Canonical Electromagnetic Momentum and the Electromagnetic Momentum of Abraham and Poynting

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 17, 2006)

1 Problem

This note was originally a letter to David Jackson. His response is in [25].

The usual lore of electrodynamics gives us two approaches to the calculation of the interaction energy/momentum of a charged particle in an external electromagnetic field.

We should expect these two approaches to be equivalent, and indeed they are in all the examples that I have tried. Yet, the formal equivalence of these two approaches is never discussed, to my knowledge, in the literature.

I will label these two approaches as “Maxwell” and “Poynting”.

Maxwell: The canonical 4-momentum P_μ of a particle of electric charge e and mechanical 4-momentum p_μ in an external electromagnetic field with 4-potential A^{ext}_μ is given by

P_μ = p_μ + e c A^{ext}_μ . (1)

It seems a reasonable interpretation that the term eA^{ext}_μ /c be regarded as the interaction energy/momentum of the particle in the external field.

Poynting: The electromagnetic energy U_{EM} and momentum P_{EM} of an electromagnetic field (ignoring effects of macroscopic media) are given by

U_{EM} = ∫ E^2 + B^2 8π dVol, P_{EM} = ∫ E × B 4πc dVol. (2)

For a single charge e in an external field, we write E = E_e + E_{ext}, B = B_e + B_{ext}, and the interaction parts of the electromagnetic energy and momentum are

U_{EM,int} = ∫ E_e · E_{ext} + B_e · B_{ext} 4π dVol, P_{EM,int} = ∫ E_e × B_{ext} + E_{ext} × B_e 4πc dVol. (3)

Equivalence between eqs. (2) and (3) requires that

eϕ_{ext}(r_e) = ∫ E_e · E_{ext} + B_e · B_{ext} 4π dVol, (4) and eA_{ext}(r_e) = ∫ E_e × B_{ext} + E_{ext} × B_e 4π dVol. (5)

This is to be true independent of the motion of the charge!

I check the equivalence for the case of a charge that moves slowly with constant velocity v, where v ≪ c. The charge is at the origin at the time of the calculation. Then,

E_e = e r̂ r^2

= −e∇ 1 r , B_e = e c v × r̂ r^2 = − e c v × ∇ 1 r = e c ∇ × v r . (6)

Of course, the external fields can be related to the corresponding potentials by

E_{ext} = −∇ϕ_{ext} − 1 c ∂A_{ext} ∂t , B_{ext} = ∇ × A_{ext}. (7)

As the particle is moving, the derivative ∂A_{ext}/∂t should be replaced by the convective derivative: ∂A_{ext} ∂t → ∂A_{ext} ∂t + (v · ∇)A_{ext}. (8)

Then, the interaction energy of eq. (3) is

U_{EM,int} = ∫ E_e · E_{ext} + B_e · B_{ext} 4π dVol = e 4π ∫ ∇ 1 r · ∇ϕ_{ext} dVol + e 4πc ∫ ∇ 1 r · ∂A_{ext} ∂t dVol − e 4πc ∫ r̂ r^2

· (v · ∇)A_{ext} dVol + e 4πc ∫ v × r̂ r^2

· ∇ × A_{ext} dVol = − e 4π ∫ ∇ · ϕ_{ext}r̂ r^2 dVol − e 4π ∫ ϕ_{ext}∇^2 1 r dVol + e 4πc ∂ ∂t ∫ ∇ · A_{ext} r dVol − e 4πc ∂ ∂t ∫ ∇ · A_{ext} r dVol − e 4πc ∫ r̂ r^2

· (v · ∇)A_{ext} dVol + e 4πc ∫ r̂ r^2

· (v · ∇)A_{ext} dVol − e 4πc ∫ r̂ r^2

· ∇(v · A_{ext}) dVol = − e 4π ∮ ϕ_{ext}r̂ r^2

· dArea + e ∫ ϕ_{ext}δ^3(r) dVol + e 4πc ∂ ∂t ∮ A_{ext} r · dArea − e 4πc ∂ ∂t ∫ ∇ · A_{ext} r dVol − e 4πc ∫ ∇ · (v · A_{ext}) r̂ r^2 dVol − e 4πc ∫ (v · A_{ext})∇^2 1 r dVol

= eϕ_{ext}(0) − e 4πc ∮ (v · A_{ext}) r̂ r^2

· dArea + e c ∫ (v · A_{ext})δ^3(r) dVol

= eϕ_{ext}(0) + e c v · A_{ext}(0). (9)

In the above, we have supposed that we work in the Coulomb gauge so that we may set ∇ · A_{ext} = 0, and we note that for r much larger than the length scale of the sources of the external fields the longitudinal part of the vector potential falls off at least as fast as 1/r^2.

It seems that we obtain an equivalence between the electromagnetic energies of eqs. (2) and (3) only if the charge is at rest.

We now turn to the interaction momentum. I rewrite eq. (3) as

P_{EM,int} = P_1 + P_2, (10)

where P_1 = ∫ E_e × B_{ext} 4πc dVol = − e 4πc ∫ ∇ 1 r × (∇ × A_{ext}) dVol, (11) and P_2 = ∫ E_{ext} × B_e 4πc dVol = − e 4πc ∫ E_{ext} × ( v c × ∇ 1 r ) dVol (12)

We would like to show that P_1 = eA_{ext}/c and that P_2 = 0.

Using various vector calculus identities, and working in the Coulomb gauge, the argument of integral P_1 can be written as ∇ 1 r × (∇ × A_{ext}) = ∇ ( ∇ 1 r · A_{ext} ) − A_{ext} × ( ∇ × ∇ 1 r ) − ( ∇ 1 r · ∇ ) A_{ext} − (A_{ext} · ∇)∇ 1 r = ∇ ( ∇ 1 r · A_{ext} ) + ∇ × ( ∇ 1 r × A_{ext} ) − (∇ · A_{ext})∇ 1 r + A_{ext}∇^2 1 r − 2(A_{ext} · ∇)∇ 1 r = −∇ ( A_{ext} · r̂ r^2 ) − ∇ × ( r̂ r^2

× A_{ext} ) − 4πA_{ext}δ^3(r) + 2(A_{ext} · ∇) r̂ r^2

. (13)

Hence,

P_1 = e 4πc ∫ ∇ ( A_{ext} · r̂ r^2 ) dVol + e 4πc ∫ ∇ × ( r̂ r^2

× A_{ext} ) dVol + e c ∫ A_{ext}δ^3(r) dVol − e 2πc ∫ (A_{ext} · ∇) r̂ r^2 dVol = e 4πc ∮ ( A_{ext} · r̂ r^2 ) dArea + e 4πc ∮ dArea × ( r̂ r^2

× A_{ext} )

+ e c A_{ext}(0) + e 2πc ∫ (3A_{ext} · r̂)r̂ − A_{ext} r^3 dVol = e c A_{ext}(0) + e 2πc ∫ (3A_{ext} · r̂)r̂ − A_{ext} r^3 dVol. (14)

I hope I have made a mistake, because the 2nd term in the last line of eq. (14) appears to be nonzero.

For the integral P_2 we have

P_2 = = − ev 4πc^2 ∫ E_{ext} · ∇ 1 r dVol − e 4πc ∫ ( E_{ext} · v c ) ∇ 1 r dVol = − ev 4πc^2 ∫ ∇ · E_{ext} r dVol + ev 4πc^2 ∫ ∇ · E_{ext} r dVol + e 4πc ∫ ( E_{ext} · v c ) r̂ r^2 dVol = − ev 4πc^2 ∮ E_{ext} r · dArea + ev c^2 ∫ ρ_{ext} r dVol + e 4πc ∫ ( E_{ext} · v c ) r̂ r^2 dVol = evϕ_{ext}(0) c^2 + e 4πc ∫ ( E_{ext} · v c ) r̂ r^2 dVol, (15)

recalling that we are working in Coulomb gauge. Very odd!

A different approach to the calculation of the interaction momentum follows Page and Adams [11]. We first suppose that the external fields are due to a single charge e^′. We work only to accuracy 1/c^2, and convert the Lienard-Wiechert fields [12, 13] of the charges from retarded quantities into present quantities.

Then the interaction momentum of the fields is

P_{EM,int} = 1 4πc ∫ (E_e × B_e′ + E_e′ × B_e) dVol = ee^′ 4πc^2 ∫ r̂_e′ × (v_e × r̂_e) + r̂_e × (v_e′ × r̂_e′ ) r^2_e r^2_e′ dVol = ee^′ 2c^2r_{ee}′

[v + v^′ + ((v + v^′) · r̂_{ee}′ )r̂_{ee}′ ]. (16)

In the same approximation (first employed by C.G. Darwin [20], the vector potential at charge e due to charge e^′ is

A_e′ (at e) = e^′ 2cr_{ee}′

[v^′ + (v^′ · r̂_{ee}′ )r̂_{ee}′ ]. (17)

Hence, the interaction momentum (16) can also be written as

P_{EM,int} = e c A_e′ (at e) + e^′ c A_e(at e^′). (18)

If the external fields are due to a collection of charges {e^′} then the interaction momentum, to accuracy 1/c^2 is P_{EM,int} = e c A_{ext}(at e) + ∑ e^′

e^′ c A_e(at e^′). (19)

References

[1] A.M. Ampère, Mémoire sur la détermination de la formule qui représente l’action mutuelle de deux portions infiniment petites de conducteurs voltaïques, Ann. Chem. Phys. 20, 398, 422 (1822). kirkmcd.princeton.edu/examples/EM/ampere_acp_20_398_22.pdf

[2] An extensive discussion in English of Ampère’s attitudes on the relation between magnetism and mechanics is given in R.A.R. Tricker, Early Electrodynamics, the First Law of Circulation (Pergamon, Oxford, 1965).

http://kirkmcd.princeton.edu/examples/EM/tricker_early_em.pdf

Another historical survey is by O. Darrigol, Electrodynamics from Ampère to Einstein (Oxford U.P., 2000). http://kirkmcd.princeton.edu/examples/EM/darrigol_em_00.pdf See also sec. IIA of J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001),

http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[3] H.G. Grassmann, Neue Theorie der Elektrodynamik, Ann. Phys. 64, 1 (1845).

kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[4] A.M. Ampère, A.M. Ampère, Théorie mathématique des Phénomènes électrodynamiques uniquement déduite de l’Expérience, 2^{nd} ed. (Paris, 1883),

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

English translation in [26].

[5] H.A. Lorentz, La théorie électromagnétique de Maxwell et son application aux corps mouvants, Arch. Néerl. T. 25, 476 (1892).

http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[6] J.J. Thomson, On the Electric and Magnetic Effects produced by the Motion of Electrified Bodies, Phil. Mag. 11, 8 (1881),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_11_8_81.pdf

[7] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[8] B. Stewart, Temperature Equilibrium of an Enclosure in which there is a Body in Visible Motion, Brit. Assoc. Reports, 41st Meeting, Notes and Abstracts, p. 45 (1871),

http://kirkmcd.princeton.edu/examples/EM/stewart_bar_41_45_71.pdf

This meeting featured an inspirational address by W. Thomson as a memorial to Herschel; among many other topics Thomson speculates on the size of atoms, on the origin of life on Earth as due to primitive organisms arriving in meteorites, and on how the Sun’s source of energy cannot be an influx of matter as might, however, explain the small advance of the perihelion of Mercury measured by LeVerrier. Æthereal Friction, Brit. Assoc. Reports, 43rd Meeting, Notes and Abstracts, pp. 32-35 (1873), http://kirkmcd.princeton.edu/examples/EM/stewart_bar_43_32_73.pdf Stewart argued that the radiation resistance felt by a charge moving through blackbody radiation should vanish as the temperature of the bath went to zero, just as he expected the electrical resistance of a conductor to vanish at zero temperature. The 43^{rd} meeting was also the occasion of reports by Maxwell on the exponential atmosphere as an example of statistical mechanics (pp. 29-32), by Rayleigh on the diffraction limit to the sharpness of spectral lines (p. 39), and (perhaps of greatest significance to the attendees) by A.H. Allen on the detection of adulteration of tea (p. 62).

[9] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf The first edition appeared in 1873.

[10] H.A. Lorentz, Contributions to the theory of electrons, Proc. Roy. Acad. Amsterdam 5, 608 (1908). http://kirkmcd.princeton.edu/examples/EM/lorentz_praa_5_608_08.pdf

[11] L. Page and N.I. Adams, Jr., Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), http://kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

[12] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898). http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[13] E. Wiechert, Elektrodynamishe Elementar Gesetze, Arch. Néerl. 5, 549 (1900); Ann.

Phys. 309, 667 (1901). http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_309_667_01.pdf

[14] K.T. McDonald, Mechanics and Electromagnetism,

http://kirkmcd.princeton.edu/examples/ph501lecture24/ph501lecture24.pdf

[15] N. Itoh, Radiation reaction due to magnetic dipole radiation, Phys. Rev. A 43, 1002 (1991), http://kirkmcd.princeton.edu/examples/EM/itoh_pra_43_1002_91.pdf

[16] O. Heaviside, On the Transmission of Energy through Wires by the Electric Current, The Electrician (Jan. 10, 1885), p. 178.

hhttp://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_14_178_85.pdf

Reprinted in Electrical Papers, Vol. 1 (London, 1892), pp. 434-441.

[17] O. Heaviside, The Universal Relation Between a Vector and its Curl, The Electrician (Nov. 18, 1882), p. 6.

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_10_6_82.pdf

Reprinted in Electrical Papers, Vol. 1 (London, 1892), pp. 195-201.

[18] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[19] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. Phys. 10, 105 (1903),

http://kirkmcd.princeton.edu/examples/EM/abraham_ap_10_105_03.pdf

[20] C.G. Darwin, The Dynamical Motions of Charged Particles, Phil. Mag. 39, 537 (1920),

http://kirkmcd.princeton.edu/examples/EM/darwin_pm_39_537_20.pdf

[21] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Pergamon, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_75.pdf

[22] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[23] T.H. Boyer, Illustrations of the Relativistic Conservation Law for the Center of Energy, Am. J. Phys. 73, 953 (2005),

http://kirkmcd.princeton.edu/examples/EM/boyer_ajp_73_953_05.pdf

[24] K.T. McDonald, Hidden Momentum in a Coaxial Cable (Mar. 28, 2002),

http://kirkmcd.princeton.edu/examples/hidden.pdf

[25] J.D. Jackson, Relation between Interaction terms in Electromagnetic Momentum ∫ d^3x E × B/4πc and Maxwell’s eA^{(C)}(x, t)/c, and Interaction terms of the Field Lagrangian L_{em} = ∫ d^3x [E^2 − B^2]/8π and the Particle Interaction Lagrangian, L_{int} = eϕ − ev · A^{(C)}/c (May 8, 2006), http://kirkmcd.princeton.edu/examples/EM/jackson_050806.pdf

[26] A.K.T. Assis and J.P.M.C. Chaib, Ampère’s Electrodynamics (Aperion, 2015),

kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf