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1
It has recently been suggested by O'Neill that high current

densities might be achieved in accelerators by the use of foils
to reduce the volume in phase space occupied by a beam of particles.
It is the purpose of this note to examine under what conditions
such a compression of phase space can occur and whether the effect
is large enough to be of any practical value in accelerators.

The equations of motion satisfied by a particle can be

written

AN Y S/}
dt  J g, 29

where the Lagrangian L includes all forces derivable from a
potential, the Q; are the forces due to the foil and the g are

the generalized coordinates of the particle.
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I1f we define

we get

We now consider a closed region V in phase space. The rate
of change of this volume will be equal to the volume integral of

its diverqence-

/7‘ dg: 4’&2 .ﬁﬂ gg‘) .

Using Eq. (1), Eq. (2) becomes

na ) o,
H ,},;Cf 5427 d/fk' é%: :SJEZ— ‘ (3)

¢
Therefore to see what happens to a volume in phase space due to a

foil, we need merel!y consider the form of the functions Q;. Of
special interest is the case of an ideal foil, defined as one which
produces an energy loss but no scattering. If, furthermore, the
energy loss depends on the path length through the foil, but

not on the particle velocity, we may write
. (79 e /4‘/é
= Qlr,t) - Qx4
Uéz (ﬂ J v (:~ /p C./¢‘///

where r is the position of the particle andﬁﬁ is the vector
A

potential. By writing the time t explicitly, we take into account
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e
that the foil need not remzain in one position. Note that

Q (r , t), is negative for a foil. With the above choice of
st

Q we obtain ‘
s 20 5 Q¢
— L
é a] ————————————

Ji = (4)
where R ££~e Aﬁ&/ is the kinetic momentum of the particle. The
factor 2 comes from the fact that we are considering the problem
in three dimensions. If the effect of the foil on vertical
oscillations is neglected, the factor is unity. Using Eqg. (4),

Eq. (3) becomes

AV = & dt 470:_}-&)7;

where the bar indicates the space average of Q/P.

(5)

In most accelerators, the momentum spread of the beam is
much smaller than the average momentum P of the particles.

Therefore instead of Eq. (5) we may write

dv/iv=(2/F)d P N

where dP =@ J¥ 1is the average momentum increment of a particle due
to the foils in time dt. Integrating, we obtain, if the foils are

the only source of momentum increment,

Ve | (B

v. Lp (7)

where the subscript i indicates the initial value and f the final
value. It is apparent from Eq. (7) that the volume in phase space
may be reduced by the use of an ideal foil, but that the average

momentum of the particles must be reduced by an amount comparable

to the reduction in phase space. To avoid this, an oscillator
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can be used to supply the energy lost in the foil. Then the
average momentum P is kept constant and, on integrating Eg. (6],

we get V"C 2 A P/FZ'
— T < (8)
v

where A P is the average total momentum loss in the foil.

An actual foil differs from an ideal foil in that the energy
loss of a particle depends on the magnitude of the particle
momentum. However, in the relativistic region thi: dependence
is small and can be neglected so that Eqs. (7) and (8) still
approximately hold.

In the non-relativistic region the energy loss goes
approximately as the inverse square of the velocity so that the

force becomes
Q=00 t) PP

Putting this expression for Q in Egq. (3) it turns out that
a(]//d{-: O - From Egs. (7) and (8) it is apparent that the
reduction of the volume in phase space depends only on the energy
loss in the foil. Therefore, although foils of odd ¢hapes and
those which change with time may twist a volume in phase space,
they are no more effective in reducing the volume than are uni-
form foils which produce the came average energy loss. In order
to increase the density of particles in the beam by a factor n.

a reduction in phase volume by a factor n is required, which from

Eg. (8) implies a locs of momentum to the foil of

AF '—”-,_-E- Lffj\n
2
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which is comparable to P itself. An actual foil thickness
sufficient to do this would produce more than enough scattering

to cancel the compression in phase space obtained above.



