite de la Lumiere (Leiden, 1690),

http://kirkmcd.princeton.edu/examples/optics/huygens_lumiere.pdf

Treatise on Light, trans. by S.P. Thompson (Macmillan, 1912),

http://kirkmcd.princeton.edu/examples/optics/huygens_treatise_on_light.pdf

[3] A. Einstein, Die Feldgleichungen der Gravitation, Sitzb. König. Preuß. Akad. Wissen.

(Berlin), 844 (1915), http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_844_15.pdf The field Equations of Gravitation,

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_778_15_english.pdf

[4] B.P. Abbott et al., Observation of Gravitational Waves from a Binary Black Hole Merger, Phys. Rev. Lett. 116, 061102 (2016),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_116_061102_16.pdf

[5] B.P. Abbott et al., GW150914: The Advanced LIGO Detectors in the Era of First Discoveries, Phys. Rev. Lett. 116, 131103 (2016),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_116_131103_16.pdf

[6] B.P. Abbott et al., GW151226: Observation of Gravitational Waves from a 22-Solar- Mass Binary Black Hole Coalescence, Phys. Rev. Lett. 116, 241103 (2016),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_116_241103_16.pdf

10Sauter [25] attributed the concept of the critical field to Bohr.

11In the USA, the critical field (14) is often called the Schwinger field, from eq. (6.41) of [29]. 12Since E_{crit} is related to “breakdown” of the vacuum, the quantity Y_{QED} = ϵ_0E^2_{crit} of eq. (15), with dimensions of pressure, might better be called the ultimate tensile strength of the QED vacuum, following the spirit of Art. 111 of Maxwell’s Treatise [23]. However, the ultimate tensile strength of an “ordinary” material is always approximately equal to its modulus of elasticity, so eq. (15) can be considered as providing an estimate of the modulus of elasticity of the quantum-electrodynamic vacuum.

[7] B.P. Abbott et al., GW170104: Observation of a 50-Solar-Mass Binary Black Hole Coalescence at Redshift 0.2, Phys. Rev. Lett. 118, 2221101 (2017),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_118_221101_17.pdf

[8] B.P. Abbott et al., GW170814: A Three-Detector Observation of Gravitational Waves from a Binary Black Hole Coalescence, Phys. Rev. Lett. 119, 141101 (2017),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_119_141101_17.pdf

[9] B.P. Abbott et al., GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral, Phys. Rev. Lett. 119, 161101 (2017),

http://kirkmcd.princeton.edu/examples/GR/abbott_prl_119_161101_17.pdf

[10] B.P. Abbott et al., Gravitational Waves and Gamma-Rays from a Binary Neutron Star Merger: GW170817 and GRB 170817A, Ap. J. Lett. 848, L13 (2017),

http://kirkmcd.princeton.edu/examples/GR/abbott_apjl_848_L13_17.pdf

[11] S.P. Timoshenko and J.N. Goodier, Theory of Elasticity, 3^{rd} ed. (McGraw-Hill, 1970),

http://kirkmcd.princeton.edu/examples/mechanics/timoshenko_elasticity_sec168.pdf
http://kirkmcd.princeton.edu/examples/mechanics/timoshenko_e_51.pdf

[12] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[13] S. Weinberg, Gravitation and Cosmology (Wiley, 1972),

http://kirkmcd.princeton.edu/examples/GR/weinberg_72.pdf

[14] U.H. Gerlach and J.F. Scott, Metric elasticity in a collapsing star: Gravitational radiation coupled to torsional motion, Phys. Rev. D 34, 3638 (1986),

http://kirkmcd.princeton.edu/examples/GR/gerlach_prd_34_3638_86.pdf

[15] T.G. Tenev and M.F. Horstemeyer, Mechanics of spacetime A Solid Mechanics perspective on the theory of General Relativity, Int. J. Mod. Phys. D 27, 1850083 (2018),

http://kirkmcd.princeton.edu/examples/GR/tenev_ijmpd_27_1850083_18.pdf

[16] D. Izabel, Can we estimate the Young’s modulus of the space-time from simple analogies based on the concepts of the strength of materials? Reflection and proposals, hal- 01562663 (2018), https://hal.archives-ouvertes.fr/hal-01562663

[17] M.R. Beau, On the acceleration of the expansion of a cosmological medium (May, 2018),

http://kirkmcd.princeton.edu/examples/GR/beau_180501.pdf

[18] D. Izabel, Mechanical conversion of the gravitational Einstein’s constant κ, Pramana J.

Phys. 94 119, (2020), http://kirkmcd.princeton.edu/examples/GR/izabel_pjp_94_119_20.pdf

[19] A. Einstein, Kosmologische Betrachtungen zur allgemeinen Relativitätstheorie, Sitzb.

König. Preuß. Akad. Wissen. (Berlin), 142 (1917),

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_142_17.pdf

Cosmological Considerations in the General Theory of Relativity,

http://kirkmcd.princeton.edu/examples/GR/einstein_skpaw_142_175_english.pdf

[20] A.C. Melissinos, Upper limit on the Stiffness of space-time (Apr. 27, 2018),

http://kirkmcd.princeton.edu/examples/GR/melissinos_180427.pdf

[21] D.J. Eisenstein and C.L. Bennett, Cosmic sound waves rule, Phys. Today 61(4), 44 (2008), http://kirkmcd.princeton.edu/examples/astro/eisenstein_pt_61(4)_44_08.pdf

[22] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[23] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892, 1904), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_04.pdf

[24] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[25] F. Sauter, Über das Verhalten eines Elektrons im homogenen elektrischen Feld nach der relativistischen Theorie Diracs, Z. Phys. 69, 742 (1931),

http://kirkmcd.princeton.edu/examples/QED/sauter_zp_69_742_31.pdf
http://kirkmcd.princeton.edu/examples/QED/sauter_zp_69_742_31_english.pdf

Zum ‘Kleinschen Paradoxon’, Z. Phys. 73, 547 (1931),

http://kirkmcd.princeton.edu/examples/QED/sauter_zp_73_547_31.pdf

[26] O. Klein, Die Reflexion von Elektronen an einem Potentialsprung nach der relativistischen Dynamik von Dirac, Z. Phys. 53, 157 (1929),

http://kirkmcd.princeton.edu/examples/QED/klein_zp_53_157_29.pdf

[27] P.A.M. Dirac, The Quantum Theory of the Electron, Proc. Roy. Soc. London A 117, 610 (1928), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_117_610_28.pdf.

[28] W. Heisenberg and H. Euler, Folgerungen aus der Diracschen Theorie des Positrons, Z.

Phys. 98, 718 (1936),

http://kirkmcd.princeton.edu/examples/QED/heisenberg_zp_98_714_36.pdf
http://kirkmcd.princeton.edu/examples/QED/heisenberg_zp_98_714_36_english2.pdf

[29] J. Schwinger, On Gauge Invariance and Vacuum Polarization, Phys. Rev. 82, 664 (1951),

http://kirkmcd.princeton.edu/examples/QED/schwinger_pr_82_664_51.pdf