The Momentum of Heat

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (January 13, 2025)

When heat flows from a hotter body to a colder one, energy is transferred from the former to the latter. According to Einstein, this implies that the mass of the hotter body is reduced while that of the colder body increases. This transfer of mass in time between different regions of space suggests that some momentum is involved.

Already in 1900, Poincaré [1] argued that the flux of energy in the electromagnetic field, described by the Poynting vector S, is associated with a density of momentum S/c^2 in the electromagnetic field.

This type of relation is more general, as first discussed by Planck (1908, p. 829 of [2]), who argued that a flow q (with dimensions of energy per unit area per unit time) of heat is associated with a momentum density p = q/c^2, where c is the speed of light in vacuum.^1 The factor 1/c^2 suggests that this very small momentum density could be called “relativistic”,^2 as well as “hidden”.

The concept of “hidden” momentum has been reviewed by the author in [7], where the “hidden” momentum of a subsystem is advocated to be

P_{hidden} ≡ P − Mv_{cm} − ∮ boundary

(x − x_{cm}) (p − ρv_b) · dArea = − ∫ f^0 c (x − x_{cm}) dVol, (1)

where P is the total momentum of the subsystem, M = U/c^2 is its total “mass”, U is its total energy, x_{cm} is its center of mass/energy, v_{cm} = dx_{cm}/dt, p is its momentum density, ρ = u/c^2 is its “mass” density, u is its energy density, v_b is the velocity (field) of its boundary, and,

f^μ =

∂T^{μν} ∂x_ν

= ∂_0T^{μ0} + ∂_j T^{μj}, (2)

is the 4-force density exerted on the subsystem by the rest of the system, with T^{μν} being the stress-energy-momentum 4-tensor of the subsystem, and x_ν = (ct, x).

One type of heat flow is via radiant (electromagnetic) energy, which involves transfer of photons, that we readily associate with momentum. Here, we consider a case (also discussed in [9]) where radiant heat transfer is assumed to be negligible. Two heat reservoirs (with

1This type of relation was discussed by Eckart on p. 923 of [4], endorsed by Feynman in Sec. 27.6 of [5], and attributed to Planck [2] by Møller in eq. (13) of [6].

2The density u_{thermal} of thermal energy makes a contribution to the mass of m_{thermal} = u_{thermal}/c^2.

large but not infinite internal energy) at temperatures T_1 > T_2 are connected by a bar that supports heat flow q = q ŷ, which we approximate as uniform inside the bar, as sketched on the previous page. The heat reservoirs are so large that the rate q of the heat flow can be approximated as constant in time.

We now consider whether the subsystem of the bar contains “hidden” momentum, beginning our discussion in the rest frame of the system (in which the bar is at rest).

Since we ignore radiation, the stress-energy momentum 4-tensor^3 is purely “mechanical”,

T^{μν} = u c p

c p −T^{ij}

, (3)

where indices μ and ν take on values 0, 1, 2, 3, spatial indices i and j take on values 1, 2, 3, ρ = u/c^2 is the mass density of the bar, and T^{ij} is the “mechanical 3-stress tensor.

For a solid bar that is constrained by the heat reservoirs to have a constant length d in y, but with no constraints on the bar in x or z, the only nonzero component of the mechanical stress tensor is T^{yy} = σ = Eα(T_1 −T_2), where E is the Young’s modulus and α is the thermal expansion coefficient.^4 Then, all components of T^{μν} are constant, and the 4-force density inside the bar is zero,

f^μ = (0, 0, 0, 0). (4)

and there is no “hidden” momentum in the bar (in its rest frame) according to the second form of eq. (1), since f^0 = 0.

We can also consider an inertial frame (the^′ frame) in which the bar has nonzero velocity v with respect to the rest frame ( for which the boost from the rest frame has velocity −v). But, since the 4-force density is zero in the rest frame, it is also zero in any other inertial frame,

f^{′ 0} = (0, 0, 0, 0), (5)

and according to eq. (1) there is no “hidden” momentum in any inertial frame.

This result disagrees with a claim in [9] that the “hidden” mommentum is nonzero in an inertial frame in which the bar has velocity v x̂.^5 It seems that the 4-force density was not carefully computed in that paper.

1 Discussion

If this system is closed and isolated, with no radiative heat transfer, its total momentum is constant, and there exists an inertial frame in which the total momentum is zero and the center of mass of the system is at rest. However, this frame is not the instantaneous rest frame of the system, as in the latter the center of mass of the system moves (very slowly) in the +y-direction.

3See, for example, Secs. 32-33 of [8].

4See, for example https://en.wikipedia.org/wiki/Thermal_stress 5Other comments by the present author related to the example of [9] are at [10].

As noted above, there exists a momentum density q/c^2 associated with heat flux flux q, and we can assign a velocity to the flux according to v_{heat flow} = q u_{heat}

, (6)

where u_{heat} is the density of thermal (heat) energy.^6 In the present example, the temperature inside the bar varies in y, so we assign a nonzero velocity (and momentum) to the heat flow at most points inside the bar in any inertial frame.

If we accept the claim that a heat flow q is associated with a momentum density p = q/c^2 in the rest frame of the bar, and also that we may neglect radiative heat transfer in the present example, then it seems that we know the stress-energy-momentum tensor (3) of the bar in its (inertial) rest frame. We then consider that there is no “hidden” momentum in this frame. And, as we can transform the stress-energy momentum tensor into any other inertial frame, it we also consider that there is no “hidden” momentum in any such frame.

The stress-energy-momentum tensor T^′ in a frame where the system has velocity v = v ŷ with respect to its rest frame is related by T^′ = L_yTL_y where the (tensor) Lorentz transformation L_y is

L^{μν}_y = γ 0 γβ 0 0 1 0 0 γβ 0 γ 0 0 0 0 1 ≈ 1 0 β 0 0 1 0 0 β 0 1 0 0 0 0 1

, (7)

where β = v/c and γ = 1/ √ 1 − β^2, and the approximation holds for v ≪ c, which suffices here. We find

TL_y ≈ u 0 q/c 0 0 0 0 0 q/c 0 σ 0 0 0 0 0

1 0 β 0 0 1 0 0 β 0 1 0 0 0 0 1 = u + βq/c 0 q/c + βu 0 0 0 0 0 q/c + βσ 0 σ + βq/c 0 0 0 0 0 (8)

T^′ = L_yTL_y ≈ u + 2βq/c 0 q/c + β(u + σ) 0 0 0 0 0 q/c + β(u + σ) 0 σ + 2βq/c 0 0 0 0 0

. (9)

6The idea that an energy flux vector is the product of energy density and energy flow velocity seems to be due to Umov [11], based on Euler’s continuity equation [12] for mass flow, ∇ · (ρv) = −∂ρ/∂t.

For an electromagnetic example, see Sec. 2.1.4 of [13].

The momentum density inside the bar in the^′ frame is

p^′ =

T^{′ 0y} c ŷ ≈ ( u^′v c^2 + σv c^2 + q c^2 ) ŷ = ( ρ^′v + σv + q c^2 ) ŷ ≈ ρ^′v ŷ, (10)

where u^′ = T^{′ 00} = u + 2qv/c^2 and ρ^′ = u^′/c^2 is the mass density in^′ frame.

We could also suppose that the “bar” is a can of gas. If the gas had uniform pressure P , its “mechanical” 3-stress tensor would be T^{ij} = −P δ^{ij} . In the present example, we might suppose the pressure is independent of x and z but varies linearly with y according to

P = P_1 −

P_1 − P_2 d y ≡ P_1 − Ky with K =

P_1 − P_2 d > 0, (11)

for a bar of length d with pressure P_1 at its warmer end y = 0 and P_2 < P_1 at its cooler end y = d. If the “mechanical” stress tensor had the form T^{ij} = −P δ^{ij} with P as in eq. (11), then the 4-force density (2) would be

f^μ = (0, 0, −K, 0), (12)

which is nonzero throughout the bar. However, this does not make physical sense, as a bar at rest cannot have a nonzero internal force density.

References

[1] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

The equations on p. 6 before eqs. (4) state that the density p of momentum in the electromagnetic field is S/c^2, where S = (c/4π)E × B (in Gaussian units).

[2] M. Planck, Bemerkungen zum Prinzip der Aktion und Reaktion in der allgemeinen Dynamik, Phys. Z. 9, 828 (1908). See p. 829 and pp. 342-343 of [3].

http://kirkmcd.princeton.edu/examples/GR/planck_pz_9_828_08.pdf
http://kirkmcd.princeton.edu/examples/GR/planck_pz_9_828_08_english.pdf

[3] M. Giovanelli, The practice of principles: Planck’s vision of a relativistic general dynamics, Arch. Hist Exact Sci. 78, 305 (2024).

http://kirkmcd.princeton.edu/examples/GR/giovanelli_ahes_78_305_24.pdf

[4] C. Eckart, The Thermodynamics of Irreversible Processes III. Relativistic Theory of the Simple Fluid, Phys. Rev. 58, 919 (1940). See p. 923.

http://kirkmcd.princeton.edu/examples/GR/eckart_pr_58_919_40.pdf

[5] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2, Sec. 27.6. (Addison-Wesley, 1964), https://www.feynmanlectures.caltech.edu/II_27.html

[6] C. Møller, Relativistic Thermodynamics. A Strange Incident in the History of Physics, Mat.-fys. Med. 36-1, (1967).

http://kirkmcd.princeton.edu/examples/GR/moller_mfm_36-1_67.pdf

[7] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[8] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Pergamon Press, 1975). See Secs. 32-33. http://kirkmcd.princeton.edu/examples/EM/landau_ctf_75.pdf

[9] D.A.T. Vanzella, Relativistic paradox exposing the ubiquity of hidden momentum, Phys.

Rev. A 102, 042203 (2020),

http://kirkmcd.princeton.edu/examples/GR/vanzella_pra_102_042203_20.pdf

[10] K.T. McDonald, Force and Torque while Frying an Egg (Feb. 27, 2020),

http://kirkmcd.princeton.edu/examples/egg.pdf

[11] N. Umow, Ableitung der Bewegungsgleichungen der Energie in continuirlichen Körpern, Zeit. Math. Phys. 19, 418 (1874),

http://kirkmcd.princeton.edu/examples/EM/umow_zmp_19_97,418_74.pdf
http://kirkmcd.princeton.edu/examples/EM/umov_theorem.pdf

[12] L. Euler, Principes généraux du mouvement des fluides, Acad. Roy. Sci. Belles-Lett.

Berlin (1755), http://kirkmcd.princeton.edu/examples/fluids/euler_fluids_55_english.pdf

[13] K.T. McDonald, Momentum in a DC Circuit (May 26, 2006),

http://kirkmcd.princeton.edu/examples/loop.pdf