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1 
It has  r e c e n t l y  been sugges ted  by O 'Ne i l l  t h a t  h igh  c u r r e n t  

d e n s i t i e s  might be ach ieved  i n  a c c e l e r a t o r s  by t h e  use  of f o i l s  

t o  reduce  t h e  volume i n  phase space occupied by a  beam of p a r t i c l e s .  

It i s  t h e  purpose of t h i s  n o t e  t o  examine under what cond i t i ons  

such a  compression of phase space can occur  and whether t h e  e f f e c t  

i s  l a r g e  enough t o  be of any p r a c t i c a l  v a l u e  i n  a c c e l e r a t o r s .  

The equa t ions  of motion s a t i s f i e d  by a  p a r t i c l e  can be 

w r i t t e n  

where t h e  Lagrangian L i n c l u d e s  a l l  f o r c e s  d e r i v a b l e  from a  

p o t e n t i a l ,  t h e  Qi a r e  t h e  f o r c e s  due t o  t h e  f o i l  and t h e  q i  a r e  

t h e  g e n e r a l i z e d  c o o r d i n a t e s  of t h e  p a r t i c l e .  
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I f  we d e f i n e  

we g e t  

- 
J 'Pi 

We now c o n s i d e r  a  c l o s e d  r e g i o n  V i n  phase  s p a c e .  The r a t e  

of  change of  t h i s  volume w i l l  be  e q u a l  t o  t h e  volume i n t e g r a l  of  

i t s  d i v e r g e n c e :  

h 

d v  
dt - 

Using Eq. (11, Eq.  ( 2 )  becomes 

JQ; , 

J P ;  (3) 
T h e r e f o r e  t o  s e e  what  happens  t o  a  volume i n  phase  s p a c e  due  t o  a  

f o i l ,  we need m e r e l y  c o n s i d e r  t h e  form of  t h e  f u n c t i o n s  Qi. Of 

s p e c i a l  i n t e r e s t  i s  t h e  c a s e  o f  an  i d e a l  f o i l ,  d e f i n e d  a s  one which 

p roduces  an  e n e r g y  l o s s  b u t  no s c a t t e r i n g .  I f ,  f u r t h e r m o r e ,  t h e  

e n e r g y  l o s s  depends  on t h e  p a t h  l e n g t h  t h r o u g h  t h e  f o i l ,  b u t  

n o t  on t h e  p a r t i c l e  v e l o c i t y ,  we may w r i t e  

where r i s  t h e  p o s i t i o n  o f  t h e  p a r t i c l e  and A i s  t h e  v e c t o r  
h- k 

p n t e n t i a l .  By w r i t i n g  t h e  t i m e  t e x p l i c i t l y ,  we t a k e  i n t o  a c c o u n t  
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t h a t  t h e  f o i l  need  n o t  r e m a i n  i n  o n e  p o s i t i o n .  N o t e  t h a t  

Q ( r  , t ) ,  i s  n e g a t i v e  f o r  a  f o i l .  W i t h  t h e  above  c h o i c e  of 

Q we o b t a i n  
5 -- 

'/V 
where? b-e A / ~ /  i s  t h e  k i n e t i c  momentum of t h e  p a r t i c l e .  The 

A 

f a c t o r  2 comes f r o m  t h e  f a c t  t h a t  we a r e  c o n s i d e r i n g  t h e  p rob lem 

i n  t h r e e  d i m e n s i o n s .  I f  t h e  e f f e c t  o f  t h e  f o i l  on v e r t i c a l  

o s c i l l a t i o n s  i s  n e g l e c t e d ,  t h e  f a c t o r  i s  u n i t y .  U s i n g  E q .  (41, 

E q .  (3 )  becomes 

where  t h e  b a r  i n d i c a t e s  t h e  s p a c e  a v e r a g e  of Q/P 
C 

I n  most  a c c e l e r a t o r s ,  t h e  momentum s p r e a d  o f  t h e  beam i:; 

much s m a l l e r  t h a n  t h e  a v e r a g e  momentum P  o f  t h e  p a r t i c l e s ,  

T h e r e f o r e  i n s t e a d  o f  E q .  ( 5 )  we may w r i t e  

- (6 3 
where  dP = @  df? i s  t h e  a v e r a g e  momentum i n c r e m e n t  of a  p a r t i c l e  due  

t o  t h e  f o i l s  i n  t i m e  d t .  I n t e g r a t i n g ,  we o b t a i n ,  i f  t h e  foil : ,  a r e  

t h e  o n l y  s o u r c e  of momentum i n c r e m e n t ,  

where  t h e  s u b s c r i p t  i i n d i c a t e s  t h e  i n i t i a l  v a l u e  and  f  t h e  f i n a l  

v a l u e .  It i? a p p a r e n t  f r o m  E q .  ( 7 )  t h a t  t h e  volume i n  p h a c e  s p a c e  

may be  r e d u c e d  by t h e  u s e  of a n  i d e a l  f o i l ,  b u t  t h a t  t h e  a v e r a g e  

P 
momentum o f  t h e  p a r t i c l e s  must  b e  r e d u c e d  by a n  amount comparab l e  

t o  t h e  r e d u c t i o n  i n  pha:,e s p a c e .  To a v o i d  t h i s ,  an  o s c i l l a t o r  



can  be u s e d  t o  c u p p l y  t h e  e n e r g y  l o ~ . t  i n  t h e  f o i l .  Then t h e  

a v e r a g e  momentum P i s  k e p t  c o n - t a n t  and ,  on  i n t e g r a t i n g  Ey. (61, 

we g e t  L/f - - zn P/f 
= e 

v; 
where  5 P i c ,  t h e  a v e r a g e  t o t a l  momentum 1 0 ~ ~ 3  i n  t h e  f o i l  

An a c t u a l  f o i l  d f f f e r s  f rom a n  i d e a l  f o i ;  i n  t h a t  t h e  e n e r g y  

l o s ,  o f  a  p a r t i c l e  depends  on t h e  m a g n i t u d e  of t h e  p a r t i c l e  

momentum. However, i n  t h e  r e l a t i v i s t i c  r e g i o n  t h i  dependence  

i: s m a l l  and can  b e  n e g l e c t e d  s o  t h a t  Eq'. (7) and  (8) s t i l l  

a p p r o x i m a t e l y  h o l d .  

I n  t h e  n o n - r e l a t i v i s t i c  r e g i o n  t h e  e n e r g y  :!.o;s g o e s  

F a p p r o x i m a t e l y  a s  t h e  i n v e r s e  s q u a r e  o f  t h e  v e i . o c i t y  r.;o t h a t  t h e  

f o r c e  becomes 

P u t t i n g  t h i s  e x p r e F s i o n  f o r  Q i n  E q .  ( 3 )  i t  t u r n + :  o u t  t h a t  

d v/d.& 0 . From Eqs .  ( 7 1  and  ( 8 )  it i s  a p p a r e n t  t h a t  t h e  

r e d u c t i o n  of t h e  volume i n  p h a s e  s p a c e  depend?; o n l y  on t h e  e n e r g y  

l o s ?  i n  t h e  f o i l .  T h e r e f o r e "  a l t h o u g h  f o i . 1 ~ ;  o f  odd  5,hapei; and  

t h o s e  which  change  w i t h  t i m e  may t w i s t  a  volume i n  pha>,e  s p a c e ,  

t h e y  a r e  no more e f f e c t i v e  i n  r e d u c i n g  t h e  voiume t h a n  a r e  u n i -  

fo rm f o i l s  which  p r o d u c e  t h e  :ame a v e r a g e  e n e r g y  1 0 : ; s .  I n  o r d e r  

t o  i n c r e a s e  t h e  d e n c i t y  of p a r t i c l e s  i n  t h e  beam by  a  f a c t o r  n .  

a  r e d u c t i o n  i n  phase  voiume by  a  f a c t o r  n  i s  r e q u i r e d ,  which  f rom 

E q .  ( 8 )  i m p l i e s  a  l o i s  of momentum t o  t h e  f o i l .  of 



which  i s  comparable  t o  P i t s e l f .  An a c t u a l  f o i l  t h i c k n e s s  

s u f f i c i e n t  t o  d o  t h i s  would p roduce  more t h a n  enough s c a t t e r i n g  

t o  c a n c e l  t h e  compress ion  i n  p h a s e  s p a c e  o b t a i n e d  above 


